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WAVE FRONT TRACKING IN SYSTEMS OF
CONSERVATION LAWS*

RINALDO M. COLOMBO, Brescia

Abstract. This paper contains several recent results about nonlinear systems of hyperbolic
conservation laws obtained through the technique of Wave Front Tracking.
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1. INTRODUCTION

Wave Front Tracking is a set of techniques for constructing approximate solutions
to hyperbolic conservation laws in 1 space dimension, i.e. to first order quasilinear
systems of partial differential equations of the form

(1.1) Beu+ 3, f(u) =0

with f: © — R™ smooth and 2 an open subset of R®, n > 1, t € [0, +cc[ and z € R.
Wave Front Tracking was first introduced by Dafermos [46]. Recently, its use has
grown thanks to several extensions [10], [13], [15], [18], [25], [26], [36], [38], [57], [58],
[64].

These equations state the conservation of the observables described by the den-
sities u = (u1,...,u,). More precisely, they state that any variation in time in the
quantity of each observable contained in a segment [a,b] is due to the inflow at a
and to the outflow at b. In symbols,

b b 123 t2
(1.2) / u(ty, z) dz — / u(tn,z)de = [ fu(ta)dt— [ Flu(t,b))dt.

t1 t1

* This work was supported by the European network HYKE, funded by the EC as contract
HPRN-CT-2002-00282.
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The paradigm for conservation laws is the Euler system for a compressible non
viscous gas that, in Eulerian coordinates, reads

4 ov
(1.3) b ov + 0, ov? +p =0
F0v? + ge v(30v% + e + p)

where g is the mass density, v the gas speed, p the pressure and e the internal energy
density. (1.3) is closed by the state equation of the gas considered.
In the isentropic case with Lagrangian coordinates, (1.3) is the p-system

o[Jufia] o

7 being the specific volume and v the (Lagrangian) gas speed. Equation (1.4) provides
a very useful computable example of a conservation law.
Other applications of conservation laws deal with traffic flow, chromatography,

phase transitions, combustion, ...

Wave Front Tracking is not the only technique to study conservation laws. Other
fruitful tools are: Glimm scheme, which provided the first existence proof for global
weak solutions to (1.1) [52], [59]; generalized characteristics, which allow to obtain
fine properties of solutions [27], [47], [49], [50], [72]; piecewise Lipschitz approxima-
tions, which provided the first well-posedness proof when n > 2 [28] and compensated
compactness, see [63] and the references therein. More recently, an entirely new tech-
nique based on viscous approximations appeared in [16].

In the present notes, proofs are omitted. Most of them can be found in several
books on conservation laws that recently appeared, see [48], [53], [56], [67] and in
particular [22]. Other surveys on this subject are [20], [21], [23].

2. WEAK SOLUTIONS AND ADMISSIBILITY CONDITIONS

System (1.1) is strictly hyperbolic as soon as it satisfies
(SH) For all u € Q, Df(u) admits n real and distinct eigenvalues.
Fori=1,...,n, A;(u) is the ith eigenvalue of D f(u). The eigenvalues are numbered
so that A\;—; < A; for ¢ = 2,...,n. r; is the right eigenvector corresponding to A;.
The following stronger (uniform) condition is also of use below:
(USH) For i = 2,...,n, supg Ai—1(u) < infg A;(u).
Clearly, (USH) = (SH), while the converse holds in general only locally, due to the
smoothness of f.
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In the linear case f(u) = Au (with A € R™*"), thanks to (SH), the following
procedure allows to obtain a solution u = u(t,z) to the Cauchy problem
Owu+ 0, f(u) =0,
@2.1) ; f(u)
u(0,z) = @(z)

for (1.1), with @ € L} _(R):
1. diagonalise (1.1) obtaining n decoupled equations d;v; + A;0zv; = 0;
2. let each component ¥; of the initial datum translate with speed \; and super-

impose: u(t,z) = 5 vi(z — Ait)r;.
In the nonlinear case n(;ne of the previous steps remains doable:
1. the eigenvectors r1,...,7, depend on u and in general no decoupling of (1.1)
can be achieved;
2. the eigenvalues \; depend on u and the above construction may lead to a mul-
tivalued function.
As a consequence, the solution to (1.1) may develop singularities independently of the
smoothness of the initial datum. Indeed, (1.1) admits the integral formulation (1.2)

which is meaningful provided u is merely integrable. The following formulations are
more usual.

Definition 2.1. Let f: @ — R™ be smooth and @: R — R™ be in L} . A
measurable u: [0,+00[ X R — Q is a distributional solution of (2.1) in Q if for

every C! function ¢: [0,+0o[ x R = R™ with compact support

+oo
/ fu(t,2)dup(t, 2) + f(u(t, 2))Bsp(t, )] da dt + / a(2)¢(0,z) dz = 0.
0 R R

u is a weak solution of (2.1) in Q if
(W1) u: [0,400[ = L} (R) is continuous in L ;
(W2) u(0) = g;
(W3) [oF°f [u(t, 2)Bsp(t, @) + f(u(t,z))dsp(t, )] dz dt = 0 for any C map ¢:
10, +00[ x R — R™ with compact support.

(Above and in the sequel, we use the fact that any function v = wu(t,z) of two
variables identifies a map v = u(t) attaining values in a suitable function space.)
Note that a distributional solution can be arbitrarily modified at a countable set of
times on all R still remaining a distributional solution. The usual relations between
classical and weak solutions apply: any classical solution is also a weak solution while
a smooth weak solution is also a classical solution.
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The simplest example of a possible non smooth solution to (1.1) is

u if < At,
(2.2) u(t,z) =
u" if > At

where u!,u” € Q and A € R. Applying (1.2) or Definition 2.1, we have

Lemma 2.2. Let f: Q@ — R™ be smooth. The function u in (2.2) is a weak
solution to (1.1) if and only if

(2.3) A (u —u") = fu!) = f(u).

The vector relation (2.3) is known as the Rankine-Hugoniot condition. In general,
it does not single out a unique solution to (2.1).

Example 2.3. Fix an arbitrary N € N, N > 0 and choose wp, ...,wn+1 in [0,1]
with wg =0, wn41 =1 and wp—; Swyp for h=1,...,N +1. Then
0 if z €]—o0,wit/2],
u(t,z) = ¢ wn if T € (Wh-1+wn)t/2,(wh +whrt1)t/2][ for h=1,...,N,
1 if ze ]UJN+1t/2, +00[
is a weak solution to Burgers’ equation d;u + 9,(u?/2) = 0, since the Rankine-

Hugoniot condition (2.3) is satisfied along any jump.

Several criteria have been devised to single out a unique solution to (2.1). One,
motivated by physical considerations, is based on the concept of entropy and on the
second principle of thermodynamics.

Definition 2.4. A pair of C! functions (1,q) with n,q: Q@ — R is an entropy-
entropy fluz pair if Dn(u)D f(u) = Dg(u) for all u € Q.

Hence, any smooth solution u to (1.1) satisfies also d;n(u) + 9-q(u) = 0. However,
a non smooth solution may violate this latter conservation law, giving a contribution
with varying sign along discontinuities.

Definition 2.5. A weak solution u to (1.1) is entropy admissible if for any
entropy-entropy flux pair (7, ¢) with 5 convex, the inequality

(24) 9em(u) + 9zq(u) <0

holds in distributional sense.
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Note that, besides physical systems, entropy-entropy flux pairs certainly exist if
n =1 or n = 2. Another criterion arises from viscous approximations.

Definition 2.6. A weak solution u to (1.1) is admissible in the sense of viscosity
if there exists a positive sequence ¢, with €, — 0 for n — 400 such that the

solutions u, to Oiun + Oz f(un) = £,8%,u, converge in Llloc to u as n = +o00.

The next admissibility condition is extremely useful in connection with Wave Front
Tracking, but only under the assumption (GNL/LD) below.

Definition 2.7. Let u: [0,+00[ x R = Q be a weak solution to (1.1). The
solution u satisfies the Laz entropy inequalities if for any (7,£) € [0,T] x R such that
there exist states u!,u” € Q and a speed A € R with

1

) T+eo péte
Jim / - /5 ) ~ U@ dza =0

Lo — (t —
U(t,:c):{ fz—¢6<X-(t-1),

where

u
v fz—€>A-(t—-7),
then, for an i € {1,...,n}, Ai(u!) > X > \i(u”).

Note that the discontinuities in Example 2.3 do not satisfy Definition 2.7. Con-
servation laws admit a symmetry group.

Lemma 2.8. Fix a positive g, constants 7,£ € R, and a function u: [0, +oo[ x
R — Q. Define w(t,z) = u(t + ot,& + oz). Then,

1. if u is a weak (or distributional) solution to (1.1), then so is w;

2. if u is entropy admissible, then so is w;

3. if u is admissible in the sense of viscosity, then so is w.

The hyperbolic rescaling is the transformation t — ot and x — pz. A function
u: [0,400[ x R = R™ is self similar if for all ¢ > 0, u(et, oz) = u(t, z).

Proposition 2.9. Fix two functions u;,u,: [0,+00[ x R = Q and a continuous
map ¢: [0,+00[ = R such that lim w(t,z) = lim wu,.(¢,z) for a.e. t > 0 and
zp(t)— s p(t)+

define
{w(t,w) if © <1(t),
w(t,z) =

ur(t,z) Iif x> Y(t).
Then,
1. if u;, u, are weak (distributional) solutions to (1.1) in Q, then so is w;
2. if u;, u, are entropy admissible, then so is w.
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Note that 1. above requires also the existence of the limits. If u;(t), u,(t) are in
BV(R) for all ¢, both the limits certainly exist.

Corollary 2.10. Fix u, € Q, a function u: [0,+00o[ x R — Q and a continuous
map ¥ [0,00[ = R such that lipl?:) u(t,z) = u, for a.e. t > 0. Define
z— —

‘o) = u(t,z) Iif z < Y(t),
WA=V 0 e s v,

Then,
1. if u is a weak (or distributional) solution to (1.1) in Q, then so is w;
2. if u is entropy admissible, then so is w.

3. THE RIEMANN PROBLEM

The Riemann problem for (1.1) is the following particular Cauchy problem:

Oiu+ 9 f(u) =0,

(3.1) u if 2 <0,
u(0,z) =
u” if z > 0.

Note that this problem is self similar, in the sense that the hyperbolic rescaling leaves
it unchanged.

If n > 1, a solution to (3.1) is constructed using the eigenvalues \,...,\, and
eigenvectors ry,...,7, of Df. The term “i-characteristic field” often refers to both
the maps u — 7;(u) and u — A;(u). Below, we require that (USH) holds and choose
the eigenvectors so that ||r;(u)|| = 1 for all 7 and w.

Definition 3.1. The i-characteristic field is genuinely nonlinear if
Vi(u) -ri(u) #0

for all u. It is linearly degenerate if VA;(u) - r;(u) = 0 for all u.

The following assumption greatly simplifies the necessary techniques:

(GNL/LD) each characteristic field is either genuinely nonlinear or linearly degen-
erate.

If the i-characteristic field is genuinely nonlinear, we choose the ith eigenvector ori-
ented so that V;(u) - r;(u) > 0 for all u € 2. Within the framework of Wave Front
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Tracking, the results in [9], [10] allow to relax the above assumption, at the price
of heavy technicalities. The recent paper [16], through entirely different and new
techniques, proves the well-posedness of (2.1) only under assumption (SH), without
even requiring (1.1) being in conservation form.

3.1. Rarefaction waves

Lemma 3.2. If the i-characteristic field is genuinely nonlinear, then for all
u, € ) there exists a positive o, and a smooth curve ¢ — R;(u,,0) defined for
o € [—0,,0,] with the properties:

(R1) d/doR;(uo,0) = ri(Ri(ue,0));
(R2) Ri(uo,0) = uo;
(R3) o can be chosen so that \;(R:(u,,0)) = A\i(uo) + 0, i.e. Vi(u) - r;(u) = 1.

The curve o — R;(u,,0) is the i-rarefaction through w,. It solves the Cauchy
u' = r;(u),
problem { 0) i The choice of ¢ to parameterise R; is arbitrary, (R3) facilitates
u(0) = u,.
some estimates.

Proposition 3.3. Assume that the i-characteristic field is genuinely nonlinear
and the i-rarefaction curve is parametrized as in [(R3), Lemma 3.2). If there exists
ao; € [0,0,) such that u™ = R;(u',0;), then the function

ult if < Ai(ud)t,
(3.2) u(t,z) = { Ri(u!,0) if x = \(Ri(ul,0))t for o € [0,04],
u” if x> X\(u™)t

1. is a weak solution to (3.1);

2. is continuous and self similar;

3. is entropy admissible (see Definition (2.5)) with equality in (2.4), if (1.1) admits
an entropy-entropy flux pair;

4. is such that for all t > 0, the map = — wu(t,z) is Lipschitz with the constant
1/[(supy, [[VA; - r3[)2].

The solution (3.2) is a (centered) rarefaction wave with strength o;. Note that if
u" = R;(u',0) with ¢ < 0, the above construction (3.2) is not possible. The case
o; = 0 of a null rarefaction is considered for completeness.

3.2. Shock waves

Lemma 3.4. If the i-characteristic field is genuinely nonlinear, then for all
uo, € N there exists a positive o,, a smooth curve ¢ — S;(u,,0) defined for o €
[—0,,0,] and a function A;(uo,-): [—0,,0,] = R with the properties
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(S1) f(Si(uo,0)) = f(uo) = Ai(uo,0) - (Si(uo, o) — uo);
(S2) Si(uo,0) = u,, d/doS;(uo,0) = ri(u,) and A;(u,,0) = Xi(uo);
(S3) the parameter o can be chosen so that A\;(S;(u,,0)) = Ai(u,) + 0.

The curve 0 — Si(u,,0) is the i-shock through w,. It is the unique curve of
solutions to the Rankine-Hugoniot condition (2.3) exiting u, tangent to r;(u,).

Proposition 3.5. Assume that the i-characteristic field is genuinely nonlinear
and the i-shock curve is parametrized as in [(S3), Lemma 3.4]. If there exists a
0; € [~0,,00] such that u™ = S;(u',0;), then the function

ut if < Ai(ut, 09t
(3.3) uta) =9
utif > Ai(u,00)t

1. is a weak solution to (3.1);

2. is self similar;

3. is entropy admissible (see Definition 2.5), provided ¢ < 0 and (1.1) admits an
entropy-entropy flux pair;

4. is such that for all t > 0, the maps z — u(t,x) and = — A;(u(t,z)) have a jump
discontinuity at A;(u',0;)t.

The solution (3.3) is a shock. To stress the admissibility in the case o < 0, “en-
tropic shock” is often used. If o; > 0 then, differently from the case of rarefactions,
the solution (3.3) is still well defined and it is a weak solution to (3.1), see Exam-
ple 2.3. However, it is not entropic. Furthermore, it leads to a construction which is
not consistent, according to Definition 3.12.

Proposition 3.6. Assume the i-characteristic field is genuinely nonlinear and
the i-shock curve is parametrized as in [(S3), Lemina 3.4]. The following statements
are equivalent:

1. the weak solution (3.3) is entropy admissible, if (1.1) admits an entropy-entropy

flux pair;

2. the weak solution (3.3) is admissible in the sense of viscosity;

3. Xi(uh) > As(ut,00) > Mi(u”);

4. 0; <0.

Remark that the last statement above depends on the choice of the orientation
of r;. Condition 2 is far from immediate, see [67, Chapter 7]. The inequalities at 3
are known as Laz inequalities, see Definition 2.7.
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3.3. Contact discontinuities

Lemma 3.7. If the i-characteristic field is linearly degenerate, then for all u, €
there exists a positive g, and a smooth curve o — L;(u,, o) defined for o € [—0,,0,]
with the properties

(CD1) d/doL;(us,0) = 1i(Li(uo,0));

(CD2) f(Li(uo,0)) — fluo) = Ai(to) - (Li(to,0) — uso);

(CD3) Li(uo,0) = uo;

(CD4) X;(Li(uo,0)) = Ai(uo), for all o € [—0,,0,];

(CDS5) the arc-length can be chosen as the parameter o.

In the linearly degenerate case, shock and rarefaction curves coincide.

Proposition 3.8. Assume the i-characteristic field is linearly degenerate and
the i-shock curve is parametrized as in Lemma 3.7. If there exists a 0; € [—0,,0,)
such that u™ = L;(u!,0;), then the function

ut i © < N\(ubt,
(3.4) u(t,z) =
u"if x> N\ (ub)t

1. is a weak solution to (3.1);

2. is self similar;

3. is entropy admissible (see Definition 2.5) with equality in (2.4), if (1.1) admits
an entropy-entropy flux pair;

4. satisfies Lax inequalities (see Definition 2.7), with equality signs;

5. is such that for all t > 0, the map z — u(t,z) has a jump discontinuity at
Xi(u')t, while the map x — ;(u(t,z)) is constant.

3.4. Lax curves

Lemma 3.9. If thei-characteristic field is genuinely nonlinear, let us parametrize
shock and rarefaction curves so that

(3.5) Ai(Ri(uo,0)) = Ai(uo) + 0 05 Ai(Ri(uo,0)) =1,
Ai(Si(uo,0)) = Ai(uo) + 0 0, Ai(Si(uo,0)) = 1.

For all u, € 2, there exists a constant C' such that for all o € [—0,,0,),

(3.6) |1Rs (1o, 0) = Si(uo, )| < C - |of.
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Definition 3.10. If the i-characteristic field is either genuinely nonlinear or
linearly degenerate, through each u, € Q let us define the i-Laz curve

Si(uo,a) if o0 <0,
R;(uo,0) if 0 20.

(37) £i(uo,a) = {
If the i-field is linearly degenerate, then the i-Lax curve is defined in Lemma, 3.7.

Theorem 3.11. Under assumptions (SH) and (GNL/LD), any u, in Q has a
neighbourhood U such that
1. (USH) holds in U;
2. for any @ in U there exists @ > 0 such that fort = 1,...,n the i-Lax curve L;
through @ is defined on [—&,5];

3. for any two points u', u” in U there exists a unique n-tuple (oy,...,0,)
such that there are n + 1 states uo,...,u, in §) satisfying up = u',...,u; =
ﬁl(u0,0’l), ceay U = [,,-(ui_l,ai), ey Up = UT,‘

4. for any two points u', u" in U, the Riemann problem (3.1) admits a weak
solution obtained as the juxtaposition (fori =1,...,n) of
4.1. an i-rarefaction (3.2), if the i-field is genuinely nonlinear and o; > 0;
4.2. an i-shock (3.3), if the i-field is genuinely nonlinear and o; < 0;
4.3. an i-contact discontinuity (3.4), if the i-field is linearly degenerate;

5. the solution so constructed satisfies Lax inequalities, Definition 2.7 and, if (1.1)
admits an entropy-entropy flux pair, is entropy admissible;

6. any two weak solutions to (2.1) valued in U and consisting of the juxtaposition
of rarefactions, entropic shocks or contact discontinuities, coincide.

A Riemann Solver is a map that with the initial data u!, u" in (3.1) associates
a self similar weak solution to (3.1), computed at, say, time ¢t = 1. The Riemann
solver defined in Theorem 3.11 is the Laz Riemann solver.

The ordering in the wave speeds induced by (SH) and the Lax inequalities lead to
introduce the following property, enjoyed by the Lax Riemann solver.

Definition 3.12. The Riemann solver R is consistent if the following holds:

R(u',u™)(Z) = u™ . R(ut,u™) if z <7,
(C1) = R(u',u") = .
Ru™,u")(Z) =u™ Ru™u") if z 2>z,
Ru!,u") if z <7,
R(ul,u™) = )
u™ if z> 7,
(C2) R(u',u")(Z) = u™ = . _
u™ if <z,
R(u™,u") = .
Ru,u") ifz>7
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Both these properties are enjoyed by the Lax Riemann solver. Essentially,
(C1) states that whenever two solutions to two Riemann problems can be placed
side by side, then their juxtaposition is again a solution to a Riemann problem,
see Fig. 1. Condition (C2) is the vice-versa.

i t t

T T T
Figure 1. Consistency of a Riemann solver.

4. EXISTENCE OF SOLUTIONS TO THE CAUCHY PROBLEM

Proposition 2.9 and Definition 3.12 show that solutions to conservation laws can be
obtained through a suitable “gluing” of other known solutions. The previous section
allows to solve Riemann problems. It is thus natural to try to construct solutions
to (2.1) through the juxtaposition of solutions to Riemann problems.

Approximate % in (2.1) through a piecewise constant function @€ such that

(4.1) lim [|@ — @2 = O.
e—0

It is now natural to proceed by solving the Riemann problems at the points of jump
of 4 and gluing the various solutions. However, as soon as a Riemann problem
is solved by means of a rarefaction, the approximate solution u®(¢,-) to (2.1) so
constructed ceases to be piecewise constant at ¢ = 0+. Therefore, it is useful to
define an e-approximate Riemann solver R¢ so that R¢(u!,u") is piecewise constant.
Contact discontinuities and (entropic) shocks are not approximated. Concerning
rarefactions, fix € > 0 and assume that u” = Ei(ul,ai) with o; > 0. Then, split
the rarefaction into p; = |0;/e| + 1 waves (here, |£] is the integer part of £) and
define the intermediate states w; = £;(u,,joi/p;) for j = 0,...,p;. Finally, define
the e-approximate rarefaction as

ut if T < \(wy)t,
(4.2) uE(t,z) = wj if xe ]/\i(’w]')t, )\i(UIj+1)t[ and ] = 1, B £ l,
u" if > A(u)t.
The e-approximate Riemann solver R¢ can now be defined as the Lax Riemann

solver, substituting the exact rarefactions (3.2) by the e-approximate ones (4.2). By
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means of R¢, the Riemann problems at the points of jumps of @€ are approximately
solved and an e-approximate solution t — uf(t,-) to (2.1) is defined up to the first
time, say t;, at which two discontinuities collide, see Fig. 2. At time t;, a new
Riemann problem arises where the discontinuities meet. Thus, R® can again be
applied and the e-approximate solution u* can be extended up to the next interaction
point. Note that this procedure can be applied also if more than 2 waves collide.
Two difficulties may stop this construction.

u t

" LY,

u u

l

(-

T T
Figure 2. Left, an exact (above) and an approximated (below) rarefaction. Right, the
beginning of wave front tracking.

(D1) The solution to a Riemann problem with data in U need not attain values
only in . Hence the Riemann problems arising in the iteration of the above
procedure may well be unsolvable, see Fig. 3, left.

(D2) A Riemann solver may not prolong the e-solution u®, as for instance in case
there exists a point (t.,z.) such that u® suffers a discontinuity at each (t.,z,)

with lim =z, =z, and z,, # z., see Fig. 3, right.
n—+o00

T

Figure 3. Left, the recursive solution to Riemann problems may lead to exiting Y. Right,
a cluster point of interaction points.

Suitable a priori estimates on the approximate solution allow to ensure that the
range of u® remains where Riemann problems can be solved. More precisely, an
upper bound uniform in ¢ for the total variation TV (u®(t)) will be obtained through
Glimm functionals. This bound, since u®(t) € L! for all ¢, gives an estimate for the
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diameter of u®(t, R). Note also that these bounds also allow to use Helly’s theorem
to obtain a convergent (sub)sequence of approximate solutions.

On the contrary, (D2) requires technical modifications in the algorithm above.
Indeed, a cluster point of interaction points as shown in Fig. 3, right, can indeed
arise, see [14], [54] or [48, §13.9].

4.1. Glimm functionals
Write the e-solution at time ¢ constructed following the above procedure as

(4.3) U () = ) UKo, 204](T)  With
wtt = LML L (U, 01,0)s - Tia)s - - Ona),y

i.e. 0; ¢ is the (total) size of the i-wave in the solution to the Riemann problem at z,.
For any fixed initial datum @*, a somewhat “intrinsic” measure of TV (u€) is given
by the total strength of waves

n

(4.4) V=>" loial

a i=1

Note that V is a functional defined on all piecewise constant functions attaining
values in the set ¢ where Riemann problems can be solved.

Let an interaction take place at time t.. To estimate the variation AV (t.) =
V(u(ts+)) — V(u®(t«—)) of V, the following interaction estimates are essential.
Remark that interactions take place also in the linear case. But there, waves simply
cross each other. In the nonlinear case, any interaction may cause the birth of new
waves, see the remarks about Temple systems in Paragraph 4.2.2.

Lemma 4.1. Assume as in Fig. 4 that two waves of different (right) or of the
same (left) family interact and that all states on the sides of the discontinuities are
in U. Then there exists a constant C such that, in both the cases, the following
estimates hold:

(4.5) lof —o7 | +lof =071+ Y lof | < C-lo7 o] |
I#i,
lof = (oi + o) + > lof| < C - |oiof| - (|| + |o¥]).
[

The constant C in (4.5) depends on a compact set containing all states on the
sides of the interacting waves. Moreover, if the interacting waves are sufficiently
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Figure 4. Interactions between waves of different families, left, and of the same family, right.

small, these estimates show that waves do not change sign at interactions. A further
consequence of (4.5) is that, in both cases, the function V' may well increase at any
interaction. In an interaction between waves of different families

48)  AV(L) =lof|+lof |+ Y loff| = (lo7 | +105 ) < C o] o5 |
I4,5
holds, while for interacting waves of the same family we have
AV () =lof |+ Y lof| = (oil +o7]) < C - |ojo!| - (lof] + o7 ])-
I#i

The increase in V is at most quadratic in the sizes of the interacting waves.
On the other hand, (SH) ensures that any two waves “may interact at most once”.
Following Glimm [52], we thus introduce the Glimm interaction potential

(4.7) Q=Y l0ia0igl
(0i,a,05,8)€EA
A being the set of the approaching waves, i.e. waves that “may potentially interact”.

Definition 4.2. The waves 0;,, and 0; 3 are approaching either if z, < g and
i > j, or if i = j, the i-field is genuinely nonlinear and min{o; «,0;3} < 0.

The above definition is motivated by the fact that two adjacent rarefactions or
contact discontinuities may not interact.
If the interacting waves belong to different families (Fig. 4, left), then

(4.8) AQ(t.) = —loj o7 |+ (loF| = o7 ) > ok,

ok (0 ,oks)EA

+ (o1 = log 1) Y nitlogsl+ D lof] > lox.sl

Ok,B: (Uj,ak’/j)eA l#4,j5 Ok,p3: (Gf,ak‘/;j)EA

<(-14C V(t-)) - loy o; |

and a similar result holds for interacting waves of the same family.
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Theorem 4.3. There exists a positive constant § such that B(0,0) C U and
(Y1) any Riemann problem with data in B(0,6) admits a unique e-solution;
(Y2) there exists a constant C such that the estimates (4.5) hold whenever the

interacting waves separate states in B(0, §);
(T3) the functional Y =V +3C - Q with V as in (4.4) and Q as in (4.7) is
such that for any initial datum @ satisfying Y(@®) < 4, the functional
t — Y(u®(t)) is non-increasing along the e-solution constructed above;
(Y4) Y is uniformly equivalent to the total variation, i.e. there exists a con-
stant K such that for any piecewise constant function with values in B(0, )
we have
Tl(- -YT(u) < TV(u) < K- YT(u).

Above, B(0,9) is the open sphere centered at v with radius .

Remark 4.4. The proof of the above result is here described in the case that
at most two waves may interact at a single interaction point (¢.,z.). In general,
this is not true and different ways to bypass this difficulty have been devised. One
possibility is to change by an “arbitrarily small” quantity the speed of waves so that
no more than two waves may interact at a single point, see [22]. This allows to
prove the above result, but the approximations so obtained fail to depend Lipschitz
continuously upon the initial data, see [25, Example 1].

We have assumed above that at most one interaction takes place at any t,. The
case of more interactions at the same ¢, does not require a specific treatment, due
to the finite propagation speed displayed by (1.1) and by the present algorithm.

4.2. Control on the number of interactions

The usual way to prevent the formation of cluster points of discontinuities (dif-
ficulty (D2) above) is to bound the number of interaction points. More precisely,
interaction points are proved to be finite on any compact subset of [0, +o00[ x R.

The bound on the total variation [(Y3), Theorem 4.3] shows that the number of
interaction points can be bounded once the number of small waves can be controlled.
To this aim, several techniques have been considered. We consider first the “general
case”, i.e. a construction that works under the assumptions

(SH), (GNL/LD), n>1, TV(@) small

Separately, we consider the case of Temple systems, where a geometrical assumption
is required, but neither (GNL/LD) nor TV (@) small are necessary. Finally, we present
a construction that works only in the case n = 2 but can be extended to various
other situations, such as systems with phase transitions [36].
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4.2.1. The general case

In the case n > 1 with initial data having small total variation, various techniques
in literature [13], [22], [53], [64], [65] lead to the suppression of sufficiently small
waves. Here, we follow the construction from [22, Chapter 7], see also [23].

The first simplification is achieved avoiding further splitting of rarefactions. When
ararefaction hits a wave of another family, its size slightly varies, see the first estimate
in (4.5). Strict application of the above procedure would lead to the splitting of this
rarefaction into waves having size at most €. To reduce the number of waves (and,
hence, of interactions) we convene not to split any rarefaction after its birth. Indeed,
it holds that the size o(t) of a rarefaction born at time t, is uniformly bounded,
i.e. |o(t)] < Ke for all times t > t,, the constant K depending only on the total
variation of the initial data.

Let A be an upper bound for all characteristic speeds and let us fix a threshold o
with, say, 0 < €. Use the Accurate Riemann solver at time t = 0 and whenever the
product of the interacting waves is in absolute value greater than p.

When two waves 0;, 0; with |o;0;] < ¢ interact, use the following Simplified
Riemann solver: prolong the incoming waves with waves of the same family and
size. Then, introduce a further non-physical wave to adjust the states on the right,
see Fig. 5, left. More precisely, we have

Before: u™ = Ei(ul,di), u" = Li(uT,05);

After: u = Lt 05), ul = Li(ul, o).

Figure 5. Left, the simplified Riemann solver and a non-physical wave. Right, a non-
physical wave hits an i-wave.

The non-physical wave 6 separates the states u’, and u", is assigned the size
& = |lu’, —u"|| and is considered to belong to a fictitious linearly degenerate (n+1)st
family. Moreover, whenever a non-physical wave & hits a physical one o;, the former
proceeds with unchanged size, while the size of the latter needs to be slightly adjusted,

516



see Fig. 5, right:

Before: lu™ —u!|| =6, u" = Li(u™,0:);
After: up = Li(ulyo;), [um—ul| =6
This modification makes the derivation of the bounds on the total variation much
more intricate: at any step, various cases need to be considered depending on the
nature (physical or non-physical) of the waves considered. A key estimate in this
whole procedure is that if g is sufficiently smaller than €, then the total strength of
all non-physical waves is bounded by e¢:

(49) > leal=00) <

oo non-physical

4.2.2. Temple systems

Definition 4.5. System (1.1) is a Temple system if the following holds:
(T1) assumption (USH);
(T2) shock and rarefaction curves coincide;
(T3) there exist coordinates w such that du/dw; is the ith right eigenvector
of Df.

(In literature, this definition is subject to variazioni, see [12], [15], [66], [67], 69]).
A typical property of Temple systems is a sort of decoupling, in the sense that
solving any Riemann problem is equivalent to solving n scalar Riemann problems.
Besides, in Temple systems interactions have a “linear” behaviour. Indeed, if the
waves g},..., oM

yYa

of the i-family interact, for i = 1,...,n, the i-waves exiting the

mi

interaction have total size o}t = Y o}, using the parametrization defined in Lem-
=1

mas 3.2, 3.4 and 3.7. Note however that in an interaction involving only 2 waves

of different families, the waves that exit the interaction have the same size as those
entering it, but possibly different speed. Moreover, if no i-wave enters the interaction
point, then no i-wave exits it.

As a consequence, the Wave Front Tracking algorithm in [12], [15] defines solutions
attaining values on a fized grid with mesh size e. Hence, no wave can have size smaller
than €. This, together with a careful use of the decrease of @, allows to prove that
there is a finite number of waves on all [0,4+o00[ x R. Another consequence of the
introduction of the e-grid is that all the functionals V, @ and Y formally depend
also on €.

The results in [15] allow to remove (GNL/LD) in Temple systems. Morever, the
total variation of the initial data is not required to be small.
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4.2.3. 2 x 2 systems

In the case n = 2, a careful definition of the approximate solution implies that
all adjacent small waves of the same family are parallel. Indeed, when small waves
are involved, the flow f is approximated essentially through a Temple system and
adjacent waves of the same family having size o with |o| < € may be parallel. In this
approximation, it is essential to substitute the Lax curves (3.7) by the approximations
(see [25])

Si(u,,0) if 0 < -2/,

(4.10) L5 (0, 0) = ‘p(%)s"(u""’) + (1 - 30(%))}21'(”070),
if o€ [~2vE —Va],
R;(u,,0) if 0 > —\/e

with ¢ being a C* function such that

plo) =1 if 0 € ]—00,-2],
(o) € [-2,0] if o €]-2,-1],
p(d) =0 if o €[-1,400].

The e-approximate rarefactions are then obtained cutting the rarefactions along a
fixed grid of size e. Note that also all shocks with size |o| < 2./¢ are approximated,
due to the interpolation (4.10), and (3.6) provides bounds for this error.

The speeds of these waves are assigned so that the coordinates along the ap-
proximate rarefactions (4.10) are ezact solutions to scalar conservation laws with
piecewise linear flux function, see [25, Section 2] for the explicit formulze. Hence,
adjacent small waves propagate parallelly and less interactions take place.

With this construction, it is then possible to show directly that no compact set
may contain a cluster point of interaction points. This step depends essentially on
the assumption n = 2.

An inductive procedure allows to extend estimates of the type (4.5) to the case
of multiple interactions. Hence, the “arbitrarily small” change of the wave speeds
to avoid multiple interaction is not necessary and the approximate solutions depend
Lipschitz continuously on the initial data.

Note that when the initial data is a perturbation of a large jump, then the number
of interactions may well be infinite over all [0, +oo[ x R, see [26].

If (1.1) is a Temple system, the present algorithm provides the same solutions as
those specifically constructed for Temple systems, the only difference being that here
approximate solutions do not need take values in a fixed e-grid.
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4.3. The limit

Before passing to the limit for ¢ — 0, we estimate how far the e-approximate
solution is from being an exact solution to (2.1). First, there is an error due to the
initial datum, which vanishes as ¢ — 0 thanks to (4.1).

Then, another error is due to the fact that not all discontinuities in u® satisfy
the Rankine-Hugoniot conditions [(S1), Lemma 3.4]. In the general case (Para-
graph 4.2.1), rarefaction waves and non-physical waves violate it. Let Au®(t,zo) =
uf(t,Ta+) — u(t,zo—) and define Af(u®(t,z4)) similarly. The Rankine-Hugoniot
conditions along a rarefaction wave supported at z, with propagation speed z, are
missed with an error

|Za - AU (t,24) — Af(u(t,24))] = O1) - € 0a,

0« being the rarefaction at z,. This second order estimate is a consequence of (3.6).
Summing over all rarefactions, if Y (@) < 4, the total error is

> lda- Au(t,za) — Af(uS(t,74))| = O(1) -6 6

oo rarefaction

and converges to 0 as € — 0. If a non-physical wave is supported at z,, then
|2 - Auf(t, o) — Af(u(t, 7a))| = O(1) - |oal

and the bound is now only of the first order. On the other hand, when summing
over all non-physical waves, by (4.9) we obtain

S e At za) - Af@ (L 2a))| = O(1) €.

0~ non-physical

The entropy inequalities are yet another source of error: neither approximate rar-
efactions nor non-physical waves satisfy them. The corresponding bounds are similar
to those for Rankine-Hugoniot conditions, see [4] and [5, Theorem 5.1].

Before the final limit, note that e-solutions are Lipschitz with respect to ¢.

Lemma 4.6. With the above definitions of e-solution, there exist constants 9,
L such that for all piecewise constant initial data u € L' with Y(u) < &, the e-
solution u® satisfies ||u¢(t") — u®(t')||L1 < L - |t" — t'| uniformly in €.

Above, L depends on § and on the maximal characteristic speed.
The existence of solutions to (2.1) is now at hand. Theorem 4.3 provides a bound
uniform in € on the total variation of the e-approximate solution u°(¢, ) at any time
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t > 0. Fix a positive sequence ¢, with nli’r_ir_loo en = 0. A slight modification of the
classical Helly’s Compactness Theorem [22, Theorem 2.4] allows to extract from ¢,
a subsequence e, such that there exists a function u: [0,+o00[ — L*(R) with the
properties

1. u™+ — uin LL ([0, +0o[ x R) as k — +00;

2. flu(t”) = u()lLs < L-[t" = t';

3. TV(u(t)) < K¢ with K as in [(T4), Theorem 4.3].
The above properties lead to the proof that u is a weak entropic solution.

Remark 4.7. The existence of solutions was obtained by means of a compact-
ness argument. Hence, neither uniqueness nor continuous dependence are directly
available through the same method.

In Temple systems, the limiting procedure is somewhat simpler, since non-physical
waves are absent. In the 2 x 2 case, also small shocks cause some error, due to the
interpolation (4.10), and need to be considered separately.

5. STABILITY

This section is devoted to the proof of continuous dependence on the initial data.
In the case of conservation laws, this proof usually preceeds that of uniqueness. For
the stability with respect to the flow f, see [17].

The results in the previous sections prove the following theorem.

Theorem 5.1. Let f be smooth and satisfy (SH), (GNL/LD). Then there exist
positive 6, K, L and, for all small €, a map S¢: [0, +o0o[ x D¢ — D¢ satisfying

1. the domain D¢ = {u € L*: u piecewise constant and Y(u) < 4} is invariant
with respect to S¢;

2. D¢ D {u € L': u piecewise constant and TV (u) < Kd};

3. ifn =2 orif (1.1) is a Temple system, then S¢ is a semigroup;

4. along a physical discontinuity at, say, z.,(t), the Rankine-Hugoniot condi-
tion [(S1), Lemma 3.4] is approximately satisfied:

|Ta - Auf(t, za) — Af(u(t,24))| = O(1) - € - |0al,
while along a non-physical discontinuity we have

|Za - AU (t, a) = Af(u(t, 2a))| = O(1) - |oal;
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5. if an entropy-entropy flux pair exists along a physical discontinuity at z(t), the
error in the entropy condition (2.4) is bounded by

[Za - An(u®(t, za)) — Ag(u®(t,za))| = O(1) - € - |oal,
while in the case of a nonphysical discontinuity we have
|£a - An(u®(t, za)) — Ag(u(t, za))| = O(1) - |oal;

6. the total size of non-physical waves is bounded as in (4.9);
7. S¢ is L'-Lipschitz with respect to time: ||Sf u — S§,ullL: < L - ||tz — t4]].

Note that in the general case, due to the presence of the Simplified Riemann solver,
S¢ is not a semigroup. Indeed, assume that an interaction takes place at time t..
The definition of S¢ after ¢, depends on the history before t.. In the general case,
the semigroup property is recovered in the limit as a consequence of the uniqueness
of the limit of the approximate semigroups.

Our next target is the regularity of S¢ as a function of the initial data. Two
entirely different techniques are available, the former in the general case, while the
latter works for Temple and 2 x 2 systems.

5.1. The functional
This section follows the ideas introduced in [34], [60], [61], [62].
The limit semigroup is proved Lipschitz once a functional ®: D¢ x D¢ — [0, +o00[
with the following properties, uniform in ¢, is introduced:
(®1) for a suitable positive k, 1/ - ||u — w||p1 € ®(u,w) < k- ||lu — w||L1;
(®2) for any two e-solutions u and w, ®(u(t), w(t)) < ®(u(0),w(0))+0O(1) ¢ t.
To define @, introduce first a sort of distance in U by means of (1.1). In the next
lemma and in all this paragraph, we use the term “i-shock” also for the i-Lax curves
of linearly degenerate families. Moreover, also the non entropic parts of shock curves
are used due to the interpolation (4.10).

Lemma 5.2. Any @ € 2 admits a neighborhood U such that

1. the conclusions of Theorem 3.11 hold in U;

2. for any two points u, w in U, there exists a unique n-tuple (q1, - ..,g-) such that
there are n+1 states uo, . . . , un in §2 satisfying up = u,u; = £4(ug,01),...,u; =
Si(wiz1,qi)y .-y Un = W;

n
3. there exists a positive ¢ such that 1/c- |lw —u|| € 3 |g:| < ¢ |Jw —ul.
i=1

In other words, the ¢;s are the sizes of the i-shocks that solve the Riemann prob-
lem (3.1) with 4/ = u and 4™ = w having the minimum number of (possibly non
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entropic) shocks. The last statement above amounts to say that the g¢;s provide
a measure of the distance in U/ equivalent to the Euclidean one. However, setting
d(u,w) = Y |gi|, d is not a distance for, in general, since neither the triangular

1
inequality nor the symmetric property d(u,w) = d(w, u) hold.

Theorem 5.3. Let f satisfy (SH) and (GNL/LD). Let ¢;(z),...,qn(z) be the
shock sizes defined in Lemma 5.2 with reference to u(z) and w(z), for u,w € D°¢.
Reducing the ¢ in [1, Theorem 5.1, if necessary, it is possible to define weights
Wi,...,Wy: R = [0,4+00[ so that

Bu,0) = [ 3 la@)Wia) do
=1

satisfies (1) and ($2).

Note that (®1) holds as soon as the weights W; are uniformly bounded, say
Wi(z) € [1,2] for all z. All difficulties in the proof of the well-posedness of (1.1)
are thus reduced to the search for these weights, whose explicit definition is far from
immediate. For any u in D¢, written as in (4.3), let J(u) be the set of jumps in w.
Define, fori=1,...,n,

(5.1) Wi(z) = 14 k14i(z) + k152(Q(u) + Q(w))
and, if the i-field is linearly degenerate, set
Ai(z) = Z{|oj,a|: a€ Jw)UJ(w), zo <z, jE{i+1,...,n}}
+Z{|aj,a|: ae Jw)UI (W), zo >z, jE{1,...,i—1}}

where Y {0: 0 € A} = Y o. If the i-field is genuinely nonlinear, let
g€EA

Ai(z) = ) {lojal: @€ TW)UT (W), za <z, j€{i+1,...,n}}

+ Y {lojal: 0 € T@)UIT(W), 3o >z, jE{L,...,i—1}}
SHloiol: a € T(), 2o <z} + Y {l0ial: a € T(w), z4 >z},
if gi(z) <O,
SHloial: @ € T(u), za >z} + > {|oial: @ € T(w), zo <z}
if g:(z) > 0.

Note that non-physical waves have no role in the construction of the weights.
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With this definition, Theorem 5.3 can be proved. The particular above choice of
the weights is partly motivated as follows. Rewrite ® as

Bu(t) w(®) = [ (2 @) ) d
+ ) Zlaml/ lg;(z)| dz

0i,0 €T (WUT (w) 5=1

+rma(@) + Q) [ (Z (@) dz

where I;’; o is the subset of R where g;(z) approaches o; o in the sense of Definition 4.2.
The first term is essentially the L norm, see [3, Lemma 5.2]. The last term exploits
the fact that the interaction potential decreases and is used to ensure the decrease
of @ at interaction times. The second term is the key point. Call u; and w; the
coordinate of u and w along the j-Lax curve. Each summand in this sum is the size
of a wave 0; o in u or in w, multiplied by the area selected by u; and w; over If o
This set, a union of intervals, is defined as the place where g;(z) approaches o;  in
the sense of Definition 4.2.

Consider for example the jth summand in the first sum defining A;, in the case
i > j with the i-field genuinely nonlinear. Then fz' |gj(z)| dz is a measure of the
area between u; and w; to the right of zo. Due to (SH), this area decreases in
time, see Fig. 6, since A; > A;. For analogous geometric interpretations of the other
summands in A;, see [23, Chapter 5].

Ui

y

To T
Figure 6. The dashed area between u; and w; to the right of 24 diminishes.

Technically, to achieve the proof of the key estimate ($2), the first step is taking
the derivative of ®(u(t), w(t)). Denote ¢** = ¢;(zo+) and similarly for W;, while i
denotes the speed of the wave at z, (at each z, there is a unique such wave outside
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interaction times). Then

d®(u(t), w(t)) (1 ampyan aty
—— =2 > (g IWeT — gt W) -
a i=1
= 2 (g W OFF = o) = g7 IWE™ (A8 = &)
where A2% = \;(u(za%)). In the last line above, the equality lgF WA~ =
|q§°_1)+|Wi(a_1)+/\§“_l)+ was used. Then, upper bounds on this quantity are de-
rived through suitable interaction estimates. Indeed, by considering various cases,

one shows that for any physical wave o; o, for any j and «,
g5 T IWFT (A5F — o) = g TIWF~ (AT —da) = O(1) - € - |0y 0l
while if 0; o is a non-physical wave
g5 T IWPT (5T — o) = 1g§ T IW7~ (AT — da) = O(1) - |0l

Summing over all ¢ and a, we get d®(u(t),w(t))/dt < c-€-6 for a ¢ > 0 and for

all times when no interaction occur. A suitable choice of k2 in (5.1) implies that

Ad(u(t), w(t)) < 0 at any interaction time, completing the proof of ($2).
Concerning the final limiting procedure, choose a positive sequence ¢, withe, — 0

as ¥ = +oo and approximate the initial data @ by means of a sequence @, with
lim ||@ — @,||L: = 0. Then, by (®1) and (®2),

v—+o00

”Steul Uyy — ‘S’teuzlizl'zllL1 <K (I)(Stsul ﬁvust,qﬂlfz)
SK- Q(ﬁ'/l7ﬁ‘/2) + O( ) ' max{e,,,,suz} -
s '{’2 : "al/l - IE‘QILI + O(l) ) ma'x{sulysllz} : ta

which shows the existence of the limit by a completeness argument.

Remark 5.4. The proof of the Lipschitz dependence of the approximate solution
allows also to obtain an existence proof entirely independent of the previous one.
Moreover, the compactness argument is now substituted by a completeness argument.
These observations apply also to the other technique exposed below.

5.2. Pseudopolygons

In the present section, we follow [25].

In Temple and 2 x 2 systems, the e-approximate semigroups are L-Lipschitz with
a Lipschitz constant bounded uniformly in €. To prove it, any two initial data wu,
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w in D¢ are interpolated through a curve v and the whole curve evolves with S¢,
leading to Sf ov. An estimate of ||Sfu — Sfw||p: is obtained through the length
of S o+. In turn, this is achieved by means of an estimate of how the vector tangent
to S§ o «y varies with time.

The key idea is to define v shifting the locations of the jumps in the initial data u at
constant rates, and then studying the rates at which the jumps in the corresponding
solution S§u are shifted, for any fixed ¢t > 0.

Definition 5.5. Let ]a,b[ be an open interval. An elementary path is a map
N
v: la,b[ = D* of the form y(f) = Y wa - Xjo¥__ o#], Where 28 = To + &40 with
a=1 w=1""a
x_, <zf forallf €la,b[and a=1,...,N.

For each 6, () is piecewise constant with bounded support. As @ varies, the
values w, remain constant while the locations of the jumps ¢ shift with constant
speeds &, leaving the ordering of the z? unchanged.

Definition 5.6. A continuous map v: [a,b] — D¢ is a pseudopolygon if there
exist countably many disjoint open intervals Jj, C [a, ] such that the restriction of v
to each Jj is an elementary path and the set [a,b]\ |J Jn is countable.

h>1

Every couple of initial conditions u, w in D° can be joined by a pseudopolygon.
A remarkable property of the algorithm described in Paragraphs 4.2.2 and 4.2.3 is
that it preserves pseudopolygons.

Proposition 5.7. Let v be a pseudopolygon. Then, for all t > 0, the path S{ o~y
is also a pseudopolygon. Furthermore, there exist countably many open intervals Jy
such that [a,b]\ (U, Jr) is countable and for any h, the functions (S 07)(6), 6 € Ja,
all have the same number of waves, interacting at the same number of points in
[0,t] x R. As @ varies, these waves and the interaction points are shifted with constant
speeds in the (t,z)-plane.

The L-length of a pseudopolygon v is the sum of the lengths of the elementary
paths obtained by restricting v to each subinterval J,. It is thus sufficient to study
the case where v is an elementary path and the wave configuration of the solution
S5 oy on the strip [0,7] x R is fixed for all 8 € ]a,b[. For a fixed t € [0,T], let

N

u’(t) = (S5 o 7)(6) have the form w’(t,z) = 3 u®xj,e L(©),a (1)) (z) where a2 (t) =
a=1 “T e

To(t) + €af. The L-length of the path Sf o v is then measured by ||S§ o || =
f: 510628 | |Au® (z4)|| df. In order to relate the length of S o y with the length of

the path + interpolating the initial conditions, for any given 6 € ]a, b[ we study how
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the sum 31929 | ||Au®(z,)|| varies in time. Clearly, this sum can change only at
(¢ 3

those times where an interaction takes place.

Consider, for instance, an interaction as in Fig. 4, left, between two waves o;,0;
located on the lines x?'(t) =z (t)+¢; 6 and 287 (t) = z7 (1) +&; 6. As 0 varies, the
waves before the interaction shift at the rates {; = 89333_ (t), & = Bz~ (t). Assume
that the interaction produces n; waves of the k-family for kK = 1,...,n, having sizes
a,tl, ... ,a;:nk. The interaction point P% = (#,z?) shifts at a constant rate, as do
the locations of the outgoing waves, say :EZ:'Z(t) = a},(t) + .f,::l() for 6 =1,...,n;
and k = 1,...,n. The next lemma provides the basic estimate on strengths and
shift rates of waves before and after an interaction, generalizing (4.5) to the case of
shifting interactions.

Lemma 5.8. There exists a constant C' independent of € such that, whenever
two waves interact, the quantities introduced above satisfy

n  ng

SN ot < loT & | +loy &1+ C oy o5 (1671 + 1€71).

k=1 ¢=1

The Ll-length of Sf o v may well increase in time. Lemma 5.8 allows to con-
trol this increase by means of an interaction potential. Indeed, we will introduce
on D¢ a metric equivalent to the L!-distance and such that with respect to it, the
semigroup S¢ turns out to be contractive.

We define the weighted length of an elementary path y: ]a,b[ = D¢ by

e = 250 -a) - losatial - Wia

a =1

for suitable weights W; o. In the more general case where v is a pseudopolygon, we
define its weighted length |||/ as the sum of the weighted lengths of its elementary
paths. As soon as the weigths W; o satisfy uniform bounds

(5.2) 1< Wi <g
it is immediate to prove the equivalence between the L!-length and the weighted
length, i.e. there exists a constant ¢ such that 1/¢- ||v|lLr < |Ivlle < - |vlle-

The next proposition contains the key difficulties of the present approach, namely
the definition of the weights W; .
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Proposition 5.9. There exist constants § and c such that for all small €, for
any elementary path v: [a,b] — D with Si o« having a fixed wave configuration
on [0,T), there exist weights W; , satisfying (5.2) uniformly in € and such that the
map t — ||S¢ o v||¢ is non-increasing for t € [0,T].

Remark that in the case n = 2, the weights W; , can be explicitely defined, by
quite different expressions depending on the specific situation, see [25], [26], [36], [38],
[44]. On the contrary, in the case of Temple systems with n > 2, only an implicit
(backward) recursive construction is currently available [12], [15].

On D¢ define now the metric

(5.3) de (u,w) = inf{||y|lc: v a pseudopolygon in D joining u with w}.

Note that d. does not fit in the set of metrics considered in [70]. Apply now Propo-
sition 5.9 to obtain the following lemma.

Lemma 5.10. There exists a & > 0 such that, restricted to D¢, the distance d,
in (5.3) is uniformly equivalent to the L1-distance. Moreover, S¢ is contractive with
respect to de: d.(Sfu, Sfw) < de(u,w) for all't > 0 and all u, w in D¢.

In terms of the Ll-metric, we obtain [|[Sfu — Sfw||lp2 < L - ||lu — w||p: for all
t >0, u,w € D¢ and for some L independent of . To complete the proof of the L!-
Lipschitz dependence, choose €, = 27", v € N, and define S as S;u = UETOO S u,,
with u, € D and |lu, — u|lL1 < €,. The existence of the previous limit follows
from a completeness argument based on Lemma 6.2. The domain of S'is D = {u €
L': Ju, € D** and |lu, —ullp: <&}

6. UNIQUENESS

A uniqueness result consists in the selection of a class such that
(U1) an existence result provides solutions in this class;
(U2) two solutions in this class coincide.
In the case of conservation laws, two different kinds of uniqueness results can be
considered: the one referring to the semigroup constructed above and another one
referring to the single solution to (2.1). The first result in this direction, in the case
n = 2, was obtained in [26]. In the general case, see [29], [31].

6.1. Uniqueness of the semigroup

The key difficulty in proving the uniqueness of the semigroup S constructed above
consists in the selection of the properties of S that define the class where S is unique.
This class was selected by Bressan in [19] through the following definition.
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Definition 6.1. The system (1.1) generates a Standard Riemann Semigroup
S: [0,+00[ x D — D if there exist positive constants 6 and L such that
(SRS1) DD {u€L': u(R) CQ and TV(u) < d};
(SRS2) S is a semigroup: Sp = Id and S;, 0 Si, = St +¢,;
(SRS3) S is Lipschitz: [|S;,up — Spyurllr < L[tz — ta| + [luz — uq|lg2);
(SRS4) if u € D is piecewise constant, then for ¢ small, S;u is the gluing of the Lax
solutions to Riemann problems at the points of jump in u.

Note that no reference is made to the fact that the orbits of S yield solutions
to (1.1). Indeed, the semigroups constructed in Section 5 enjoy all the above proper-
ties and, moreover, the map ¢ — S;@ is a weak entropic solution to (2.1). Hence, a fur-
ther byproduct of Theorem 6.3 is that any semigroup satisfying (SRS1),..., (SRS4)
also yields weak entropic solutions to (1.1).

The admissibility conditions considered in Section 2 appear in Definition 6.1 only
through the Lax [55] solution to Riemann problems. In other words, the choice of
the Lax Riemann solver uniquely determines also the solutions to Cauchy problems,
once Lipschitz continuous dependence on the initial data is required.

The starting point for the uniqueness of the semigroup is the following abstract
result, presented here at the level of metric spaces, see [22], [39].

Lemma 6.2. Let (D,d) be a complete metric space, S: [0,+00[x D — D a
Lipschitz semigroup with Lipschitz constant L and w: [0,T] — D a Lipschitz map.
Then d(w(T), S;w(0)) < L- f; liminf d(w(t + h), Sww(t))/hdt.

-

The above lemma reduces the problem of computing the distance between the
orbits of different semigroups to that of computing the difference between the “tan-
gent vectors” [30], [33]. This fits particularly well with conservation laws, since the
tangent vector to solutions is essentially characterized by the Lax Riemann solver,
at least in the case of a piecewise constant initial datum.

Theorem 6.3. Let S: [0,400[ x D — D be the semigroup constructed above
through Wave Front Tracking. Let S: [0, +o00] % D — D be another SRS generated
by (1.1) with D D D. Then for allu € D and all t > 0, Seu = Siu.

In the proof of Theorem 6.3, Wave Front Tracking approximations have a key role,

thanks to their relation with Lax solutions to Riemann problems.

6.2. Uniqueness of the single solution
To meet the requirement (Ul) above, it is now necessary to find such properties
of the solutions yielded by the SRS such that single solutions to Cauchy problems
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could be fully characterized. As a first intermediate step, assumed the existence of
a SRS, we seek those conditions on a solution u implying that u(t) = S:u(0).

Let u.: [0,T] = D be a weak solution to (2.1). Define U(”u”m) as the solution to
the Riemann problem

Ou+ 0, f(u) =0, t>71, z€R,
lim wu,(r,z) if z <&,
z—E—

u(r,z) =
lim u.(r,z) if 2> &
T+

Let U é’u.,r.f) be the solution to the linear Cauchy problem

{Btu +Df(u(r,€))0,u=0, t=>7, z€R,

u(7, ) = us(7, 7).
By means of U” and U!, the first property of the semigroup is singled out.

Proposition 6.4. Let S: [0,+00o[ x D — D be the SRS constructed above by
means of Wave Front Tracking. Let A be an upper bound for the moduli of all
characteristic speeds. Then for all u € D and for all T > 0

L forall €€ R, lim 1/h ‘*,f; (Sr4aw)(2) = U, , (B, )l dz = 0

2. there exists a C > 0 such that for all £ € ]a,b[ and h € ]0,(b — a)/(2))],
2
1/h [ 1(Sram)(@) = TP, o (@)l de < C - [TV (u(r)as)].

We now obtain a uniqueness result suited to the above properties.

Theorem 6.5. Let S: [0,400[ x D — D be the SRS constructed above. Let
be a finite upper bound for the moduli of all characteristic speeds. If u,: [0,T] —» D
be an L!-Lipschitz continuous weak solution to (2. 1) such that

L forall § € R, lim 1/hff+"* lua(r + h,z) = UF, ., o (hy2)da =0

2. there exists a C > 0 such that for all £ € Ja,b[ and h € ]0, (b —a)/(2})],
b—h3 2
1h fooni lua( + hyz) = U2, o (h,2)lldz < C - [TV (u(7)]ja,8)] -
Then u coincides with a semigroup trajectory: u(t) = S¢(u(0)).

Note that the existence of the SRS S and the fact that u, attains values in the
domain D of S are essential. Indeed, they are unavoidable also in the next result,
where the integral bounds provided by U* and U” are substituted by the Lax entropy
inequalities and a bound on the total variation.
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Theorem 6.6. Let system (1.1) satisfy (SH), (GNL/LD) and generate an SRS
S: [0,+00[ x D — D. Let u: [0,T] = D be such that
u is a weak solution of (2.1);
u is L1-continuous;
u satisfies the Lax entropy condition, see Definition 2.7;
there exists a § > 0 such that for every Lipschitz curve v: [a,b] — [0, +o0o[ with
Lipschitz constant 8, the map t — u(vy(z),z) has bounded variation.
Then for all t € [0,T), u(t) = Sia.

Ll ol

7. OTHER PROBLEMS

Below we briefly consider (1.1) with boundary and models displaying phase tran-
sitions. Other areas in which Wave Front Tracking has been successful are: balance
laws, see [5], [6], [45]; control problems, see [7], [8], [24], [40], [42]; the structural
stability of (1.1), see [32] and the dependence of the solutions to (1.1) on f, see [17].

7.1. The Initial Boundary Value Problem

Different approaches to the Initial Boundary Value Problem (IBVP) for (1.1) are
present in the current literature. First, if the range of the speed ¥ of the boundary
is separated from that of the eigenvalues, i.e.

(7.1) Ji,: sup A, (u) < inf ®(t) and sup  ¥(t) < inf Ai, 41(u),
u€EN t€[0,+°°[ tE[0,+oo[ uEN

then n — ¢ scalar conditions can be imposed along the boundary, leading to a non-
characteristic problem

Su+ 8- [f(u)] =0, (¢ z) €[0,+oo[ x [T(2), 400,
(7.2) u(0, ) = @(x), z € [¥(0), +o0],
b(u(t, ¥(2))) = g(t), t € [0,+00]

where the boundary profile ¥: [0,+00[ = R is assumed continuous. Denote E =
{(t,z) € [0,400[ x R: = € [¥(t),+oo[}. In the case (7.1), b: @ — R"** and
g: [0,+0o[ = R™* essentially fix n—i, components of u. As the solution to (7.2) we
choose a solution to (1.1) for (¢, z) in the interior of E satisfying the boundary condi-
tion in the sense of the trace, i.e. I_)lél’r?t)+ b(u(t, ¥(t))) = g(t). The non-characteristic

problem (7.2) is considered in [2], [3], [4], [7]-
In the case of a characteristic boundary, i.e. when (7.1) is violated, a more gen-
eral definition of solution was proposed in [51]. This definition is not suitable for
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applications to gas dynamics, since it does not consider the boundary layer effects
due to viscosity. Nevertheless, it is fully intrinsic, for it is based on the solution to
Riemann problems. Indeed, consider the IBVP

Owu + Oz[f(u)] =0, (t,2) € [0, +oo x [¥(t), +oo],
(7.3) u(0,z) = a(z), z € [¥(0), +oo],
u(t,¥(t)) =a(t), te]0,+o0[.

As in [51], we introduce the following definitions.

Definition 7.1. The characteristic Riemann problem with boundary is (7.3) with
U(t) = mt and @, @ constant. Its solution is the restriction to E of the Lax solution
to the standard Riemann problem

O+ 0;[f(u)] =0,

(7.4) a if x <0,
u(z,0) = .
a if £ >0.

Definition 7.2. Let u: E — U be such that z — u(t,z) is in BV for a.e. t. Let
w be the Lax solution to the Riemann problem (with a jump at (r, ¥(7)))

Ow + 9:[f(w)] =0,
{ﬂ(‘r) if z < ¥(r),
w(r,z) =
u(r, ¥(r)+) if z > ¥(7).

u is defined to be a solution of (7.3) if
(i) it is a weak entropic solution to (7.3) for ¢ > 0 and = > ¥(7),
(ii) it coincides with @ at time t = 0,
(iii) it satisfies the boundary condition, i.e. for all but countably many 7 > 0,
u(r, ¥(7)+) = w(t,z) for all (¢,z) € E such that z — ¥(r) > D_¥(7) - (t — 7)
with ¢t > 7.

Above, D_¥(t) = lim ir_xf(\Il(s) — ¥(t))/(s — t). According to the above definition,
and differently froms _l:ltle non-characteristic case (7.2), a solution u to (7.3) may
well have a trace u(¢t, ¥(t)+) that differs from the boundary data 4(t), but only if
the Riemann problem defined by u(t, ¥(¢)+) and @(t) is solved by waves supported
outside E, i.e. by waves slower than the boundary. .

In the two cases

e (SH), (GNL/LD), small total variation, n = 2;

e (SH), Temple system, n > 1,
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both the problems (7.2) and (7.3) are well posed in L, in the sense that they define a
unique L!-Lipschitz solution operator. Moreover, characterizations similar to those
provided by Theorems 6.3, 6.5 and 6.6 apply, see [2], [3], [4], [41]-

7.2. Phase transitions and combustion

The analytical techniques described above seem particularly useful when dealing
with phase transitions. In that case, § is the disjoint union of 2 (or more) sets, to be
referred as phases, say @ = Q; U Q. At time ¢, the system described by (1.1) is in
phase 7 at z if and only if u(¢,z) € ;. A phase transition is a jump discontinuity in
a solution to (1.1) between states belonging to different phases. The phase boundary
is its support.

Extensions of the classical Lax solution to (3.1) applicable in presence of phase
transitions to specific physical models have been considered, see [1], [11], [68], [71],
(73] and (36] for a more abstract approach. The usual difficulty that arises when
phase transitions are present is the lack of uniqueness, bypassed by introducing
further physical information, either through an admissibility function or through
constraints on the structure of the solution.

As a first example, consider the p-system (1.4) closed through the pressure law p =
p(T) where p: Q;UQ3 — |0, +o0o[. ©; and Q; are disjoint real intervals representing
the liquid and the vapor phase, respectively. Reasonable qualitative properties of this
function p are in Fig. 7, left. Assume that u! and 4" in (3.1) are in different phases.

p t
Q ,
T
t t
. WV
Ql Qz T T

Figure 7. Left, the pressure p as a function of the specific volume 7. Right, configurations
in the solution to a Riemann problem for Chapman-Jouguet detonations: above
the unperturbed one.

In the subsonic case (3.1) is well known to be underdetermined. In the case of the
p-system, by subsonic we mean that the modulus of the Rankine-Hugoniot speed of
the phase boundary is lower than the modulus of the characteristic speeds on the
sides of the discontinuity. Two usual criteria used to single out a unique solution are
based on the entropy rate dissipation or on visco-capillarity approximation. From a
more abstract point of view, it suffices to require that the admissibility condition

(7.5) U u) =0 with ¥: (5 x Q) U(Q2 x ) — R
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be satisfied by any pair u!,u” on the sides of a phase boundary. Within this frame-

work, various analytical results can be obtained [36], [37], [43].

Note that the same mathematical structure (1.3)—(7.5) applies also to models of
phase transitions in solids [1], [73].

The structure provided by a system of the form (1.1) on a disconnected domain 2
provides a good model also for Chapman-Jouguet detonations, see [71]. This well
known combustion model consists in unburnt gas filling the half line £ > 0 and
burnt gas filling z < 0 at time ¢ = 0. The chemical reaction is instantaneous. A
mathematical description is provided by two Euler systems, one for the burnt and
one for the unburnt gas, coupled through a free boundary which models the location
of the reaction:

Burnt gas (1) Unburnt gas (2)
0;7 — Ozv =0, 0y — 0zv =0,
Btv + azp = 0, atv + a:cp = Oa
2 2
Bt(e+ %—) + 0 (pv) =0, at(e+92—) + 0:(pv) = 0,
Sl=ci,lne+£ln'r S;=c2ln(e- Q)+ —Inr.
M1 H2

S is the entropy, e the internal energy, @ the energy to be dissipated through com-
bustion, ¢! and u‘ are respectively the specific heat and the molar weight of the
ith gas.

Chapman-Jouguet strong detonations are characterized by the flame having ap-
proximately the sound speed of the burnt gas next to it. We are thus driven to
consider the sonic situation. As above, we need to introduce a criterion that singles
out a unique solution to Riemann problems. Differently from above, here we do
not introduce any admissibility condition (7.5) but rather impose restrictions on the
structure of the solution. The solution to the Riemann problem with the (unper-
turbed) Chapman-Jouguet data consists of a single sonic phase transition (alias the
combustion flame), see Fig. 7, right. Perturbing this data, the solution may con-
tain either a 1-wave, a 2-contact discontinuity and a subsonic phase transition; or a
1-wave, a 2-contact discontinuity and a 3-rarefaction adjacent to the phase transition.
With this choice, the Cauchy problem obtained by adding a BV small perturbation
to a Chapman-Jouguet Riemann data still admits a solution, see [37] for details.
For the sake of completeness, we mention here that in the case of Chapman-Jouguet
deflagrations, a unique solution to the Riemann problem is chosen through the in-
troduction of both an admissibility condition (7.5) and a constraint on the structure
of the solution, see [38].

A model describing phase transitions in traffic flow is considered in [35].

533



Acknowledgement. The author thanks A. Corli, A. Marson and A. Groli for

several useful discussions.

1]
2
3]
4
[5
6]
7
]
19

[10]

[11]

12]

13]

[14]

[15]

[16]

[17)

18]

[19]

20]

(21)

References

R. Abeyaratne, J. K. Knowles: Kinetic relations and the propagation of phase boundaries
in solids. Arch. Rational Mech. Anal. 114 (1991), 119-154.

D. Amadori: Initial-boundary value problems for nonlinear systems of conservation laws.
NoDEA Nonlinear Differential Equations Appl. 4 (1997), 1-42.

D. Amadori, R. M. Colombo: Continuous dependence for 2 X 2 conservation laws with
boundary. J. Differential Equations 138 (1997), 229-266.

D. Amadori, R. M. Colombo: Viscosity solutions and standard Riemann semigroup for
conservation laws with boundary. Rend. Sem. Mat. Univ. Padova 99 (1998), 219-245.
D. Amadori, L. Gosse, and G. Guerra: Global BV entropy solutions and uniqueness for
hyperbolic systems of balance laws. Arch. Rational Mech. Anal. 162 (2002), 327-366.
D. Amadori, G. Guerra: Uniqueness and continuous dependence for systems of balance
laws with dissipation. Nonlinear Anal. 494 (2002), 987-1014.

F. Ancona, G. M. Coclite: On the attainable set for Temple class systems with boundary
controls. Preprint (2002).

F. Ancona, A. Marson: On the attainable set for scalar nonlinear conservation laws
with boundary control. SIAM J. Control Optim. 36 (1998), 290-312.

F. Ancona, A. Marson: L*-stability for n x n non genuinely nonlinear conservation laws.
Preprint (2000).

F. Ancona, A. Marson: A wavefront tracking algorithm for N x N nongenuinely non-
linear conservation laws. J. Differential Equations 177 (2001), 454-493.

F. Asakura: Kinetic condition and the Gibbs function. Taiwanese J. Math. 4 (2000),
105-117.

P. Baiti, A. Bressan: The semigroup generated by a Temple class system with large
data. Differential Integral Equations 10 (1997), 401-418.

P. Baiti, H. K. Jenssen: On the front-tracking algorithm. J. Math. Anal. Appl. 217
(1998), 395-404.

P. Baiti and H. K. Jenssen: Blowup in L for a class of genuinely nonlinear hyperbolic
systems of conservation laws. Discrete Contin. Dynam. Systems 7 (2001), 837-853.

S. Bianchini: The semigroup generated by a Temple class system with non-convex flux
function. Differential Integral Equations 13 (2000), 1529-1550.

S. Bianchini, A. Bressan: Vanishing viscosity solutions of nonlinear hyperbolic systems.
Annals of Mathematics. To appear.

S. Bianchini, R. M. Colombo: On the stability of the standard Riemann semigroup.
Proc. Amer. Math. Soc. 130 (2002), 1961-1973 (electronic).

A. Bressan: Global solutions of systems of conservation laws by wave-front tracking.
J. Math. Anal. Appl. 170 (1992), 414-432.

A. Bressan: The unique limit of the Glimm scheme. Arch. Rational Mech. Anal. 130
(1995), 205-230.

A. Bressan: The semigroup approach to systems of conservation laws. Fourth Workshop
on Partial Differential Equations, Part I (Rio de Janeiro, 1995). Math. Contemp. 10
(1996), 21-74.

A. Bressan: Uniqueness and stability of weak solutions to systems of conservation laws.
In: Proceedings of the 9th International Conference on Waves and Stability in Continu-
ous Media (Bari, 1997), Suppl. Rend. Circ. Mat. Palermo (2), Ser. 57. 1998, pp. 69-78.

534



[22] A. Bressan: Hyperbolic Systems of Conservation Laws. Oxford Lecture Series in Math-

(23]

24]
[25]
(26]
27]
28]
29]
[30]
31]
32]

[33]

[34]
[35]
[36]
[37]
[38]
39)
40}
ja1)
42)
43)
[14]

[45]

ematics and its Applications, Vol. 20. Oxford University Press, Oxford, 2000.

A. Bressan: The front tracking method for systems of conservation laws. In: Handbook
of Partial Differential Equations (C. M. Dafermos, and E. Feireisl, eds.). Elsevier. To
appear.

A. Bressan, G. M. Coclite: On the boundary control of systems of conservation laws.
SIAM J. Control Optim. 41 (2002), 607-622 (electronic).

A. Bressan, R. M. Colombo: The semigroup generated by 2 x 2 conservation laws. Arch.
Rational Mech. Anal. 188 (1995), 1-75.

A. Bressan, R. M. Colombo: Unique solutions of 2 x 2 conservation laws with large data.
Indiana Univ. Math. J. 44 (1995), 677-725.

A. Bressan, R. M. Colombo: Decay of positive waves in nonlinear systems of conservation
laws. Ann. Scuola Norm. Sup. Pisa Cl. Sci. IV 26 (1998), 133-160.

A. Bressan, G. Crasta, and B. Piccoli: Well-posedness of the Cauchy problem for n x n
systems of conservation laws. Mem. Amer. Math. Soc. 146(694). 2000.

A. Bressan, P. Goatin: Oleinik type estimates and uniqueness for n X n conservation
laws. J. Differential Equations 156 (1999), 26-49.

A. Bressan, G. Guerra: Shift-differentiability of the flow generated by a conservation
law. Discrete Contin. Dynam. Systems 3 (1997), 35-58.

A. Bressan, P.(G. LeFloch: Uniqueness of weak solutions to systems of conservation
laws. Arch. Rational Mech. Anal. 140 (1997), 301-317.

A. Bressan, P. G. LeFloch: Structural stability and regularity of entropy solutions to
hyperbolic systems of conservation laws. Indiana Univ. Math. J. 48 (1999), 43-84.

A. Bressan, M. Lewicka: Shift differentials of maps in BV spaces. In: Nonlinear Theory
of Generalized Function (Vienna, 1997), Vol. 401 of Chapman & Hall/CRC Res. Notes
Math, 401. Chapman & Hall/CRC, Boca Raton, 1999, pp. 47-61.

A. Bressan, T.-P. Liu, and T. Yang: L stability estimates for n x n conservation laws.
Arch. Rational Mech. Anal. 149 (1999), 1-22.

R. M. Colombo: Hyperbolic phase transitions in traffic flow. SIAM J. Appl. Math. 63
(2002), 708-721.

R. M. Colombo, A. Corli: Continuous dependence in conservation laws with phase tran-
sitions. SIAM J. Math. Anal. 31 (1999), 34-62.

R. M. Colombo, A. Corli: Sonic hyperbolic phase transitions and Chapman-Jouguet
detonations. J. Differential Equations 184 (2002), 321-347.

R. M. Colombo, A. Corli: On 2 x 2 conservation laws with large data. NoDEA Nonlinear
Differential Equations Appl. 10 (2003), 255-268.

R. M. Colombo, A. Corli: A semilinear structure on semigroups in a metric space. Semi-
group Forum. To appear.

R. M. Colombo, A. Groli: Minimising stop & go waves to optimise traffic flow. Appl.
Math. Letters. To appear.

R. M. Colombo, A. Groli: On the initial boundary value problem for Temple systems.
Nonlinear Anal. 56 (2004), 567-589.

R. M. Colombo, A. Groli: On the optimization of a conservation law. Calc. Var. Partial
Differential Equations 19 (2004), 269-280.

R. M. Colombo, F.S. Priuli: Characterization of Riemann solvers for the two phase
p-system. Comm. Partial Differential Equations 28 (2003), 1371-1389.

R. M. Colombo, N. H. Risebro: Continuous dependence in the large for some equations
of gas dynamics. Comm. Partial Differential Equations 23 (1998), 1693-1718.

G. Crasta, B. Piccoli: Viscosity solutions and uniqueness for systems of inhomogeneous
balance laws. Discrete Contin. Dynam. Systems 3 (1997), 477-502.

535



[46] C. M. Dafermos: Polygonal approximations of solutions of the initial value problem for
a conservation law. J. Math. Anal. Appl. 38 (1972), 33-41.

[47] C. M. Dafermos: Generalized characteristics in hyperboli¢ systems of conservation laws.
Arch. Rational Mech. Anal. 107 (1989), 127-155.

[48] C. M. Dafermos: Hyperbolic Conservation Laws in Continuum Physics. Springer- Verlag,
Berlin, first edition, 2000.

[49] C. M. Dafermos, X. Geng: Generalised characteristics in hyperbolic systems of con-
servation laws with special coupling. Proc. Roy. Soc. Edinburgh Sect. A 116 (1990),
245-278.

[50] C.M. Dafermos, X. Geng: Generalized characteristics, uniqueness and regularity of
solutions in a hyperbolic system of conservation laws. Ann. Inst. H. Poincaré Anal. Non
Linéaire 8 (1991), 231-269.

[51] F. Dubois, P. LeFloch: Boundary conditions for nonlinear hyperbolic systems of conser-
vation laws. J. Differential Equations 71 (1988), 93-122.

[52] J. Glimm: Solutions in the large for nonlinear hyperbolic systems of equations. Comm.
Pure Appl. Math. 18 (1965), 697-715.

[53] H. Holden, N. H. Risebro: Front Tracking for Hyperbolic Conservation Laws. Applied
Mathematical Sciences Vol. 152. Springer-Verlag, Berlin, 2002.

[54] H. K. Jenssen: Blowup for systems of conservation laws. SIAM J. Math. Anal. 81 (2000),
894-908 (electronic).

[55] P.D. Laz: Hyperbolic systems of conservation laws II. Comm. Pure Appl. Math. 10
(1957), 537-566.

[56] P.G. LeFloch: Hyperbolic Systems of Conservation Laws. The Theory of Classical and
Nonclassical shock waves Lectures in Mathematics ETH Ziirich. Birkhiuser-Verlag,
Basel, 2002.

[57) M. Lewicka: L! stability of patterns of non-interacting large shock waves. Indiana Univ.
Math. J. 49 (2000), 1515-1537.

[58] M. Lewicka, K. Trivisa: On the L' well-posedness of systems of conservation laws near
solutions containing two large shocks. J. Differential Equations 179 (2002), 133-177.

[59] T.-P. Liu: The deterministic version of the Glimm scheme. Comm. Math. Phys. 57
(1977), 135-148.

[60] T.-P. Liu, T. Yang: Lt stability for 2 x 2 systems of hyperbolic conservation laws.
J. Amer. Math. Soc. 12 (1999), 729-774.

[61] T.-P. Liu, T. Yang: A new entropy functional for a scalar conservation law. Comm.
Pure Appl. Math. 52 (1999), 1427-1442.

[62] T.-P. Liu, T. Yang: Well-posedness theory for hyperbolic conservation laws. Comm.
Pure Appl. Math. 52 (1999), 1553-1586.

[63] Y. Lu: Hyperbolic Conservation Laws and the Compensated Compactness Method.
Chapman & Hall/CRC Monographs and Surveys in Pure and Applied Mathematics,
Vol. 128. Chapman & Hall/CRC, Boca Raton, 2003.

[64] N. H. Risebro: A front-tracking alternative to the random choice method. Proc. Amer.
Math. Soc. 117 (1993), 1125-1139.

[65] S. Schochet: The essence of Glimm'’s scheme. In: Nonlinear Evolutionary Partial Differ-
ential Equations (Beijing, 1993), AMS/IP Stud. Adv. Math., Vol. 3. Amer. Math. Soc.,
Providence, 1997, pp. 355-362.

[66] D. Serre: Solutions & variations bornées pour certains systeémes hyperboliques de lois de
conservation. J. Differential Equations 68 (1987), 137-168.

[67) D. Serre: Systems of Conservation Laws, 1 & 2. Cambridge University Press, Cambridge,
1999, 2000, translated from the 1996 French original by I. N. Sneddon.

536



[68] M. Slemrod: Admissibility criteria for propagating phase boundaries in a van der Waals
fluid. Arch. Rational Mech. Anal. 87 (1983), 301-315.

[69] B. Temple: Systems of conservation laws with invariant submanifolds. Trans. Amer.
Math. Soc. 280 (1983), 781-795.

[70] B. Temple: L*-contractive metrics for systems of conservation laws. Trans. Amer. Math.
Soc. 288 (1985), 471-480.

[71] Z. H. Teng, A.J. Chorin, and T. P. Liu: Riemann problems for reacting gas, with ap-
plications to transition. SIAM J. Appl. Math. 42 (1982), 964-981.

[72] K. Trivisa: A priori estimates in hyperbolic systems of conservation laws via generalized
characteristics. Comm. Partial Differential Equations 22 (1997), 235-267.

[72] L. Truskinovsky: About the “normal growth” approximation in the dynamical theory
of phase transitions. Contin. Mech. Thermodyn. 6 (1994), 185-208.

Author’s address: R. M. Colombo, Department of Mathematics, Brescia University, Via
Valotti 9, 251433 Brescia, Italy, e-mail: rinaldoQing.unibs.it.

537



49 (2004) APPLICATIONS OF MATHEMATICS No. 6, 501-537

WAVE FRONT TRACKING IN SYSTEMS OF
CONSERVATION LAWS*

RINALDO M. COLOMBO, Brescia

Abstract. This paper contains several recent results about nonlinear systems of hyperbolic
conservation laws obtained through the technique of Wave Front Tracking.
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1. INTRODUCTION

Wave Front Tracking is a set of techniques for constructing approximate solutions
to hyperbolic conservation laws in 1 space dimension, i.e. to first order quasilinear
systems of partial differential equations of the form

(1.1) Opu+ 0z f(u) =0

with f: Q@ — R™ smooth and € an open subset of R*, n > 1, ¢t € [0, +o0[ and z € R.
Wave Front Tracking was first introduced by Dafermos [46]. Recently, its use has
grown thanks to several extensions [10], [13], [15], [18], [25], [26], [36], [38], [567], [58],
[64].

These equations state the conservation of the observables described by the den-
sities u = (u1,...,u,). More precisely, they state that any variation in time in the
quantity of each observable contained in a segment [a,b] is due to the inflow at a
and to the outflow at b. In symbols,

(1.2) Lbu(tQ,x)debu(tl,x)dx/: f(u(t,a))dt/: F(u(t,b)) dt.

* This work was supported by the European network HYKE, funded by the EC as contract
HPRN-CT-2002-00282.
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The paradigm for conservation laws is the Euler system for a compressible non
viscous gas that, in Eulerian coordinates, reads

o ov
(1.3) O ov + 0y ov? +p =0
%gv2—|—ge v(%gv2+ge+p)

where p is the mass density, v the gas speed, p the pressure and e the internal energy
density. (1.3) is closed by the state equation of the gas considered.
In the isentropic case with Lagrangian coordinates, (1.3) is the p-system

o[ valg] o

7 being the specific volume and v the (Lagrangian) gas speed. Equation (1.4) provides
a very useful computable example of a conservation law.

Other applications of conservation laws deal with traffic flow, chromatography,
phase transitions, combustion, ...

Wave Front Tracking is not the only technique to study conservation laws. Other
fruitful tools are: Glimm scheme, which provided the first existence proof for global
weak solutions to (1.1) [52], [69]; generalized characteristics, which allow to obtain
fine properties of solutions [27], [47], [49], [50], [72]; piecewise Lipschitz approxima-
tions, which provided the first well-posedness proof when n > 2 [28] and compensated
compactness, see [63] and the references therein. More recently, an entirely new tech-
nique based on viscous approximations appeared in [16].

In the present notes, proofs are omitted. Most of them can be found in several
books on conservation laws that recently appeared, see [48], [53], [56], [67] and in
particular [22]. Other surveys on this subject are [20], [21], [23].

2. WEAK SOLUTIONS AND ADMISSIBILITY CONDITIONS

System (1.1) is strictly hyperbolic as soon as it satisfies
(SH) For all u € Q, Df(u) admits n real and distinct eigenvalues.

Fori=1,...,n, A;(u) is the ith eigenvalue of D f(u). The eigenvalues are numbered
so that A\;_1 < A; for i = 2,...,n. r; is the right eigenvector corresponding to ;.
The following stronger (uniform) condition is also of use below:

(USH) For i = 2,...,n, supg Ai—1(u) < infg A;(u).

Clearly, (USH) = (SH), while the converse holds in general only locally, due to the
smoothness of f.
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In the linear case f(u) = Au (with A € R™*™), thanks to (SH), the following
procedure allows to obtain a solution u = u(¢, ) to the Cauchy problem

(2.1) {atquc%f(u) =0,

u(0,2) = a(x)

for (1.1), with @ € L{ (R):
1. diagonalise (1.1) obtaining n decoupled equations 0;v; + A;0,v; = 0;
2. let each component #; of the initial datum translate with speed \; and super-

impose: u(t,x) = > 0;(x — \it)r;.
In the nonlinear case noZne of the previous steps remains doable:
1. the eigenvectors r1,...,r, depend on w and in general no decoupling of (1.1)
can be achieved;
2. the eigenvalues \; depend on u and the above construction may lead to a mul-
tivalued function.
As a consequence, the solution to (1.1) may develop singularities independently of the
smoothness of the initial datum. Indeed, (1.1) admits the integral formulation (1.2)
which is meaningful provided u is merely integrable. The following formulations are

more usual.

A

measurable u: [0,+o0[ X R — Q is a distributional solution of (2.1) in Q if for

Definition 2.1. Let f: © — R” be smooth and @: R — R" be in L

loc*

every C! function ¢: [0, +o0o[ x R — R™ with compact support

+oo
[ [utopet.o) + st a)ouptta)deds+ [ a@o.0)ds =0,
0 R

R

u is a weak solution of (2.1) in Q if
(W1) w: [0,+o0o] — L (R) is continuous in L{ ;
(W2) u(0) = u;
(W3) 0+°° olut, 2)0pp(t, @) + f(u(t, 2))0pp(t, x)] dzdt = 0 for any C* map ¢:
10, +o00[ x R — R™ with compact support.

(Above and in the sequel, we use the fact that any function v = u(t,z) of two
variables identifies a map u = u(t) attaining values in a suitable function space.)
Note that a distributional solution can be arbitrarily modified at a countable set of
times on all R still remaining a distributional solution. The usual relations between
classical and weak solutions apply: any classical solution is also a weak solution while
a smooth weak solution is also a classical solution.
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The simplest example of a possible non smooth solution to (1.1) is

ut if < At,
(2.2) u(t,x) =

u” if x> At
where u!,u” € Q and A € R. Applying (1.2) or Definition 2.1, we have

Lemma 2.2. Let f: Q@ — R™ be smooth. The function u in (2.2) is a weak
solution to (1.1) if and only if

(2.3) A (! —u") = fu') = fluh).

The vector relation (2.3) is known as the Rankine-Hugoniot condition. In general,
it does not single out a unique solution to (2.1).

Example 2.3. Fix an arbitrary N € N, N > 0 and choose wy, . ..,wn41 in [0, 1]
with wg =0, wyy1 =1 and wp—1 <wp for h=1,..., N + 1. Then
0 if z €]—oo,wit/2],
u(t,z) =< wy if = € (who1 +wn)t/2, (wp +wht1)t/2] for h=1,...,N,
1 if z € Jwnt1t/2,+00]
is a weak solution to Burgers’ equation d;u + 0, (u?/2) = 0, since the Rankine-

Hugoniot condition (2.3) is satisfied along any jump.

Several criteria have been devised to single out a unique solution to (2.1). One,
motivated by physical considerations, is based on the concept of entropy and on the
second principle of thermodynamics.

Definition 2.4. A pair of C! functions (1,q) with 7,¢q: Q@ — R is an entropy-
entropy fluz pair if Dn(u)Df(u) = Dg(u) for all u € Q.

Hence, any smooth solution u to (1.1) satisfies also 9;n(u) + dzq(u) = 0. However,
a non smooth solution may violate this latter conservation law, giving a contribution

with varying sign along discontinuities.

Definition 2.5. A weak solution u to (1.1) is entropy admissible if for any
entropy-entropy flux pair (1, ¢) with 7 convex, the inequality

(2.4) den(u) + 0,q(u) <0

holds in distributional sense.
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Note that, besides physical systems, entropy-entropy flux pairs certainly exist if
n =1 or n = 2. Another criterion arises from viscous approximations.

Definition 2.6. A weak solution u to (1.1) is admissible in the sense of viscosity
if there exists a positive sequence ¢, with ¢, — 0 for n — 400 such that the
solutions wu,, to Ay, + O f (un) = £,02,u, converge in LllOC to u as n — +o00.

The next admissibility condition is extremely useful in connection with Wave Front
Tracking, but only under the assumption (GNL/LD) below.

Definition 2.7. Let u: [0,4+00[ Xx R — Q be a weak solution to (1.1). The
solution u satisfies the Lax entropy inequalities if for any (7,¢) € [0,T] x R such that
there exist states u!,u” €  and a speed A € R with

&teo
lim —/ / lu(t,z) — U(t,x)||dedt =0
&—

0—0+ 02

(e 2] — ut ifr—E< N (t—1),
(o) = u i r—E>N-(t—1),

where

then, for an i € {1,...,n}, Ai(u!) > A > \i(u").

Note that the discontinuities in Example 2.3 do not satisfy Definition 2.7. Con-

servation laws admit a symmetry group.

Lemma 2.8. Fix a positive g, constants 7,§ € R, and a function u: [0, 4o00[ x
R — Q. Define w(t,x) = u(r + ot, & + ox). Then,

1. if u is a weak (or distributional) solution to (1.1), then so is w;

2. if u is entropy admissible, then so is w;

3. if u is admissible in the sense of viscosity, then so is w.

The hyperbolic rescaling is the transformation ¢ — ot and x — px. A function
u: [0, +o0o[ x R — R™ is self similar if for all o > 0, u(gt, ox) = u(t, z).

Proposition 2.9. Fix two functions u;, u,: [0,+00[ x R — Q and a continuous
map ¥: [0,400[ — R such that lim w(t,z) = lim wu,(t,z) for a.e. t > 0 and
I—Vl/J(t)— m—»'{/)(t)-l,—

define _
wit.z) = {ul(t,x) if x < (1),

up(t,x) if © > ().

Then,
1. if u;, u, are weak (distributional) solutions to (1.1) in €, then so is w;

2. if w;, u, are entropy admissible, then so is w.
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Note that 1. above requires also the existence of the limits. If w;(t), u,-(¢) are in
BV(R) for all ¢, both the limits certainly exist.

Corollary 2.10. Fix u, € Q, a function u: [0,4+o00[ x R — Q and a continuous

map ¢: [0,00] — R such that liI?) u(t, ) = uy for a.e. t > 0. Define
z—YP(t)—

wit,z) = {u(t,x) 11; x < P(t),
Us if > (t).

Then,
1. if u is a weak (or distributional) solution to (1.1) in 2, then so is w;
2. if u is entropy admissible, then so is w.

3. THE RIEMANN PROBLEM

The Riemann problem for (1.1) is the following particular Cauchy problem:

dru+ 0z f(u) =0,

(3.1) ul if x <0,
u(0,2) =
u” if x> 0.

Note that this problem is self similar, in the sense that the hyperbolic rescaling leaves
it unchanged.

If n > 1, a solution to (3.1) is constructed using the eigenvalues Aq,...,\, and
eigenvectors r1,...,7, of Df. The term “i-characteristic field” often refers to both
the maps u +— r;(u) and u — A;(u). Below, we require that (USH) holds and choose
the eigenvectors so that ||r;(u)|| = 1 for all ¢ and w.

Definition 3.1. The i-characteristic field is genuinely nonlinear if
Vi(u)-ri(u) #0

for all u. It is linearly degenerate if V;(u) - r;(u) = 0 for all u.

The following assumption greatly simplifies the necessary techniques:

(GNL/LD) each characteristic field is either genuinely nonlinear or linearly degen-
erate.

If the ¢-characteristic field is genuinely nonlinear, we choose the ith eigenvector ori-
ented so that V;(u) - r;(u) > 0 for all u € Q. Within the framework of Wave Front
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Tracking, the results in [9], [10] allow to relax the above assumption, at the price
of heavy technicalities. The recent paper [16], through entirely different and new
techniques, proves the well-posedness of (2.1) only under assumption (SH), without

even requiring (1.1) being in conservation form.

3.1. Rarefaction waves

Lemma 3.2. If the i-characteristic field is genuinely nonlinear, then for all
u, € ) there exists a positive o, and a smooth curve o — R;(u,,0) defined for
o € [—0,,0,] with the properties:

(R1) d/doR;(ue,0) = 1i(Ri(uo, 0));
(R2) R;(t0,0) = uy;
(R3) o can be chosen so that \;(R;(ue,0)) = Xi(uo) + o, i.e. VAi(u)-ri(u) = 1.

The curve o — R;(u,,0) is the i-rarefaction through u,. It solves the Cauchy
u' = r;(u)
problem
u(0) = u,.

some estimates.

" The choice of o to parameterise R; is arbitrary, (R3) facilitates

Proposition 3.3. Assume that the i-characteristic field is genuinely nonlinear
and the i-rarefaction curve is parametrized as in [(R3), Lemma 3.2]. If there exists
a o; € [0,0,] such that u" = R;(u',0;), then the function

u! if @< N\ (u)t,
(3.2) u(t,z) = Ri(ul,0) if 2 = N(R;(u!,0))t for o €[0,0],
u” if > N(u")t

1. is a weak solution to (3.1);

2. is continuous and self similar;

3. is entropy admissible (see Definition (2.5)) with equality in (2.4), if (1.1) admits
an entropy-entropy flux pair;

4. is such that for all t > 0, the map x — u(t,x) is Lipschitz with the constant
1/[(supy, [IVA: - i) )t].

The solution (3.2) is a (centered) rarefaction wave with strength o;. Note that if

u” = R;(u!,0) with o < 0, the above construction (3.2) is not possible. The case

o; = 0 of a null rarefaction is considered for completeness.

3.2. Shock waves

Lemma 3.4. If the i-characteristic field is genuinely nonlinear, then for all
u, € Q there exists a positive o,, a smooth curve o +— S;(u,,o0) defined for o €
[—00,0,] and a function A;(u,,-): [—0,,0,] — R with the properties
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(Sl) f(Si(uova)) - f(uO) = Ai(uo’ 0) : (Si(uovg) - UO);
(S2) S;(to,0) = uo, d/doS; (e, 0) = 7 (uo) and A;(uo, 0) = Ai(u,);
(S3) the parameter o can be chosen so that A;(Si(uo,0)) = Ai(u,) + 0.

The curve o +— S;(u,,0) is the i-shock through w,. It is the unique curve of
solutions to the Rankine-Hugoniot condition (2.3) exiting u, tangent to r;(uo).

Proposition 3.5. Assume that the i-characteristic field is genuinely nonlinear
and the i-shock curve is parametrized as in [(S3), Lemma 3.4]. If there exists a
0; € [=0,,0,] such that u” = S;(u!, 0;), then the function

33 ut“’L‘ =
3:3) (t.2) u"if x> A(ul, o)t

{ul if < Ay(ul, o)),

1. is a weak solution to (3.1);

2. is self similar;

3. is entropy admissible (see Definition 2.5), provided ¢ < 0 and (1.1) admits an
entropy-entropy flux pair;

4. is such that for allt > 0, the maps x — u(t,z) and © — A;(u(t, z)) have a jump
discontinuity at A;(u!, o;)t.

The solution (3.3) is a shock. To stress the admissibility in the case o < 0, “en-

tropic shock” is often used. If o; > 0 then, differently from the case of rarefactions,
the solution (3.3) is still well defined and it is a weak solution to (3.1), see Exam-
ple 2.3. However, it is not entropic. Furthermore, it leads to a construction which is
not consistent, according to Definition 3.12.

Proposition 3.6. Assume the i-characteristic field is genuinely nonlinear and
the i-shock curve is parametrized as in [(S3), Lemma 3.4]. The following statements
are equivalent:

1. the weak solution (3.3) is entropy admissible, if (1.1) admits an entropy-entropy

flux pair;

2. the weak solution (3.3) is admissible in the sense of viscosity;

3. Ni(ul) > Ay (ul, op) > Ni(u”);

4. 0; <0.

Remark that the last statement above depends on the choice of the orientation
of r;. Condition 2 is far from immediate, see [67, Chapter 7]. The inequalities at 3
are known as Laz inequalities, see Definition 2.7.
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3.3. Contact discontinuities

Lemma 3.7. Ifthe i-characteristic field is linearly degenerate, then for all u, € 2
there exists a positive o, and a smooth curve o — L;(u,, ) defined for o € [—0,,0,]
with the properties

(CD1) d/doLi(ue,0) = 1i(Li(uo,0));

(CD2) f(Li(uo,0)) — f(uo) = Ailtto) - (Li(uo, ) — to);

(CD3) (um ) = Uo;

(CD4) Xi(Li(to,0)) = Ni(uo), for all o € [—0,,0,);
(CD5)

CDb5) the arc-length can be chosen as the parameter o.

In the linearly degenerate case, shock and rarefaction curves coincide.

Proposition 3.8. Assume the i-characteristic field is linearly degenerate and
the i-shock curve is parametrized as in Lemma 3.7. If there exists a o; € [—0,, 0,
such that u” = L;(u', 0;), then the function

ulif < N (ub)t,
(3.4) u(t,x) =

u"if x> N (ub)t

[u—y

. is a weak solution to (3.1);

2. is self similar;

3. is entropy admissible (see Definition 2.5) with equality in (2.4), if (1.1) admits
an entropy-entropy flux pair;

4. satisfies Lax inequalities (see Definition 2.7), with equality signs;

5. is such that for all t > 0, the map x — wu(t,x) has a jump discontinuity at

i (uh)t, while the map x +— \;(u(t, z)) is constant.

3.4. Lax curves

Lemma 3.9. Ifthei-characteristic field is genuinely nonlinear, let us parametrize
shock and rarefaction curves so that

(3.5) Ai(Ri(uo,0)) = Ni(uo) + 0 05 Xi(Ri(uo,0)) =1,
A 1

For all u, € Q, there exists a constant C' such that for all ¢ € [—0,,0,),

(3.6) | Ri(tto, 0) = Si(uo, 0)|| < C- |o]*.
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Definition 3.10. If the i-characteristic field is either genuinely nonlinear or
linearly degenerate, through each u, € € let us define the i-Lax curve

Si(ue,0) if 0 <0,
(3.7) Li(uo,0) =
Ri(up,0) if 0 >20.

If the ¢-field is linearly degenerate, then the i-Lax curve is defined in Lemma 3.7.
Theorem 3.11. Under assumptions (SH) and (GNL/LD), any u, in Q has a

neighbourhood U such that
1. (USH) holds in U;

2. for any @ in U there exists & > 0 such that for + = 1,...,n the i-Lax curve L;
through @ is defined on [—&,];

3. for any two points u!, u” in U there exists a unique n-tuple (01,...,0n
such that there are n + 1 states uqg,...,u, in Q satisfying ug = u',... ,u; =
L1(up,01), . u; = Li(Wi—1,07), ..., Uy, =u";

4. for any two points u', u" in U, the Riemann problem (3.1) admits a weak
solution obtained as the juxtaposition (fori=1,...,n) of
4.1. an i-rarefaction (3.2), if the i-field is genuinely nonlinear and o; > 0;
4.2. an i-shock (3.3), if the i-field is genuinely nonlinear and o; < 0;
4.3. an i-contact discontinuity (3.4), if the i-field is linearly degenerate;

5. the solution so constructed satisfies Lax inequalities, Definition 2.7 and, if (1.1)
admits an entropy-entropy flux pair, is entropy admissible;

6. any two weak solutions to (2.1) valued in U and consisting of the juxtaposition
of rarefactions, entropic shocks or contact discontinuities, coincide.

A Riemann Solver is a map that with the initial data u!, 4" in (3.1) associates
a self similar weak solution to (3.1), computed at, say, time ¢ = 1. The Riemann
solver defined in Theorem 3.11 is the Lax Riemann solver.

The ordering in the wave speeds induced by (SH) and the Lax inequalities lead to
introduce the following property, enjoyed by the Lax Riemann solver.

Definition 3.12. The Riemann solver R is consistent if the following holds:

Lu™)(Z) = u™ ul,u™) if @
1) Ru',u™)(Z) = } R = {R( ,u™) .f < !
R(u™,u")(T) = u™ Ru™u") if x>=
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Both these properties are enjoyed by the Lax Riemann solver. Essentially,
(C1) states that whenever two solutions to two Riemann problems can be placed
side by side, then their juxtaposition is again a solution to a Riemann problem,
see Fig. 1. Condition (C2) is the vice-versa.

t 4 4

x x X

Figure 1. Consistency of a Riemann solver.

4. EXISTENCE OF SOLUTIONS TO THE CAUCHY PROBLEM

Proposition 2.9 and Definition 3.12 show that solutions to conservation laws can be
obtained through a suitable “gluing” of other known solutions. The previous section
allows to solve Riemann problems. It is thus natural to try to construct solutions
to (2.1) through the juxtaposition of solutions to Riemann problems.

Approximate @ in (2.1) through a piecewise constant function @° such that
(4.1) lim ||@ — @] = 0.

e—0

It is now natural to proceed by solving the Riemann problems at the points of jump
of @ and gluing the various solutions. However, as soon as a Riemann problem
is solved by means of a rarefaction, the approximate solution u®(t,-) to (2.1) so
constructed ceases to be piecewise constant at ¢ = 0+. Therefore, it is useful to
define an e-approximate Riemann solver R® so that R®(u!,u") is piecewise constant.
Contact discontinuities and (entropic) shocks are not approximated. Concerning
rarefactions, fix ¢ > 0 and assume that u” = £;(u',0;) with o; > 0. Then, split
the rarefaction into p; = |0;/c| + 1 waves (here, |£] is the integer part of £) and
define the intermediate states w; = L£;(u,,joi/pi) for j = 0,...,p;. Finally, define
the e-approximate rarefaction as

ul i < Ai(wy)t,
(4.2) u(t,z) = ¢ w; if e |h(wj)t, \i(wj1)t] and j=1,...,p; — 1,
u" o if x> A (uh)t.
The e-approximate Riemann solver R¢ can now be defined as the Lax Riemann

solver, substituting the exact rarefactions (3.2) by the e-approximate ones (4.2). By
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means of R¢, the Riemann problems at the points of jumps of @ are approximately
solved and an e-approximate solution ¢t — u®(t,-) to (2.1) is defined up to the first
time, say t1, at which two discontinuities collide, see Fig. 2. At time t;, a new
Riemann problem arises where the discontinuities meet. Thus, R® can again be
applied and the e-approximate solution u° can be extended up to the next interaction
point. Note that this procedure can be applied also if more than 2 waves collide.
Two difficulties may stop this construction.

U t

€T T

Figure 2. Left, an exact (above) and an approximated (below) rarefaction. Right, the
beginning of wave front tracking.

(D1) The solution to a Riemann problem with data in I/ need not attain values
only in #. Hence the Riemann problems arising in the iteration of the above
procedure may well be unsolvable, see Fig. 3, left.

(D2) A Riemann solver may not prolong the e-solution u®, as for instance in case
there exists a point (¢.,x.) such that u® suffers a discontinuity at each (¢.,x,)

with lim =z, =z, and z, # ., see Fig. 3, right.
n—-+o0o

T

Figure 3. Left, the recursive solution to Riemann problems may lead to exiting /. Right,
a cluster point of interaction points.

Suitable a priori estimates on the approximate solution allow to ensure that the
range of u® remains where Riemann problems can be solved. More precisely, an
upper bound uniform in € for the total variation TV (u¢(t)) will be obtained through
Glimm functionals. This bound, since u¢(t) € L for all ¢, gives an estimate for the
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diameter of u®(t, R). Note also that these bounds also allow to use Helly’s theorem
to obtain a convergent (sub)sequence of approximate solutions.

On the contrary, (D2) requires technical modifications in the algorithm above.
Indeed, a cluster point of interaction points as shown in Fig. 3, right, can indeed
arise, see [14], [54] or [48, §13.9].

4.1. Glimm functionals
Write the e-solution at time ¢ constructed following the above procedure as

(4.3) uf(x) = Zu“}qzmzaﬂ} (x) with
ut =L LN LN (1) Cia)s e Ona)s

i.e. 0y, is the (total) size of the i-wave in the solution to the Riemann problem at z,.
For any fixed initial datum @°, a somewhat “intrinsic” measure of TV (u®) is given
by the total strength of waves

(4.4) V=>> loial

a =1

Note that V is a functional defined on all piecewise constant functions attaining
values in the set &/ where Riemann problems can be solved.

Let an interaction take place at time t.. To estimate the variation AV (t.) =
V(u(te+)) — V(us(ts—)) of V, the following interaction estimates are essential.
Remark that interactions take place also in the linear case. But there, waves simply
cross each other. In the nonlinear case, any interaction may cause the birth of new
waves, see the remarks about Temple systems in Paragraph 4.2.2.

Lemma 4.1. Assume as in Fig. 4 that two waves of different (right) or of the
same (left) family interact and that all states on the sides of the discontinuities are
in U. Then there exists a constant C' such that, in both the cases, the following
estimates hold:

(45)  of —oy|+lof —oj|+ Y lof 1< C oy o |
1#4,j
o7 — (] + o)) + D loi | < C - lofo?| - (o] + o).
[

The constant C' in (4.5) depends on a compact set containing all states on the
sides of the interacting waves. Moreover, if the interacting waves are sufficiently
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0; 0;

Figure 4. Interactions between waves of different families, left, and of the same family, right.

small, these estimates show that waves do not change sign at interactions. A further
consequence of (4.5) is that, in both cases, the function V may well increase at any

interaction. In an interaction between waves of different families
(4.6) AV () =lof [+ o[+ D lof | = (lo; | +oj ) < C - oj 0} |
1#i,3
holds, while for interacting waves of the same family we have
AV (L) = o7 |+ lof | = (lof] + |o?'l) < C - |ola?'| - (lo}] + |o7]).
[

The increase in V' is at most quadratic in the sizes of the interacting waves.
On the other hand, (SH) ensures that any two waves “may interact at most once”.
Following Glimm [52], we thus introduce the Glimm interaction potential

(4.7) Q=Y. loiacigl,
(0i,0,05,8)EA
A being the set of the approaching waves, i.e. waves that “may potentially interact”.

Definition 4.2. The waves 0, , and o, g are approaching either if z, < x5 and
i > j, or if i = j, the i-field is genuinely nonlinear and min{o; o, 0;3} < 0.

The above definition is motivated by the fact that two adjacent rarefactions or
contact discontinuities may not interact.

If the interacting waves belong to different families (Fig. 4, left), then

(48)  AQ(t.) = —lojoj |+ (lof"| = o7 ]) > ok, 5]

Ok,3¢ (aj,a'kw/g)G.A

+(lof 1= loy D) > nitlowsl+ Y o] > ok, 1

ok (0F ,0n,6)€A I#i,5 okp: (07 ,0k,8)EA

<(=14+C-V(tr)) - |o;o;|

and a similar result holds for interacting waves of the same family.
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Theorem 4.3. There exists a positive constant ¢ such that B(0,) C U and
(T1) any Riemann problem with data in B(0,d) admits a unique e-solution;
(Y2) there exists a constant C' such that the estimates (4.5) hold whenever the

interacting waves separate states in B(0,9);
(T3) the functional T = V +3C - Q with V as in (4.4) and Q as in (4.7) is
such that for any initial datum u° satisfying Y(@®) < &, the functional
t — Y (u®(t)) is non-increasing along the e-solution constructed above;
(Y4) Y is uniformly equivalent to the total variation, i.e. there exists a con-
stant K such that for any piecewise constant function with values in B(0, )
we have 1

e “Y(u) <TV(u) < K- T(u).

Above, B(0,0) is the open sphere centered at v with radius §.

Remark 4.4. The proof of the above result is here described in the case that
at most two waves may interact at a single interaction point (¢.,x.). In general,
this is not true and different ways to bypass this difficulty have been devised. One
possibility is to change by an “arbitrarily small” quantity the speed of waves so that
no more than two waves may interact at a single point, see [22]. This allows to
prove the above result, but the approximations so obtained fail to depend Lipschitz
continuously upon the initial data, see [25, Example 1].

We have assumed above that at most one interaction takes place at any t.. The
case of more interactions at the same ¢, does not require a specific treatment, due
to the finite propagation speed displayed by (1.1) and by the present algorithm.

4.2. Control on the number of interactions

The usual way to prevent the formation of cluster points of discontinuities (dif-
ficulty (D2) above) is to bound the number of interaction points. More precisely,
interaction points are proved to be finite on any compact subset of [0, +oo[ X R.

The bound on the total variation [(Y3), Theorem 4.3] shows that the number of
interaction points can be bounded once the number of small waves can be controlled.
To this aim, several techniques have been considered. We consider first the “general
case”, i.e. a construction that works under the assumptions

(SH), (GNL/LD), n>1, TV(a) small.

Separately, we consider the case of Temple systems, where a geometrical assumption
is required, but neither (GNL/LD) nor TV (@) small are necessary. Finally, we present
a construction that works only in the case n = 2 but can be extended to various
other situations, such as systems with phase transitions [36].
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4.2.1. The general case

In the case n > 1 with initial data having small total variation, various techniques
in literature [13], [22], [53], [64], [65] lead to the suppression of sufficiently small
waves. Here, we follow the construction from [22, Chapter 7], see also [23].

The first simplification is achieved avoiding further splitting of rarefactions. When
ararefaction hits a wave of another family, its size slightly varies, see the first estimate
n (4.5). Strict application of the above procedure would lead to the splitting of this
rarefaction into waves having size at most . To reduce the number of waves (and,
hence, of interactions) we convene not to split any rarefaction after its birth. Indeed,
it holds that the size o(t) of a rarefaction born at time ¢, is uniformly bounded,
ie. |o(t)] < Ke for all times t > t,, the constant K depending only on the total
variation of the initial data.

Let A be an upper bound for all characteristic speeds and let us fix a threshold p
with, say, o < €. Use the Accurate Riemann solver at time t = 0 and whenever the
product of the interacting waves is in absolute value greater than o.

When two waves ¢;, 0; with |0;0;] < o interact, use the following Simplified
Riemann solver: prolong the incoming waves with waves of the same family and
size. Then, introduce a further non-physical wave to adjust the states on the right,
see Fig. 5, left. More precisely, we have

Before: u™ = L; (ul, 7i),

After: ' = Lj(ulagj)v

Figure 5. Left, the simplified Riemann solver and a non-physical wave. Right, a non-
physical wave hits an i-wave.

The non-physical wave & separates the states u’, and u', is assigned the size
0 = ||lu’, —u"|| and is considered to belong to a fictitious linearly degenerate (n+-1)st
family. Moreover, whenever a non-physical wave & hits a physical one o;, the former
proceeds with unchanged size, while the size of the latter needs to be slightly adjusted,
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see Fig. 5, right:

m

Before: [u™ — || =67, u" = Li(u™, 0;);

After: ul = Li(ul o), Jlum —u =6

This modification makes the derivation of the bounds on the total variation much
more intricate: at any step, various cases need to be considered depending on the
nature (physical or non-physical) of the waves considered. A key estimate in this
whole procedure is that if g is sufficiently smaller than ¢, then the total strength of
all non-physical waves is bounded by e:

(4.9) S el =00) .

oo non-physical

4.2.2. Temple systems

Definition 4.5. System (1.1) is a Temple system if the following holds:
(T1) assumption (USH);
(T2) shock and rarefaction curves coincide;
(T3) there exist coordinates w such that du/dw; is the ith right eigenvector
of Df.

(In literature, this definition is subject to variazioni, see [12], [15], [66], [67], 69]).
A typical property of Temple systems is a sort of decoupling, in the sense that
solving any Riemann problem is equivalent to solving n scalar Riemann problems.
Besides, in Temple systems interactions have a “linear” behaviour. Indeed, if the
m;

1
waves 0;,...,0;

. of the i{-family interact, for ¢ = 1,...,n, the i-waves exiting the

m;

interaction have total size cr;r = Y o!, using the parametrization defined in Lem-
=1

mas 3.2, 3.4 and 3.7. Note however that in an interaction involving only 2 waves

of different families, the waves that exit the interaction have the same size as those
entering it, but possibly different speed. Moreover, if no i-wave enters the interaction
point, then no ¢-wave exits it.

As a consequence, the Wave Front Tracking algorithm in [12], [15] defines solutions
attaining values on a fized grid with mesh size . Hence, no wave can have size smaller
than . This, together with a careful use of the decrease of @), allows to prove that
there is a finite number of waves on all [0, +00[ x R. Another consequence of the
introduction of the e-grid is that all the functionals V', @Q and Y formally depend
also on €.

The results in [15] allow to remove (GNL/LD) in Temple systems. Morever, the
total variation of the initial data is not required to be small.
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4.2.3. 2 X 2 systems

In the case n = 2, a careful definition of the approximate solution implies that
all adjacent small waves of the same family are parallel. Indeed, when small waves
are involved, the flow f is approximated essentially through a Temple system and
adjacent waves of the same family having size o with |o| < € may be parallel. In this

approximation, it is essential to substitute the Lax curves (3.7) by the approximations
(see [25])

Si(uo,0) i 0 < —24/e,

(410) El (UO,(J) = (\/_—>S-(UO7C) (1 ' U (\/_ £>>\/_lzl(u0:/j O)?
(S 2 67 ?
jifi(’u,o,()') l.f g > \/_5

with ¢ being a C* function such that

plo) =1 if 0 €]—00,—2],
¢ (o) €[-2,0] if o €]-2,-1],
w(o) =0 if o€[-1,400[.

The e-approximate rarefactions are then obtained cutting the rarefactions along a
fixed grid of size €. Note that also all shocks with size |o| < 24/¢ are approximated,
due to the interpolation (4.10), and (3.6) provides bounds for this error.

The speeds of these waves are assigned so that the coordinates along the ap-
proximate rarefactions (4.10) are ezact solutions to scalar conservation laws with
piecewise linear flux function, see [25, Section 2] for the explicit formulse. Hence,
adjacent small waves propagate parallelly and less interactions take place.

With this construction, it is then possible to show directly that no compact set
may contain a cluster point of interaction points. This step depends essentially on
the assumption n = 2.

An inductive procedure allows to extend estimates of the type (4.5) to the case
of multiple interactions. Hence, the “arbitrarily small” change of the wave speeds
to avoid multiple interaction is not necessary and the approximate solutions depend
Lipschitz continuously on the initial data.

Note that when the initial data is a perturbation of a large jump, then the number
of interactions may well be infinite over all [0, +oo[ X R, see [26].

If (1.1) is a Temple system, the present algorithm provides the same solutions as
those specifically constructed for Temple systems, the only difference being that here
approximate solutions do not need take values in a fixed e-grid.
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4.3. The limit

Before passing to the limit for ¢ — 0, we estimate how far the e-approximate
solution is from being an exact solution to (2.1). First, there is an error due to the
initial datum, which vanishes as ¢ — 0 thanks to (4.1).

Then, another error is due to the fact that not all discontinuities in u® satisfy
the Rankine-Hugoniot conditions [(S1), Lemma 3.4]. In the general case (Para-
graph 4.2.1), rarefaction waves and non-physical waves violate it. Let Au®(t,z,) =
uf(t,xq+) — us(t,zo—) and define Af(u(t,zo)) similarly. The Rankine-Hugoniot
conditions along a rarefaction wave supported at x, with propagation speed i, are

missed with an error
|To - Au®(t, o) — Af(uf(t, 24))] = OQ) - € - 0a,

0o being the rarefaction at z,. This second order estimate is a consequence of (3.6).
Summing over all rarefactions, if T (@) < §, the total error is

D i Aut(tma) = Af(uf(t,2a))| = O(1) £+

o rarefaction

and converges to 0 as ¢ — 0. If a non-physical wave is supported at x,, then
|Za - Au®(t, o) — Af(u®(t,z0))| = OQ) - |o4]

and the bound is now only of the first order. On the other hand, when summing
over all non-physical waves, by (4.9) we obtain

> |Zo - AU (t, 20) — Af(us(t,24)) = O(1) - &.

oo non-physical

The entropy inequalities are yet another source of error: neither approximate rar-
efactions nor non-physical waves satisfy them. The corresponding bounds are similar
to those for Rankine-Hugoniot conditions, see [4] and [5, Theorem 5.1].

Before the final limit, note that e-solutions are Lipschitz with respect to ¢.

Lemma 4.6. With the above definitions of e-solution, there exist constants J,
L such that for all piecewise constant initial data v € L' with Y(u) < &, the &-
solution u® satisfies ||u¢(t") — u®(t')||pr < L - |¢" — t'| uniformly in e.

Above, L depends on § and on the maximal characteristic speed.
The existence of solutions to (2.1) is now at hand. Theorem 4.3 provides a bound
uniform in € on the total variation of the e-approximate solution u®(¢,-) at any time
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t > 0. Fix a positive sequence ¢,, with nEI-il:loo en = 0. A slight modification of the
classical Helly’s Compactness Theorem [22, Theorem 2.4] allows to extract from e,
a subsequence €, such that there exists a function u: [0, +oo[ — L!(R) with the
properties

1. ¥ — uin L} ([0, 400 x R) as k — 4o0;

2. fJu(®”) —u)|lLr < L-[t" =t'];

3. TV(u(t)) < Ké with K as in [(T4), Theorem 4.3].

The above properties lead to the proof that u is a weak entropic solution.

Remark 4.7. The existence of solutions was obtained by means of a compact-
ness argument. Hence, neither uniqueness nor continuous dependence are directly

available through the same method.

In Temple systems, the limiting procedure is somewhat simpler, since non-physical
waves are absent. In the 2 x 2 case, also small shocks cause some error, due to the
interpolation (4.10), and need to be considered separately.

5. STABILITY

This section is devoted to the proof of continuous dependence on the initial data.
In the case of conservation laws, this proof usually preceeds that of uniqueness. For
the stability with respect to the flow f, see [17].

The results in the previous sections prove the following theorem.

Theorem 5.1. Let f be smooth and satisfy (SH), (GNL/LD). Then there exist
positive 0, K, L and, for all small e, a map S¢: [0, +o00[ x D¢ — D¢ satisfying

1. the domain D¢ = {u € L': u piecewise constant and Y(u) < &} is invariant
with respect to S¢;

2. D* D {u € L': u piecewise constant and TV (u) < Kd};

3. if n =2 or if (1.1) is a Temple system, then S¢ is a semigroup;

4. along a physical discontinuity at, say, x,(t), the Rankine-Hugoniot condi-
tion [(S1), Lemma 3.4] is approximately satisfied:

|Zo - Aut(t, o) — Af(u®(t,20))] = O1) - € |oal,
while along a non-physical discontinuity we have

o - Aus(t, xa) = Af (U5 (t 2a))| = O1) - |oal;
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5. if an entropy-entropy flux pair exists along a physical discontinuity at x(t), the
error in the entropy condition (2.4) is bounded by

o - An(u®(t, 2a)) — Aq(u®(t,2a))| = O(1) - € - |00,
while in the case of a nonphysical discontinuity we have
[Za - An(u®(t, 2a)) — Aq(u®(t, za))| = O(1) - |oal;

6. the total size of non-physical waves is bounded as in (4.9);
7. 5¢ is L'-Lipschitz with respect to time: ||S§u— Sf ulpr < L |ta —t1]|.

Note that in the general case, due to the presence of the Simplified Riemann solver,
S¢ is not a semigroup. Indeed, assume that an interaction takes place at time t,.
The definition of S¢ after ¢, depends on the history before t.. In the general case,
the semigroup property is recovered in the limit as a consequence of the uniqueness
of the limit of the approximate semigroups.

Our next target is the regularity of S€ as a function of the initial data. Two
entirely different techniques are available, the former in the general case, while the
latter works for Temple and 2 x 2 systems.

5.1. The functional
This section follows the ideas introduced in [34], [60], [61], [62].
The limit semigroup is proved Lipschitz once a functional ®: D¢ x D¢ — [0, +-o00]
with the following properties, uniform in €, is introduced:
(®1) for a suitable positive k, 1/k - |Ju — w|jpr < P(u,w) < k- ||u — w||L1;
(®2) for any two e-solutions v and w, ®(u(t), w(t)) < ®(u(0),w(0))+O(1) e t.
To define @, introduce first a sort of distance in U by means of (1.1). In the next
lemma and in all this paragraph, we use the term “i-shock” also for the i-Lax curves
of linearly degenerate families. Moreover, also the non entropic parts of shock curves
are used due to the interpolation (4.10).

Lemma 5.2. Any @ € 2 admits a neighborhood U such that
1. the conclusions of Theorem 3.11 hold in U;

2. for any two points u, w in U, there exists a unique n-tuple (¢1,. . ., qn) such that
there are n+1 states uo, . . . , u, in § satistying ug = u,u1 = L1 (ug,01),...,u; =
Si(Wi=1,65), -, Un = w;

n
3. there exists a positive ¢ such that 1/c- ||w —ul|| < Y |¢;] < ¢+ ||lw — ul|.
i=1

In other words, the g;s are the sizes of the i-shocks that solve the Riemann prob-
lem (3.1) with ' = u and u" = w having the minimum number of (possibly non
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entropic) shocks. The last statement above amounts to say that the ¢;s provide
a measure of the distance in I/ equivalent to the Euclidean one. However, setting
d(u,w) = > |agil, d is not a distance for, in general, since neither the triangular

1
inequality nor the symmetric property d(u,w) = d(w, ) hold.

Theorem 5.3. Let f satisfy (SH) and (GNL/LD). Let ¢1(x),...,qn(z) be the
shock sizes defined in Lemma 5.2 with reference to u(x) and w(zx), for u,w € D¢.
Reducing the 0 in [1, Theorem 5.1], if necessary, it is possible to define weights
Wi,...,W,: R — [0,+00[ so that

B(u, w) = / > las(@)Wiw) da

satisfies (1) and (92).

Note that (®1) holds as soon as the weights W, are uniformly bounded, say
Wi(z) € [1,2] for all z. All difficulties in the proof of the well-posedness of (1.1)
are thus reduced to the search for these weights, whose explicit definition is far from
immediate. For any u in D¢, written as in (4.3), let J(u) be the set of jumps in w.
Define, for i =1,...,n,

(5.1) Wi(z) =1+ k14 (x) + k162(Q(u) + Q(w))
and, if the i-field is linearly degenerate, set

Ai(z) = Z{|Uj,a|: ace JwUT(w), o <z, jE{i+1,...,n}}
+Y {lojol: a € JW)UT (W), xa >z, je{l,...,i—1}}

where > {o: 0 € A} = Y o. If the i-field is genuinely nonlinear, let
oc€A

Ai(z) = Z{|0j7a|: ace Juw)UJT(w), zo <z, je{i+1,...,n}}
+Y {lojal: € T VT (W), 0>z, je{l,...,i—1}}
SHloial: @ € T(u), o <z} +>Al0ial: € T(w), x4 >},
if ¢;(x) <0,
SYHloial: € T(), zo >z} + > {loial: @€ T(w), zo <z}

Note that non-physical waves have no role in the construction of the weights.
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With this definition, Theorem 5.3 can be proved. The particular above choice of
the weights is partly motivated as follows. Rewrite ® as

p(utt), u(0) = [ (Z o)) d

DS Z|am|/ (2] do

0i,a €T (W)UT (w

+ria(Q) + Q) [ @1'%(””)') dz

where Iia is the subset of R where ¢;(z) approaches o;  in the sense of Definition 4.2.
The first term is essentially the L' norm, see [3, Lemma 5.2]. The last term exploits
the fact that the interaction potential decreases and is used to ensure the decrease
of ® at interaction times. The second term is the key point. Call u; and w; the
coordinate of v and w along the j-Lax curve. Each summand in this sum is the size
of a wave 0; o in v or in w, multiplied by the area selected by u; and w; over Iij,a
This set, a union of intervals, is defined as the place where ¢;(x) approaches o; o in
the sense of Definition 4.2.

Consider for example the jth summand in the first sum defining A;, in the case
i > j with the i-field genuinely nonlinear. Then [, |g;(z)|dz is a measure of the
area between u; and w; to the right of z,. Due to (SH), this area decreases in
time, see Fig. 6, since A\; > \;. For analogous geometric interpretations of the other
summands in 4;, see [23, Chapter 5].

To T

Figure 6. The dashed area between u; and w; to the right of x4 diminishes.

Technically, to achieve the proof of the key estimate (®2), the first step is taking
the derivative of ®(u(t), w(t)). Denote ¢*F = g;(x=) and similarly for W;, while i,
denotes the speed of the wave at z,, (at each x, there is a unique such wave outside
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interaction times). Then

d(b(u(t)7w(t)) = o— o— O£+ O£+ .
dt - ;;U% (W™ =g T [Wir) - g
= Dl Wt T = da) = g (WP — )

[N

where \f% = \;(u(zo%)). In the last line above, the equality |¢* |W> A¢™ =

(a—1)+ (a—1)+ (a—1)+ . .
|qi |WZ A, was used. Then, upper bounds on this quantity are de-
rived through suitable interaction estimates. Indeed, by considering various cases,

one shows that for any physical wave o; o, for any j and «,
g7 T WP AT = da) = g7 T IWST (A7 —da) = O(1) - £+ |0yl
while if 0; , is a non-physical wave
g7 WP AT = da) = a7 T IWPT (AT = da) = O(1) - |oial-

Summing over all i and «, we get d®(u(t), w(t))/dt < ¢-e-0 for a ¢ > 0 and for

all times when no interaction occur. A suitable choice of k3 in (5.1) implies that

Ad(u(t), w(t)) <0 at any interaction time, completing the proof of ($2).
Concerning the final limiting procedure, choose a positive sequence ¢, with e, — 0

as ¥ — 400 and approximate the initial data @ by means of a sequence @, with
lim ||@ — @, ||Lr = 0. Then, by (®1) and (92),

V——+00

1S5 T, — 872 Tyl < & - @(Sg" Wy, Sy 2y )

K- ®(Ty,, Uy,) + O(1) -max{e,,, e, } - t

N CINN

K2 @y, — Gy, | + O(1) - max{e,,,ep, } - £,

which shows the existence of the limit by a completeness argument.

Remark 5.4. The proof of the Lipschitz dependence of the approximate solution
allows also to obtain an existence proof entirely independent of the previous one.
Moreover, the compactness argument is now substituted by a completeness argument.
These observations apply also to the other technique exposed below.

5.2. Pseudopolygons

In the present section, we follow [25].

In Temple and 2 x 2 systems, the s-approximate semigroups are L!-Lipschitz with
a Lipschitz constant bounded uniformly in . To prove it, any two initial data u,
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w in D* are interpolated through a curve v and the whole curve evolves with S¢,
leading to Sf o y. An estimate of ||[Sfu — Sfw||p: is obtained through the length
of S; o~y. In turn, this is achieved by means of an estimate of how the vector tangent
to S§ o~y varies with time.

The key idea is to define +y shifting the locations of the jumps in the initial data u at
constant rates, and then studying the rates at which the jumps in the corresponding
solution S;u are shifted, for any fixed ¢t > 0.

Definition 5.5. Let |a,b] be an open interval. An elementary path is a map

20 a0 where 20 = 7, + £,0 with

N
v: Ja,b[ — DF of the form () = > wa - X
a=1

20 | <2 forall § € Ja,b[and « =1,..., N.

a—1

For each 60, v(#) is piecewise constant with bounded support. As 6 varies, the
values w, remain constant while the locations of the jumps z shift with constant
speeds &, leaving the ordering of the xfx unchanged.

Definition 5.6. A continuous map 7: [a,b] — D* is a pseudopolygon if there
exist countably many disjoint open intervals Jj, C [a, b] such that the restriction of
to each Jj, is an elementary path and the set [a,b] \ |J Jn is countable.

h>1

Every couple of initial conditions u, w in D¢ can be joined by a pseudopolygon.
A remarkable property of the algorithm described in Paragraphs 4.2.2 and 4.2.3 is
that it preserves pseudopolygons.

Proposition 5.7. Let v be a pseudopolygon. Then, for allt > 0, the path S; o~y
is also a pseudopolygon. Furthermore, there exist countably many open intervals Jj
such that [a,b]\ (U, Jr) is countable and for any h, the functions (S5 ov)(6), 0 € J,
all have the same number of waves, interacting at the same number of points in
[0,¢] x R. As 6 varies, these waves and the interaction points are shifted with constant
speeds in the (t, z)-plane.

The L'-length of a pseudopolygon v is the sum of the lengths of the elementary
paths obtained by restricting v to each subinterval Jj,. It is thus sufficient to study
the case where v is an elementary path and the wave configuration of the solution
S§ o on the strip [0,7] x R is fixed for all § € Ja,b[. For a fixed ¢t € [0,T], let
u?(t) = (S§ 0 v)(6) have the form u’(t,r) = ail UX|o# _ (t),2%, (1)) () Where 20 (t) =
Ta(t) + €a0. The Ll-length of the path S{ o v is then measured by [|S§ o | =
f(f S 0928 | [|Au? (24)| 6. In order to relate the length of S oy with the length of

the path v interpolating the initial conditions, for any given 6 € ]a, b[ we study how
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the sum Y |9pz?

| |Au®(z4)|| varies in time. Clearly, this sum can change only at
those timeas where an interaction takes place.

Consider, for instance, an interaction as in Flg 4, left, between two waves o, 0,
located on the lines m? (t) =2 (t)+&; 0 and 297 (t) = 27 (t) +& 0. As 6 varies, the
waves before the interaction shift at the rates §;” = ngg_(t), & = 9pa?™(t). Assume
that the interaction produces nj waves of the k-family for k = 1, ..., n, having sizes
O']::l, .. O’k .- The interaction point PY = (17, %) shifts at a constant rate, as do
the locations of the outgoing waves, say xk’*é(t) = :Eke( ) +§ MO for b =1,... ng
and £k = 1,...,n. The next lemma provides the basic estlmate on strengths and
shift rates of waves before and after an interaction, generalizing (4.5) to the case of

shifting interactions.

Lemma 5.8. There exists a constant C' independent of € such that, whenever
two waves interact, the quantities introduced above satisfy

n Nk

S ot <oy &1+ 1oy & 1+ C - oy oy 1€+ 165D

k=1/¢=1

The L!-length of S oy may well increase in time. Lemma 5.8 allows to con-
trol this increase by means of an interaction potential. Indeed, we will introduce
on D a metric equivalent to the L'-distance and such that with respect to it, the
semigroup S turns out to be contractive.

We define the weighted length of an elementary path v: ]a,b[ — D by

Mle=_> b~a) loiabial - Wia

a =1

for suitable weights W; ,. In the more general case where v is a pseudopolygon, we
define its weighted length ||7v||- as the sum of the weighted lengths of its elementary
paths. As soon as the weigths W; , satisfy uniform bounds

(5.2) 1< Wia <c,

it is immediate to prove the equivalence between the L'-length and the weighted
length, i.e. there exists a constant ¢é such that 1/¢- [|v]|rr < ||v]le < ¢ ||7|lLz-

The next proposition contains the key difficulties of the present approach, namely
the definition of the weights W .
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Proposition 5.9. There exist constants 6 and ¢ such that for all small , for
any elementary path v: [a,b] — D¢ with S§ o~ having a fixed wave configuration
on [0,T], there exist weights W; ,, satisfying (5.2) uniformly in € and such that the
map t — ||S§ o || is non-increasing for t € [0, T].

Remark that in the case n = 2, the weights W, , can be explicitely defined, by
quite different expressions depending on the specific situation, see [25], [26], [36], [38],
[44]. On the contrary, in the case of Temple systems with n > 2, only an implicit
(backward) recursive construction is currently available [12], [15].

On D? define now the metric

5.3 de(u,w) = inf <. 7 a pseudopolygon in D¢ joining u with w}.
Yiet ¥ g g

Note that d. does not fit in the set of metrics considered in [70]. Apply now Propo-
sition 5.9 to obtain the following lemma.

Lemma 5.10. There exists a § > 0 such that, restricted to D¢, the distance d.
in (5.3) is uniformly equivalent to the L'-distance. Moreover, S¢ is contractive with
respect to de: do(Sfu, Sfw) < d.(u,w) for all t > 0 and all u, w in D*.

In terms of the Ll-metric, we obtain || Sfu — Sfw|jpx < L - ||u — wl|g: for all
t >0, u,w € D° and for some L independent of . To complete the proof of the L*-
Lipschitz dependence, choose ¢, =277, v € N, and define S as S;u = lim S;u,,

v——+00

with u, € D° and ||u, — u|pr < ,. The existence of the previous limit follows
from a completeness argument based on Lemma 6.2. The domain of S is D = {u €
L': Ju, € D* and |lu, — ulp: <e,}.

6. UNIQUENESS

A uniqueness result consists in the selection of a class such that
(U1) an existence result provides solutions in this class;
(U2) two solutions in this class coincide.
In the case of conservation laws, two different kinds of uniqueness results can be
considered: the one referring to the semigroup constructed above and another one
referring to the single solution to (2.1). The first result in this direction, in the case
n = 2, was obtained in [26]. In the general case, see [29], [31].

6.1. Uniqueness of the semigroup

The key difficulty in proving the uniqueness of the semigroup S constructed above
consists in the selection of the properties of S that define the class where S' is unique.
This class was selected by Bressan in [19] through the following definition.
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Definition 6.1. The system (1.1) generates a Standard Riemann Semigroup
S: [0, 400 x D — D if there exist positive constants 6 and L such that

(SRS1) D2 {ueL: u(R) CQ and TV(u) <d};

(SRS2) S is a semigroup: Sy = Id and Sy, o Si, = St 14,5

(SRS3) S is Lipschitz: ||Sy,ue — Sy utllLr < L(Jte — t1| + ||Juz — u1llL);

(SRS4) if u € D is piecewise constant, then for ¢ small, S;u is the gluing of the Lax

solutions to Riemann problems at the points of jump in u.

Note that no reference is made to the fact that the orbits of S yield solutions

o (1.1). Indeed, the semigroups constructed in Section 5 enjoy all the above proper-

ties and, moreover, the map ¢t — S;@ is a weak entropic solution to (2.1). Hence, a fur-

ther byproduct of Theorem 6.3 is that any semigroup satisfying (SRS1), ..., (SRS4)
also yields weak entropic solutions to (1.1).

The admissibility conditions considered in Section 2 appear in Definition 6.1 only
through the Lax [55] solution to Riemann problems. In other words, the choice of
the Lax Riemann solver uniquely determines also the solutions to Cauchy problems,
once Lipschitz continuous dependence on the initial data is required.

The starting point for the uniqueness of the semigroup is the following abstract
result, presented here at the level of metric spaces, see [22], [39].

Lemma 6.2. Let (D,d) be a complete metric space, S: [0,400[ XD — D a
Lipschitz semigroup with Lipschitz constant L and w: [0,T] — D a Lipschitz map.
Then d(w(T'), Stw(0)) < L - fOT I}Zm(i)nf d(w(t + h), Spw(t))/hdt.

S0+

The above lemma reduces the problem of computing the distance between the
orbits of different semigroups to that of computing the difference between the “tan-
gent vectors” [30], [33]. This fits particularly well with conservation laws, since the
tangent vector to solutions is essentially characterized by the Lax Riemann solver,
at least in the case of a piecewise constant initial datum.

Theorem 6.3. Let S: [0,400] x D — D be the semigroup constructed above
through Wave Front Tracking. Let S: [0, +o00[ x D — D be another SRS generated
by (1.1) with D D D. Then for all u € D and all t > 0, Syu = Siu.

In the proof of Theorem 6.3, Wave Front Tracking approximations have a key role,

thanks to their relation with Lax solutions to Riemann problems.

6.2. Uniqueness of the single solution
To meet the requirement (Ul) above, it is now necessary to find such properties
of the solutions yielded by the SRS such that single solutions to Cauchy problems
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could be fully characterized. As a first intermediate step, assumed the existence of
a SRS, we seek those conditions on a solution u implying that u(t) = Syu(0).

Let us: [0,7] — D be a weak solution to (2.1). Define U(u +¢) s the solution to
the Riemann problem

Opu+ Oy f(u) =0, t>T, z€eR,
lim w.(r,2z) if <,

T—E—
lim w,(r,z) if x> ¢&.

Pyt

Let U(bu* 6) be the solution to the linear Cauchy problem

{&u +Df(u(r,€)0,u=0, t>7, zeR,

u(T, ) = ux (7, ).
By means of U” and U, the first property of the semigroup is singled out.
Proposition 6.4. Let S: [0,4+00[ x D — D be the SRS constructed above by

means of Wave Front Tracking. Let A be an upper bound for the moduli of all
characteristic speeds. Then for all w € D and for all T > 0

L forall§ € R, lim_ 1/hfEHM (S +nu)(@) = U, . ¢ (h, )] dz = 0;
2. there exists a C’ > 0 such that for all £ € ]a bl and h € 10, (b — a)/(2)\)],

b—h 2

V/h [y o3 1(Sranu) (@) = U2, 1 ¢ (hy2)[[ de < C- [TV (u(7)|a)] -

We now obtain a uniqueness result suited to the above properties.

Theorem 6.5. Let S: [0,+00[ X D — D be the SRS constructed above. Let A
be a finite upper bound for the moduli of all characteristic speeds. If u,: [0,T] — D
be an L!-Lipschitz continuous weak solution to (2.1) such that

1. for all £ € R, hm 1/hf£+h>\ lus(T + h,x) — U(nu* o(hz)dz =0,

2. there exists a C’ > 0 such that for all ¢ € ]a,b[ and h € 10, (b — a)/(2))],
b—h 2
/b [ s lus(m + by x) — Ué’u*mg)(h,x)H dz < C- [TV (u(r)|jan)] -

Then u coincides with a semigroup trajectory: u(t) = S¢(u(0)).

Note that the existence of the SRS S and the fact that u, attains values in the
domain D of S are essential. Indeed, they are unavoidable also in the next result,
where the integral bounds provided by U* and U’ are substituted by the Lax entropy
inequalities and a bound on the total variation.
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Theorem 6.6. Let system (1.1) satisfy (SH), (GNL/LD) and generate an SRS
S: [0,4+00[ x D — D. Let u: [0,T] — D be such that
u is a weak solution of (2.1);
u is L' -continuous;

u satisfies the Lax entropy condition, see Definition 2.7;

- W=

there exists a 6 > 0 such that for every Lipschitz curve 7: [a,b] — [0, +o00o[ with
Lipschitz constant ¢, the map t — u(y(z),x) has bounded variation.
Then for all t € [0,T], u(t) = Siu.

7. OTHER PROBLEMS

Below we briefly consider (1.1) with boundary and models displaying phase tran-
sitions. Other areas in which Wave Front Tracking has been successful are: balance
laws, see [5], [6], [45]; control problems, see [7], [8], [24], [40], [42]; the structural
stability of (1.1), see [32] and the dependence of the solutions to (1.1) on f, see [17].

7.1. The Initial Boundary Value Problem

Different approaches to the Initial Boundary Value Problem (IBVP) for (1.1) are
present in the current literature. First, if the range of the speed ¥ of the boundary
is separated from that of the eigenvalues, i.e.

(7.1) Ji,.: sup A, (u) < inf  U(t) and sup  W(t) < inf A, 41 (u),
ue) t€[07+00[ tG[O,«Foo[ ued

then n — ¢ scalar conditions can be imposed along the boundary, leading to a non-

characteristic problem

Ou+ 0 [f(w)] =0, (t,2) € [0,+o00] x [¥(t),+oo,
(7.2) u(0,z) = u(x), x € [¥(0), +oof,
)=g(t), te€]0,+o0]

where the boundary profile ¥: [0,4+0c0[ — R is assumed continuous. Denote E =
{(t,z) € [0,+00[ x R: & € [¥(t),+oo[}. In the case (7.1), b: @ — R" % and
g: [0, +00] — R~ essentially fix n—i, components of u. As the solution to (7.2) we
choose a solution to (1.1) for (¢,x) in the interior of E satisfying the boundary condi-
tion in the sense of the trace, i.e. I%H b(u(t,¥(t))) = g(t). The non-characteristic

problem (7.2) is considered in [2], [3], [4], [7].
In the case of a characteristic boundary, i.e. when (7.1) is violated, a more gen-
eral definition of solution was proposed in [51]. This definition is not suitable for

530



applications to gas dynamics, since it does not consider the boundary layer effects
due to viscosity. Nevertheless, it is fully intrinsic, for it is based on the solution to
Riemann problems. Indeed, consider the IBVP

o+ 0, [f(w)] =0, (t,z) € [0, +oo] x [W(t),+oo],

(7.3) u(0, z) = a(x), x € [¥(0), +oo],
u(t, U(t)) = a(t), t € [0, +o0l.

|

As in [51], we introduce the following definitions.

Definition 7.1. The characteristic Riemann problem with boundary is (7.3) with
U(t) = mt and @, U constant. Its solution is the restriction to E of the Lax solution
to the standard Riemann problem

Opu + 0, f (u)] = 0,

(7.4) @ if z <0,
u(z,0) =
u if x> 0.

Definition 7.2. Let u: E — U be such that 2 — u(t,x) is in BV for a.e. t. Let
w be the Lax solution to the Riemann problem (with a jump at (7, U(7)))

dw + 0z [f(w)] =0,
w(r.z) = {ﬁ(T) if @< ¥(r),
’ u(r, U(r)+) if = > U(r).

u is defined to be a solution of (7.3) if
(i) it is a weak entropic solution to (7.3) for ¢t > 0 and =z > ¥(7),
(ii) it coincides with @ at time ¢ = 0,
(iii) it satisfies the boundary condition, i.e. for all but countably many 7 > 0,
u(r, ¥(1)+) = w(t,z) for all (¢,x) € E such that v — U(r) > D_U(7) - (t — 7)
with ¢t > 7.

Above, D_V(t) = liminf(¥(s) — ¥(t))/(s — t). According to the above definition,
and differently froms?cfle non-characteristic case (7.2), a solution u to (7.3) may
well have a trace u(t, U(¢)+) that differs from the boundary data @(t), but only if
the Riemann problem defined by wu(t, U(¢)+) and @(t) is solved by waves supported
outside FE, i.e. by waves slower than the boundary.

In the two cases

e (SH), (GNL/LD), small total variation, n = 2;

e (SH), Temple system, n > 1,
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both the problems (7.2) and (7.3) are well posed in L, in the sense that they define a
unique L1-Lipschitz solution operator. Moreover, characterizations similar to those
provided by Theorems 6.3, 6.5 and 6.6 apply, see [2], [3], [4], [41].

7.2. Phase transitions and combustion

The analytical techniques described above seem particularly useful when dealing
with phase transitions. In that case, {2 is the disjoint union of 2 (or more) sets, to be
referred as phases, say Q0 = Q1 U Qy. At time ¢, the system described by (1.1) is in
phase ¢ at « if and only if u(t, ) € Q,. A phase transition is a jump discontinuity in
a solution to (1.1) between states belonging to different phases. The phase boundary
is its support.

Extensions of the classical Lax solution to (3.1) applicable in presence of phase
transitions to specific physical models have been considered, see [1], [11], [68], [71],
[73] and [36] for a more abstract approach. The usual difficulty that arises when
phase transitions are present is the lack of uniqueness, bypassed by introducing
further physical information, either through an admissibility function or through
constraints on the structure of the solution.

As a first example, consider the p-system (1.4) closed through the pressure law p =
p(7) where p: Q1 UQy — 10, 4+00[. ©; and 2y are disjoint real intervals representing
the liquid and the vapor phase, respectively. Reasonable qualitative properties of this
function p are in Fig. 7, left. Assume that u! and u” in (3.1) are in different phases.

p t
O 0y
T
t t
: /4
Ql QQ T x

Figure 7. Left, the pressure p as a function of the specific volume 7. Right, configurations
in the solution to a Riemann problem for Chapman-Jouguet detonations: above
the unperturbed one.

In the subsonic case (3.1) is well known to be underdetermined. In the case of the
p-system, by subsonic we mean that the modulus of the Rankine-Hugoniot speed of
the phase boundary is lower than the modulus of the characteristic speeds on the
sides of the discontinuity. Two usual criteria used to single out a unique solution are
based on the entropy rate dissipation or on visco-capillarity approximation. From a
more abstract point of view, it suffices to require that the admissibility condition

(7.5) U(uhu™) =0 with ¥: () x Q)U(Q x Q) — R
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be satisfied by any pair u!,u” on the sides of a phase boundary. Within this frame-
work, various analytical results can be obtained [36], [37], [43].

Note that the same mathematical structure (1.3)—(7.5) applies also to models of
phase transitions in solids [1], [73].

The structure provided by a system of the form (1.1) on a disconnected domain
provides a good model also for Chapman-Jouguet detonations, see [71]. This well
known combustion model consists in unburnt gas filling the half line x > 0 and
burnt gas filling < 0 at time ¢ = 0. The chemical reaction is instantaneous. A
mathematical description is provided by two Euler systems, one for the burnt and
one for the unburnt gas, coupled through a free boundary which models the location
of the reaction:

Burnt gas (1) Unburnt gas (2)
O — Ozv =0, Oy — Ozv = 0,
O + (%p =0, O + aacp =0,
2 2
O (e + %) + 0, (pv) =0, 04 (e + %) + 9. (pv) =0,
Slzcll)lneqLElnT ngcgln(efQ)+£1n7'.
M1 H2

S is the entropy, e the internal energy, (Q the energy to be dissipated through com-
bustion, ¢! and u® are respectively the specific heat and the molar weight of the
ith gas.

Chapman-Jouguet strong detonations are characterized by the flame having ap-
proximately the sound speed of the burnt gas next to it. We are thus driven to
consider the sonic situation. As above, we need to introduce a criterion that singles
out a unique solution to Riemann problems. Differently from above, here we do
not introduce any admissibility condition (7.5) but rather impose restrictions on the
structure of the solution. The solution to the Riemann problem with the (unper-
turbed) Chapman-Jouguet data consists of a single sonic phase transition (alias the
combustion flame), see Fig. 7, right. Perturbing this data, the solution may con-
tain either a 1-wave, a 2-contact discontinuity and a subsonic phase transition; or a
1-wave, a 2-contact discontinuity and a 3-rarefaction adjacent to the phase transition.
With this choice, the Cauchy problem obtained by adding a BV small perturbation
to a Chapman-Jouguet Riemann data still admits a solution, see [37] for details.
For the sake of completeness, we mention here that in the case of Chapman-Jouguet
deflagrations, a unique solution to the Riemann problem is chosen through the in-
troduction of both an admissibility condition (7.5) and a constraint on the structure
of the solution, see [38].

A model describing phase transitions in traffic flow is considered in [35].
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