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ADMISSIBLE OPERATIONS IN CATEGORIES
OF ALGEBRAS

IVAN ZEMBERY

Prirnitive classes of algebras have the following property: No further operations
can be added to the basic operations and polynomials (in the sence of Gritzer, [2])
without changing the category of all algebras of that primitive class. In more
general categories of algebras, however, there may occur further admissible
operations (i.e. operations compatible with all the homomorphisms ; a more precise
definition will be given below). In the present paper some conditions for the
existence of admissible operations and of proper and improper free algebras, which
will be defined, are given.

1. Admissible operations.

Define a sybtem of admissible operations in a category J.

Definition. Let i be a category of algebras. Let for every algebra A e Ob ¥
f*: A" — A be a mapping where n is a non-negative integer and let for arbitrary B,
CeOb i, by, ..., b,e B and ¢ e Hom (B, C)

fB(bla ey bn)q)=fc(bl(p’ ey b,,(p)

hold. If for every polynimial symbol g there is an algebra B € Ob % with f°+ g°
(where by g® we denote the polynomial associated to g on the algebra B), then

f={*If*:A">A, AeOb ¥}

is called a system of n-ary admissible operations in the category X.

Two admissible systems of n-ary operations f and g in the category ¥ are
different when there is an algebra A e Ob ¥ with f*# g*.

Definition. The mapping f* from the system of admissible operations f will be
called an admissible operation on the algebra A.

Example 1. Let /# be the category of all semigroups with the unit and having _
* the property that all elements have an inverse element. The basic operation on the
objects is multiplication and the polynomials are



fxy, ooy X)) =X, .. X

i

where n is a natural number and k;e{l,...,n} for i=1,...,j. The nullary
operation of the unit and the unary operation of the inverse element are admissible
operations in the category .# because they cannot be expressed as the multiplica-
tion of the above mentioned form and it can be shown that if a mapping between
two semigroups from the category / preserves the operation of multiplication,
then it preserves also the unit and the inverse element.

2. Proper and improper free algebras.

Free algebras in primitive classes of algebras can be defined in two ways:
Definition. #(X) is a free algebra on a set X over the class K if

(1) F(X)eK;

(il) F(X) is generated by X (thus every element of the algebra ¥(X) can be

expressed in the form f(x,, ..., x,), where x,, ..., x,€ X and f is an n-ary
polynomial);

(i) every mapping X— A, Ae€eK can be extended to a homomorphism
F(X)—-A. )

Definition. #(X) is a free algebra on a set X over the class K if
(i) F(X)eK;
(ii) every mapping X— A, A € K can be uniquely extended to a homomorphism
F(X)—>A.

In the case of a non-primitive class the last two definitions need not be
equivalent. We shall use the latter one, therefore the free algebra on the set X over
a non-primitive class of algebras need not be generated by the set X.

Definition. A free algebra on the set X over a class K is called a proper free
algebra if it is generated by X; otherwise it is called an improper free algebra.

Example 2. The set of all integers with addition is the free algebra on the
one-element set {1} over the category # from Example 1 and the subalgebra
generated by {1} is only the set of all positive integers, thus the algebra is an
improper free algebra on the set {1} over .

3. Existence of admissible operations.
Theorems 1 and 2 show some relationship between the existence of admissible
operations and the existence of proper and improper free algebras.

Theorem 1. If there exists a proper free J{-algebra with the property card X =n,
then no admissible n-ary operation in the category X exists.
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Proof. Let the assumption of the theorem be satisfied and an n-ary admissible
operation f exist. If x,, ..., x, € X, where x,#x; for i+, then

f;;(x)(xl" s xn)=_q(y,, ceny Ym)

where y,, ..., € X and ¢ is a polynomial, thus

fA(xls sy x,,)=g(y|, ceey ym)

holds in every algebra A € Ob J¢ where x,, ..., x, and y,, ..., y,. are considered as
variables. Hence f is equal to the polynomial g apart from the order of the
arguments. It is clear that there exists a polynomial equal to f.

Corollary. If there is a proper free J{-algebra on an infinite set, then no
admissible operation in the category J exists.

Theorem 2. If there exists an improper free J{-algebra on a finite set
X={x,, ..., x.}, then there are n-ary admissible operations in the category X.

Proof. Let [ X] be the set of all elements from %(X) generated by the set X. To
every element y € #(X)—[X] an n-ary admissible operation f, defined by

f(a, ...,a,)=ypfor a,..,a,€A
can be associated, where @: #(X)— A is the homomorphism defined by
xo=a for i=1,...,n.

If y: A— B is a homomorphism, then f;'(a,, ..., a,) ¥ =ypy =f a1y, ..., a, ).
Clearly, every f, is different from all polynomials in the category J.

Corollary. If there exists a proper free J-algebra on X, then no improper free
J-algebra on a finite set Y with card Y <card X exists.

Remarks: 1. By omitting some homomorphisms in the category % some
admissible operations may arise. Let the objects of the catégory J be the cyclic
groups Z,, Z, with a nullary operation 0 and a binary operation + and let the
morphisms be all group homomorphisms. By omitting all zero homomorphisms an
admissible operation 0€ Z,, 2 € Z, arises. For every remaining homomorphism
Z:30-0€ 2, Z,32—2¢€ Z, hold and the element 2 € Z, cannot be obtained by
using the operations 0 and +, thus it is not the value of any nullary polynomial.

2. By omitting some algebras in the category # some admissible operations may
disappear. Let the objects of the category 7 be the cycklic groups Z,, Z, with the
same operations as above and let the morphisms be the following group homomor-
phisms: Z9l—leZ, Z,31-0e€Z, Zo3l-leZ, Zo31-2eZ,
Z,3 13 € Z,. There is an .admissible nullary operation 2 € Z,, 0 € Z, in J. By
omitting the group Z, this admissible operation disappears.

3. By omitting some algebras in the category % we omit also the corresponding -
homomorphisms, thus some admissible operations may arise and some others may
disappear. Let the objects of the category & be the cyclic groups Z,, Z, with
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a nullary operation 0 and a binary operation + and let the morphisms be the
following group homomorphisms: Z,91—1€2,, Z,51-0€Z,, Z,31—1€Z,
Z,3 13 € Z, There is an admissible nullary operation 1€ Z,, 0e Z, in %. By
omitting the group Z, this admissible operation disappears and a new admissible
nullary operation 2 € Z, arises.
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HOIMYCTHUMBIE OINEPALIMA B KATEIOPUSX AJITEBP
HBan XeMbephl
Pesome
IlonycTMmas onepauusi B KaTeropuu anrebp He sBISETCS HA OCHOBHOH OMNEpauuei HH MOJHHOMOM,
HO COXpaHsIOT ee Bce MOpGhH3MbI B 3TOH KaTeropuu. B He MpHMHTHBHBIX Kjlaccax aare6p Moryt
CYIECTBOBATh HEe COGCTBEHHBIE CBOGOHbIE aNreGpbl, KOTOPbIE HE MOPOXACHBI CBOHMH CBOGOAHBIMH

NOPOXMaIOLWMMH 3ieMEHTaMU. B paboTe noka3aHa OTHOCHTENBHOCTb MEXIY CYLIECTBOBaHHEM AOMYC-
THMbIX ONEpPaLMii U CYLIECTBOBAHMEM COOCTBEHHBIX U He COOCTBEHHBIX CBOOGOMHBIX anre6p.
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