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Abstract. By means of eigenvalue error expansion and integral expansion techniques, we
propose and analyze the stream function-vorticity-pressure method for the eigenvalue prob-
lem associated with the Stokes equations on the unit square. We obtain an optimal order of
convergence for eigenvalues and eigenfuctions. Furthermore, for the bilinear finite element
space, we derive asymptotic expansions of the eigenvalue error, an efficient extrapolation
and an a posteriori error estimate for the eigenvalue. Finally, numerical experiments are
reported.
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1. INTRODUCTION

There are various approximation methods for solving the Stokes problem, see
Bercovier and Pironneau [2], Brezzi et al. [6], Girault and Raviart [10], Glowinski and
Pironneau [11], K¥izek [15], Rannacher and Turek [23], Stenberg [25], Verfurth [26],
Ye [30], Zhou et al. [31], Wang et al. [27], and references cited therein. In [20] and
[22] the authors describe an eigenvalue problem associated with the Stokes problem
as follows:

* The first author was supported by China Postdoctoral Sciences Foundation.
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Find A, u and p satisfying

—Au+gradp = A\u in Q,
(1) divu=20 in Q,
u=20 on I' =09,

where 2 = (0,1) x (0,1).

The approximation of the eigenvalue involves problems that are of great interest
and have been extensively investigated (see, e.g., [1], [3]-[5], [7], [12], [14], [18], [20]-
[22], [24], [28], [29], and references cited therein).

In this paper we consider a stream function-vorticity-pressure method to solve
eigenvalue problem (1).

If we introduce the stream function ¢ for the velocity (u = curly = (920, —01)),
based on the identities

(2) curl(curlu) = —Au + grad(divu), curl(curly) = —Ag,

where curlu = —dyuq + O1us, problem (1) can be expressed as the following buckling
plate problem:
Find ), v satisfying

(3) oY

{—A%:)\Aw in Q,
w:a—n:() OHF7

where n is the outward unit normal.

From now on, we shall use the standard notation as those in Ciarlet [8], for ex-
ample, the notation of the Sobolev spaces, product, norms, seminorms, discretized
norms, etc.

We then consider the following mixed formulation for (3):

Find A, (¢,w) € HY(Q) x H'(2) such that [¢|1,0 =1 and

@ {a(w,@) +b(0,) =0 VY0 HY(Q),

blw,p) = =As(¥, ) Vo € H(Q),
and find p € H(Q) such that

(grad p,grad q) = A(u — curlw,gradq) Vqe€ HY(Q),
5
(5) /pd:z: =0,
Q

74



where w = —Av and

a(w,d) = (w,0) for w,0 € H'(Q),
b(w,p) = —(curlw, curl ) for w e HY(Q), ¢ € Hy(Q),
s(,¢) = (curl g, curlp)  for ¢, € Hy(Q).

Problem (4) has an eigenvalue sequence {\;} (see [1]):

O<)\1<>\2<-~-<>\k<>\k+1<-~-, llIn)\k:OO,

and the associated eigenfuctions

(’(/lewl)v (1/127(*‘}2)7 ey (djkvwk)a (wk-‘rlawk-i-l)a ey

where (curly;, curl ;) = 0;5, wy = —Aey.

It is well known that if (X, 1)) is an eigenpair of (3) and w = —A4) then (), ¢, w) is
an eigenpair of (4), and if (\, ¢, w) is an eigenpair of (4) then (A, ¢) is an eigenpair
of (3) and w = —A.

Assume that T), = {e} is a regular family of rectangular meshes on  with mesh
size h, where e = [z¢ — he, Te + he] X [ye — ke, Ye + ke|. Introduce finite element spaces

Sk ={veH(Q): vl € Qu Ve € Th},

Sk = HY(Q) N Sk,

where Q) = span{zy’, 0 <i, j < k}.
The approximation schemes for (4) are:

Find A", (¢, w") € SF x SF such that |1"|; o = 1,

( ) {a(wh,eh) + b(@h,d)h) =0 Véo,e S;’f,
6

b(w",on) = ~Ns(¥", on) Veon € SE,
and find p, € S¥ such that
(grad p;,, grad q;) = A(uy, — curlw" gradq,) Vg, € SF,
™ / prdz =0,
Q
with u = curly".
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Problem (6) has eigenvalues
0<A <. <A< < M
and the corresponding eigenfunctions

(w{law{l)a-"’( ?’w?)""’(wl}i/(h)vwlitf(h))?

where (¢, ") = 6;; and wp = —Ap1py (where Ay, is a suitable discretization of A).

For the sake of using the approximation theory of spectrum to analyze the above
approximation scheme, we define the associated source problem for (4) and the ap-
proximation source problem for (6), respectively: For g € H(Q), find Ag € H'(Q),

Bg € H}(Q) such that

(®)

{a(Ag,e) +b(,Bg)=0 V6cH (Q),
b(Ag,¢) = —s(g,) Ve € Hj(Q),

and find Ayg € SF, Brg € SF such that

o) {Q(Ahgveh) +b(0n, Bhg) =0 V6, € Sf,
9

b(Ang, pn) = —s(9, ¢n) Yo € SF.

We can define adjoint operators A*, B* of A, B as those in [20]. Clearly B* = B,
A* = A, and thus A and B are selfadjoint. Problems (8)—(9) are uniquely solvable
and B, By,: HY(Q) — H'(Q) are compact.

So the eigenvalues of (3) can be characterized in terms of the operator B. If A,
(w, ) is an eigenpair of (3) then ABY = 1, ¢ # 0, and if ABY = 1, ¢ # 0, then
there exists an w € H'(Q) such that A, (w, 1) is an eigenpair of (3). In a similar way
we see that the eigenvalues of (6) are the reciprocals of the eigenvalues of By,.

From now on, we denote by (A, ¥,w) = (\j,9;,w;) the jth eigensolution of (4),
and by (A", ¢ W) = ()\;-‘, w;-l,w;-’) its corresponding discretized eigensolution of (6).

An outline of the paper goes as follows. In Section 2 we introduce the ‘vertices-
edges-element’ interpolation and describe the integral expansions. In Section 3, we
prove the error estimate for the source problem. Then, in Section 4, we first give
an optimal order estimate for the eigenvalue and eigenfuntion, then construct the
error expansion for the eigenvalue in Lemma 5. By using the technique of eigenvalue
error expansion and integral expansions, we demonstrate the eigenvalue asymptotic
expansion. Furthermore, in Section 5, we get an efficient extrapolation and an a

posteriori error estimate for the eigenvalue on a square mesh.
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Finally, in Section 6, we present a numerical experiment to show a good perfor-
mance of the methods and illustrate the theoretical results.

Throughout this paper, the symbol C(v1,vs,...) denotes a generic positive con-
stant which is dependent on v, v9, ..., and independent of h. In addition, we shall
assume that 1 is sufficiently smooth, and the smoothness requirements will be shown
by the norms in our analysis.

2. INTEGRAL EXPANSIONS

Starting from the next section we will use integral expansion techniques to analyze
the eigenvalue problem associated with the Stokes problem and its source problem.
In this section we will introduce some integral expansions.

Define ‘vertices-edges-element’ interpolation operator (see [19]) I}: C(Q) — SF
by the following conditions:

For k=1

L(Zi) = u(Zy), i=1,2,34.

For k > 2
/(l,fu—u)vdlzo Vo€ Py _o(ly), i=1,2,3,4,

l;

/(I,]fu —u)vdrdy =0 Vo€ Qr_2(e),

€

where Z;, 1; (i = 1,2, 3,4) are the vertices and edges of e, and Px_2(l;) is a polynomial
space on [; of degree no more than k — 2.

We have the following integral expansions (see [17]):

Lemma 1. Forve S }L we have integral expansions

1
(10) /(w - I,llw)v dedy = — 3 /(hgwm —+ kgwyy)v dzdy + O(h3)|w|3,eHv||0,e,

€ (&

1 4
(11) /(w — I,%(.«.))zvz dzdy = — §k§ /(.«.)gcyyvz dx dy + Eké /wzyyyvxy dz dy

+ O(h4)|w|5,e|v|1,e.
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Lemma 2. Forv € S}% we have

h? k2
(12) /(w — IFo)vdrdy = — ﬁ WaazVy dzdy — ﬁ /wyyyvy dz dy

+O(h)|wla.ellvlloe,

9 k2 32k0
(13) [ (w—Ijw)zv, dedy = — 5 WayyyVey do dy + 527 WayyyyVayy AT dy

+O(h)|wls.ellvo.e-

Lemma 3. Forv e S,’f, k > 3, we have

(14) /(w — I,]fw)v dedy= — C, /(hgka;”‘lw . 85—11, + kzka’;-ﬂw . 8’;_10) dz dy

€

+ O(h2k+2)|w|k+3,elv|k,ev

(15) /(W — Ijw)evy dedy = — C1k2* /(%Cazljﬂw : 83585_111 dz dy
+ O(h’2k+2)|w|k+4,e|v|k+1,ev

where

1

1= 2k — D2k + DI

From Lemmas 1-3, using Green’s formulas and the inverse inequalities in the finite
element space S ,’j, we can easily obtain

Lemma 4. Forv € S},

O(h?)||w|

s.0llvllie,
(16) (curl(w — I}w), curlv) =
O(h?)||w]

1%

1,0(v]l0,0, for * 0 onI.
on

Forv € Sj; (k> 2),

O ) lwllk+2.0llv]

1,95

(17)  (curl(w — Ifw), curlv) = O(W*2)||wllr+,0llvlie  for ve S,
Ow
O(h**2)||w|kssallvia for I =0 onI.

3. THEORETICAL ANALYSIS OF THE SOURCE PROBLEM

In this section we will demonstrate the error estimate for the source problem (8)
by the approximation scheme (9).
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Theorem 1. For operators A, Ay, B, By, defined by (8) and (9), respectively,

we have

(18) 1(A = An)gllo.o < CR*,
(19) 1(A = An)gll.o < CR®,

(20) I(B = Br)gllon < Ch*,
(21) I(B = Br)gll.o < Ch*.

Proof. From (8) and (9) we get

1(A = An)gllg o = (Ag — I} (Ag), Ag — Ang)

+ (curl(Bg — Ij;(Byg)), curl(Ang — I} (Ag)))

+ (curl(Ag — I} (Ag)), curl(I};(Bg) — Bng)).

9(Bg) |
on

It follows from the above equation and Lemma 4, r = 0 and the approximation

properties of the finite element space SF that

(22) [I(A = An)glia <
+C

(Bg) -
Furthermore, we have by using the Poincaré inequality, (8), (9) and Lemma 4 that

1% (Bg) — Brgll: o < C(curl(I}y(Bg) — Brg), curl(I; (Bg) — Bng))
= C[(curl(I} (Bg) — Bg), curl(I}(Bg) — Byg))
+ (Ag — Ang, I} (Bg) — Bug)]
<C 4 (Bg) —
+ CllAg — Angllo.ollI5 (Bg) — Bngllo.o,

which implies
(23) 115 (Bg) — Brglli o < Ch* 2| By|li 5.0 + CllAg — Angl3 o-

Using a similar argument, we have

Ch* | Bgllks1,0ll Bg — Brgllio
+ C||Ag — Angllo,oll 15 (Bg) — Brgllo,o-
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Then
(24) IBg — Brgll} o < Ch***2||Bglli 10+ CllAg — Angll§ o-

From (22) and (23) we prove (18). Combing (22) with (24) implies (20) and (21).
Finally, using the approximation properties of the interpolation operator I/ and (18),
we obtain (19).

4. THEORETICAL ANALYSIS FOR THE EIGENVALUE PROBLEM

Assuming here that all eigenvalues have ascent and their geometric multiplicity is
one, in this section we will give theoretical analysis of the eigenvalue problem.

From Theorem 6.1 and Theorem 6.2 in [20], and from the error estimate for the
source problem in the preceding section, we have the following error estimate for the
discretized eigenvalue problem described by (4) and (6).

Theorem 2. Assume that (\,¢,w) € R x H}(Q) x H'(Q) is the solution of (4)
and (A" ¢ wh) € R x S¥ xSk is the solution of (6). Then we have

(25) PP
(26) o — "

2k
R,

C
Chk+1.

1,0 <

From Theorem 2 we can easily prove the following result:

Theorem 3. Using the notation given by (4), (5), (6) and (7), we have

(27) Ju = upllo,0 + w — w00 < CRMH,
(28) Ip — pulli,0 < CRE.

Proof. From (4) and (6) we see

lo =&l 0 = (@ = Thw,w - w") + (curl(Thw — w"), curl(s — Ify))
+ (curl(Ifw — w), curl(Ify — ™))
+ )\h(curl(z/) — d}h% curl(ffiw - 2/’h))
+ (A = A" (curl ¢, curl(Ifyp — ¢M)).
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Notice that ulspq = 0, g—ﬁbg = 0. It follows by using the integral expansions in
Section 2, the approximation property for the interpolation ,’f, the inverse inequality
for the finite element space, Theorem 2 and the above equation that

(29) lw — {00 < CREF.

Combining (29) with (26) leads to (27).
Introduce the operator Ry: H'(€2) — S¥ such that

(30) { (grad(p - th)a grad Qh) = 0 th € Sﬁ,

(p - tha 1) =0.

We know from (30) and the approximation property for the interpolation that

(grad(p — Rup),grad(p — Ryp)) = (grad(p — Rpp), grad(p — Ifp))
< Ch¥p — Rupli a,

which implies
(31) lp — Rupli.a < CR”.

From (30) we see that p € L2(Q), which implies Ryp € L2(Q). Notice that |v]1,o <
C(lvl,a +1[qv]) for all v € H'(Q). Then from (31) we obtain

(32) Ip — Rupll1.0 < ChE.
From (5), (7) and (30) we see that for g5 € SF

(33) (grad (Rpp — pn), grad qn) = (grad(p — pr), grad )
= (A= A" (u - curlw, grad g;) + \*(u — u,, grad ¢5)

+ M (curlw” — curlw, grad gy,).

From (29) we can get |w — w”|;. o < Ch*. Using (25) and (27) and taking g, =
Rpp — pr, in (33), we have
|Rup — pili.a < CR:.

Notice that, since Rup — pp, € L3(2) N HY(Q), an argument similar to that used to
get (32) yields
|Rnp — phll1o < CHY,

from which and (32) we prove (28). O
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For (¢,w) € HE(Q) x H () we define the projection (M1, Npw) € S?,’f xSk by
( ) {a(th,Gh)er(@h,th) =a(w,0,) +b(0r,vp) VO € Sﬁ,
34 °

b(Nnw, ¢n) = b(w, ¢n) Vn € S

Using a similar argument to that in the proof of Theorem 1, we derive the following
theorem.

Theorem 4. For the mixed projection defined by (34) we have

(35) lw — Npwllo,o < ChF+1,
(36) |w — Npwll1.0 < Ch¥,

(37) [ — Mpapllo.0 < CR*H,
(38) [ = Myp[lo < CREF.

Set D((¢1,v1), (2, v2)) = a(v1,v2) + b(v1, p2) + b(v2, ¢1). Note that s(, ) =1
and s(y",4") = 1. From (4) and (6) we have

(39) D((p,w), (P,w)) = = A,

(40) D((4", "), (", M) = = A",

(41) (( w), (", WM) = = As(¥, "),
and

(42) N — "3 g = 2X — 2s(9h, ™).

Using (39)—(42), we have

(43) D((¢ — " u—ul), (b — " u—u) = — X = A"+ 2Xs(, ")
=A=' = Ay -9

From (4), (6), and (34), we get

(49) D((W—¢"w—w"), (¥ —¢"w-w")
= — Mecurl(y) — If9), curle)
— D((Mptp, Npw), (¢ — Ifp, w — Ihw))
+ D((Mpp — 9", Npw — "), (Mptp — 9", Npw — "))
= — Meurl(y) — IFv), curly)) — (w — IFw, Npw)
+ (curl(y) — Ify), curl(Nyw)) + (curl(w — IFw), curl(My1)))
+ D((Mytp — ", Now — "), (M) — 9", Njw — w")).
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From (43) and (44), we obtain the expansion for the eigenvalue error:

Lemma 5. Assume that (\,¢,w) € R x H}(2) x H'() is a solution of (4) and

(APl wh) € Rx SK xSk is a solution of (6). Then we have the following expansion
for the eigenvalue error:

(45) A= \' = A — "2 — Acurl(y — IF)), curl ¥) — (w — IFw, Njw)
+ (curl(w — IF4), curl(Nw)) + (curl(w — Ifw), curl (M)
+ D((Mptp — ", Npw — ™), (My1p — 4", Npyw — w™)).

From now on, for k = 1, i.e., when we use the bilinear finite element space, we will
apply integral expansion techniques described in Section 2 and the error estimate
for the mixed projection demonstrated in Theorem 4 to estimate every term on the
right-hand side of the expansion (45). Finally, we can get the asymptotic expansion
for the eigenvalue error.

Theorem 2 implies

(46) [ — "3 g < ChL

Using the error estimate for the eigenfunction (26), the integral expansion in
Lemma 1, and the approximation properties for the interpolation, we estimate
the second term of (45) as follows:

= Aeurl(y — Ijy), curl(y — "))
— Mcurl(yp — Ifp), curl ™)

A
- 5 Z /(kgql)xyywz + hgql)ymcwy) dzdy + O(hg)

(47) —(curl(y) — Ifp), curly)

By an argument similar to that used to get (47), we can expand the third to
fifth terms of (45). Using the error estimate for the mixed projections described in
Theorem 4 we get

(48) —(w — Ifw, Njyu) = Z/ (h2wys + K2wyy)w dz dy + O(R?)|ul3 q.
For the fourth term, we have
1
(49) (curl(y) — I}4), curl Nyw) = — 3 Z k? /wwywm dzdy
1
- § ; hg /ewy;vmwy dz dy + O(h‘g)a
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and we rewrite the fifth term as
1
(50)  (curl(w — I}w), curl M) = — 3 >k / Wayythe dz dy

1
—3 > h? /wyxx¢y dz dy + O(R®).

From (4), (6), and (34) we have: V (¢, v) € S(’),’f xSk

ID((Mptp — ", Npw — wh), (9,0))] = |[As(@, ) — A", )|
= |()\ - /\h)5(7/’7 QO) + )\hs(’l/) - 1/}h7 90)|
=0()(|A - /\h| + |y — 1/)h|1,9|80|1,sz7

from which and Theorems 2 and 4 we obtain the error estimate for the sixth term

as follows:

(51)  [D((Mpt — ", Now — w"), (Mptp — 9", Npw — "))
= O(M)(IA = A"+ [ = ¢"10) (IMntp = Vo + [ — ¥"[10)
= O(hh).

Combining the error estimates (46)—(51) with the expansion (45), we derive the
following asymptotic expansion for the eigenvalue error:

Theorem 5. When we use the bilinear finite element space, we have
A
(52) A=\ = 3 Z / (k292 + B20yaathy) do dy
1
+ 3 g /e(hgwm + k2w, )w dz dy
1
-3 Z /(kgl/)xyyww + hZypaw,) dz dy

1
53 [ Rt + Wty oy +O0),

For the uniform mesh (h, = hy, k. = ha), noting that w = —AyY, Y|sq = g—ﬁbg =
0 and using Green’s formula, we can prove
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Theorem 6. For the uniform rectangular mesh, when we use the bilinear finite
element space, the asymptotic expansion for the eigenvalue error has the form

A 1
(53) A== — g(hf + B3 [eyllg o + 3 (h% /Q wagw dz dy + h%/ﬂwyyw dxdy)

2
+ 3 (0 + 13)([Yeayllé.0 + ey l5.0) + O(R?).

For the square mesh (h. = k. = h), noting that w = —Avy, Aw = AAY, Y|sq =
g—ﬂasz =0, and using Green’s formula, from Theorem 5 we can prove

Theorem 7. IfT} is a square mesh and if we use the bilinear finite element
space, then

_
3
an? [,

(54) A=\ = /Q (Y2, + 1, +4¢2,) dz dy

5. EXTRAPOLATION AND AN A POSTERIORI ERROR
ESTIMATE FOR EIGENVALUES

In this section, let T}, be a square partition on 2 with mesh size h. We assume
that T}, /o has been obtained from T}, by dividing each element into four squares. Let
(NP2 ph/2 ()h12) € Rx V" x V? be an eigensolution approximation on the mesh Thy2
by (6).

Denote by

S\h B 4)\}1/2 _ )\h

(55) 3

the extrapolation of A\. By Theorem 7, we can get the following error estimate for
the extrapolation A and an a posteriori error estimate for the eigenvalue:

Theorem 8. We have

(56) A== 0(h%)[|¢]s.0
and thus,
)\h _ )\h/Q
(57) A= NV = =2 1+ O(h%) [ 6.0
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provides an a posteriori error estimate %()\h — M2 for X — AM/2,

6. NUMERICAL RESULTS

In this section we compute the first eigenvalue for the algebraic eigenvalue problem

(58)

A
BT

B

O)XA<

which arises from the discrete scheme (6).

Using the inverse power method and a

nonlinear inexact Uzawa algorithm (see [13]), we compute the first eigenvalue as

follows:
mesh A A" — X|/A A A" — X|/A
4 x4 |59.138354834623172|  0.1298 | 52.485719795258298 | 0.269¢ — 02
8 x 8 |54.148878555099522 | 0.345¢ — 01 | 52.336338480432033 | 0.1596¢ — 03
16 x 16 | 52.789473499098904 | 0.8497¢ — 02 | 52.343869992942331 | 0.1569¢ — 04
32 x 32 | 52.455270869481474 | 0.2113¢ — 02 | 52.344691794291471 | 0.1196¢ — 07
64 x 64 | 52.372336563088972 | 0.5281¢ — 03

Table 1. Computation of the first eigenvalue of the Stokess problem.

Tab. 1 shows the numerical results obtained by using the stream function-vorticity-
pressure method to approximate the eigenvalue problem associated with the Stokes
problem discussed in Section 1 by bilinear elements on square meshes.

According to [3], [7] and [28], the most accurate approximation for the first eigen-
value given by Wieners [28] is 52.3446911. In Tab. 1 we take A = 52.3446911.

Consequently, the theoretical results obtained in Sections 4 and 5 are well realized
in practice. The extrapolation of the eigenvalue gives a more efficient approximation.

7. CONCLUSIONS

We have derived an optimal error estimate for the Stream Function-Vorticity-
Pressure approximation of the eigenvalue problem associated with the Stokes prob-
lem. Further we have obtained an asymptotic expansion, an efficient extrapolation
and an a posteriori error estimate for the eigenvalue. The main tools we have used

here are the technique of eigenvalue error expansion (see [18]) and the technique of
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integral expansion which is a useful tool used to investigate superconvergence phe-
nomena (see [16], [17] and references cited therein). Finally, the efficiency of the
results has been illustrated by numerical experiments.

There are some possible future studies about the eigenvalue problem associated
with the Stokes problem:

1. In this paper, we have only considered a unit square region and assumed the
eigenfunction is smooth enough. The analysis on a region with smooth boundary
will be the subject of a forthcoming paper.

2. Here, we solve the eigenvalue problem associated with the Stokes equation by
the stream function and the vorticity. In the future, we will examine a finite element
approximation for the primitive variables provided the so-called BB compatibility
condition is true.

3. We have assumed here that all eigenvalues have ascent and their geometric
multiplicity is one. The theoretical analysis for the ascent larger than one will be
our future work.

Acknowledgement. Both authors gratefully acknowledge Prof. Shuhua Zhang
for his valuable suggestions.
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