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SEMIGROUPS CONTAINING MAXIMAL IDEALS

STEFAN SCHWARZ

A leftideal L of a semigroup S is called maximal if L # S and no proper left ideal
of S properly contains L. Analogously maximal right and two-sided ideals are
defined.

Denote by L*, R*, M* the intersection of all maximal left, maximal right and
maximal two-sided ideals of S, respectively. _

The purpose of this paper is to clarify the interdependence of the sets L*, R* and
M*. Necessary and sufficient conditions are given for the validity of L* = M* and
L*=R*. Conditions for inclusions like L*& M* or L*2M™* are obtained.

A semigroup need not contain maximal left (right, two-sided) ideals. The
non-existence of, e. g., maximal two-sided ideals has two sources. i) The semigroup
S is a simple semigroup (without zero), so that there are no two-sided ideals except
S itself. ii) To any two-sided ideal A, # S there is a two-sided ideal A;# S such that
A. & Ag. Analogously for one-sided ideals.

To get some results we shall impose, where needed, some of the following
weakest possible conditions:

M, : S contains at least one maximal left ideal.

My S contains at least one maximal right ideal.

M,: S contains at least one maximal two-sided ideal.

The questions concerning maximal ideals can be treated by means of £, R,
F-classes using the usual ordering of these classes.

The following result will be used: A left ideal L of S is a maximal left ideal of S
iff S —L is a maximal £-class of S. Analogously for maximal two-sided ideals.
(See, e.g., [3], [5].)

We shall use the following special notation: If L, is a maximal left ideal of S,
then the maximal £-class S — L, will be denoted by L*. Hence L* =S — L, and
L,=S-L°. o

Note finally for further purposes: If any £-class L* (not necessarily a maximal
-class) meets a left ideal L, then L° L.

The conditions M, , Mr and M, are independent. This is shown on the following
examples.
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Example 1. If S satisfies M, and Mg, it need not satisfy M,. Let B be the
bicyclic semigroup, i.e. the semigroup with two generators p, g submitted to the
relation pq =1. Then L =S — {1, q, 47, ...} is the unique maximal left ideal of B,
R=S-{1,p,p? ...} is the unique maximal right ideal of B, while B (being
simple) has no maximal two-sided ideal.

A much more instructive example in which M, and Mg hold, there is an
increasing chain of two-sided ideals, but not a maximal two-sided ideal is given in
[5] (Example 5,2).

Example 2. We next show that M, and M, do not imply M. Let S be a simple
semigroup containing at least two minimal left ideals, which is not completely
simple. It is known that such semigroups exist and S is the union of its minimal left
ideals, S =|_J/,. Further any R-class in S is a one-point set. (See [1], section 8,2.)

Suppose, for an indirect proof, that S contains a maximal right ideal R. Then
R =S —{a} for some % -class {a}. The element a is contained in some minimal left
ideal, say ael, =S. We have (S—{a})-S> (Ulv) S =S. Hence R is not a right

vEa

ideal (even less a maximal right ideal). S does not contain maximal right ideals.

Let now S°={0}uUS be the semigroup obtained by adjoining a zero 0. Then S°
contains a maximal two-sided ideal, namely {0}. It is clear that S contains maximal
left ideals but no maximal right ideals. Hence M, and M, do not imply Mg.

Example 3. To show that M, does not imply M, or My consider the following
example used in the literature as a counterexample for various purposes.

Let S be the set of all couples (m, n) of positive real numbers and define
a multiplication by (a, b):(c,d) = (ac, bc +d). This is a simple cancellable
semigroup in which every £-class and every %-class is a one-point set. Let
(m,n)eS. We show that T=S — {(m, n)} is not a left ideal (even less a maximal

n) €eT<S. Then ST contains (1,L>

left ideal). For, take the element (m,—
2 2m

(m, g) = (m, n). Hence T is not a left ideal of S. An analogous argument shows

that S does not contain a maximal right ideal. Consider next the semigroup
S$°={0}uS. Then S° contains a maximal two-sided ideal, namely {0}, but it does
not contain maximal left or right ideals.

Example 4. To stress the weakness of the condition M, we give a simple
example of a commutative semigroup S satisfying M,, in which there is a proper
ideal of § which is not contained in a maximal ideal of S. Let S, be the
multiplicative semigroup of real numbers from the half-open interval (0, 1) and
S;={0,a},i=1,2, ..., n, where a; =a,, the element 0 having the usual properties
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of a multiplicative zero. The 0-direct union S =S,uUS,U...US, contains exactly n
maximal ideals (namely the sets S — {a;}), while the ideal S,uUS,uU...US, is not
contained in a maximal ideal of S.

1. The relation between L * and M*

The following has been proved in [4].

Lemma 1. If S satisfies the condition M,, then M* #@.

Several authors have noticed (see, e.g., [6]) that this need not be true for L*
without giving more precise results. The following Lemma is implicitly contained in
a more general statement in [2], where unary algebras are studied.

Lemma 2. Suppose that S satisfies the condition M,. Then L* =@ iff S is a simple
semigroup (without zero) containing a minimal left ideal.

Proof. Let {L./a € H} be the set of all maximal left ideals of S and {L®|a € H}
the corresponding set of all maximal £-classes. The formula ﬂL ﬂ(S L*)=

S - UL" implies that =@ iff S= UL" M, implies card H>2

Suppose L*=@. Let L* be any of the maximal £-classes and a € L*. The
principal left ideal (a, Sa) cannot contain properl§ a left ideal B of S. For
B g (a, Sa) and b € B would imply (b, Sb) < B & (a, Sa). Hence (denoting by L’
the £-class containing b) L° FL". This is a contradiction with the fact that all
Z-classes in S are maximal £-classes. Hence (a, Sa) is a minimal left ideal of S and
the minimality implies also (a, Sa)=Sa. Now a €Sa for any aeL® implies
L* = SL°. Since for any x € L* we have Sx = Sa, we obtain L* < Sa.

Now Sa cannot meet a class L?, #a. For b e SanL? would imply Sbc (b,
Sb) = Sa, therefore Sb =Sa. Hence b € L*, which is a contradiction with b e L?.
We have Sa =L, and finally L* = Sa.

Write L* = Sa,, a, € L*. Then S can be written as a union of minimal left ideals of
S in the form S = JSa.. The end of the proof is now a well-known routine. For any

x € S we have Sxa, c Sa, and since Sa, is minimal Sxa, = Sa,. Hence S = JSxa,

SxS. Therefore S = SxS for any x € S, which proves that S is a simple semigroup.
Conversely, if S is a simple semigroup containg a minimal left ideal, it is well
known that S can be written in the form S =/, where each ,(a € H) is a minimal

left ideal. Every maximal left ideal is of the form S —Is (B € H), so that L*=4.
(Note that M, implies card H=2.)

Before introducing Definition 1 below consider the following example (see
Example 5,1 in [5]):
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Example 5. Let S ={0, e., €, u, v, e} be a semigroup with the multiplication
table

€. € u v e
e.lee.. 0 0O v e
el 0 e u 0 O
ulu 0 0 e u
v| |0 v e 0 O
ele 0 0 v e

This semigroup contains two maximal left ideals L, = {0, eg, u, v, e}, Ls ={0, éa,
u, e} and two maximal right ideals R, = {0, e, u, v, e} R; ={0, e,, v, e}. We have
L*={0, u, e}, R*={0, v, e}. There is a unique maximal two-sided ideal
M*=L,=R,. We have L*=M*—{v, ¢,}=M*—L° and R*=M*—{u, e}
= M*— R’ Note that L; and R, do not contain maximal two-sided ideals of S.

This example shows that even in the finite case a maximal left ideal of S need not
contain a maximal two-sided ideal of S. '

The next theorem shows under what conditions this cannot take place.

Theorem 1. Suppose that S satisfies the conditions M, and M,. Then a maximal
left ideal L, of S contains a ynaximal two-sided ideal of S iff L>nM* =@.

Proof. i) Suppose that L*nM*=¢@. Then there is at least one maximal
two-sided ideal of S, say M., which does not contain L* (and does not meet L*).
Hence M,cS-L*=L,, q.ed.

[Note, by the way, that M, is uniquely determined. For, if M,, M; were two
different maximal two-sided ideals contained in L,, we would have M,uM; c L,.
On the other hand the maximality implies M, UM; = S, which is a contradiction.]

ii) Suppose conversely that L, is a maximal left ideal of S and S — L, =L* c« M*.
L. cannot contain a maximal two-sided ideal of S, say M. For, Mz c L, would
imply My nL* =@, hence L* is not contained in M *, contrary to the assumption.

Definition 1. Let S be a semigroup satisfying M, and M,. We shall say that
S satisfies the condition A, if every maximal left ideal of S contains a maximal
two-sided ideal of S.

Theorem 1 implies:

Theorem 2. A semigroup S satisfies condition A, iff none of the maximal
P-classes of S is contained in M*,

Let {M,|/leA} be the set of all maximal two-sided ideals of S. Denote
J'=8—M,. Then {J'|l e A} is the set of all maximal $-classes. It is known ([4])
that S =M*u[ UJ’], where Jh-J2c M* for I, #1,.

leA
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The condition of Theorem 2 can be therefore formulated as follows: Every
maximal Z-class is contained in some maximal $-class.

In Example 3 we have seen that a maximal two-sided ideal of S need not be
contained in a maximal left ideal of S.

Definition 2. Let S be a semigroup satisfying the conditions M, and M,. We shall
say that S satisfies the condition B, if every maximal two-sided ideal of S is
contained in a maximal left ideal of S.

In orther words: If every max1mal F-class contains a max1mal Z-class of S.

Consider now the set of all maximal £-classes. Such an £-class is contained
either in M* or in one of the J', [e A.

Denote by {L'|j e I} the set of all maximal £-classes contained in M* and put

=yr.

jelI

Denote by {J*|k € K } the set of those maximal $-classes each of which contains
at least one maximal Z-class of S. Then

'S=M*u[ UJ“]UT,, | 1)

k e K

where T,;= |J J".Here K or A — K may be empty. The $-class J',heA—K,is

h e A-K
characterized by the fact that no £-class contained in J* is maximal.

Let {L**|a € A,} be the set of all maximal £-classes contained in J*, k € K.
Then S —L*® is a maximal left ideal containing the maximal two-sided ideal
S—J =M,. '

The intersection of all maximal left ideals of S,

L*—ﬂLa—ﬂ(S ry=s-yrs,

BeH BeH

is given by
L*=§-2z-UUL*".
k a
Using the expression (1) we have

L*=(M*-Z)UT.U. [J"— U L""’] .

a € Ag
For a fixed kK e K we have

Co=J— U L""’=S—Mk—UL""’=<S—UL"“’)—Mk= M Le..— M,

a €Ay a a a € Ax
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Here the first term (L., is the intersection of all maximal left ideals containing

Mk .
The formula

L* = (M* —Z,)uT,u[kLEJKCk] )

will allow us to give very definite results concerning the relation between L* and
M*.

To understand well the meaning of the set C, consider the factor semigroup
S =S/M, and the corresponding homomorphism ¢@: §— S, which sends M, into
a new zero 0 while retaining in essential the meaning of all the elements
€S —M, =J*. The semigroup S is a O-simple semigroup (with zero 0). If L is
a maximal left ideal of S containing M,, then (L) is a maximal left ideal of § and
C,u{0} is the intersection of all maximal left ideals of S. (All up to a trivial
isomorphism.)

It should be remarked that we shall use several times the following: If A is
a two-sided ideal of S, then the £-classes contained in S — A are just the non-zero
ZL-classes of S/A. Analogously for # and $-classes.

In order to find conditions under which C, is empty we first prove

Lemma 3. Let S be a semigroup with 0 satistying the condition M,. Then L* =0
iff S is a O-disjoint union of 0-minimal left ideals.

Proof. Let {L,Ja e H} be the set of all maximal left ideals of S. Then
L*= () (S—-L*)=S-UL". Hence L*=0iff S ={0}u{ J L*}, where each L* is

ae€eH a aeH
a maximal £-class of S. The proof is now analogous to that of Lemma 2 but we
must be careful, since nilpotent elements may occur.

i) Suppose L*=0 and let a € L*. The left ideal (a, Sa) cannot contain properly
a non-zero left ideal B of S. For, suppose O#B;(a, Sa). Choose beB, b+0.
Then (b, Sb)c= B = (a, Sa), hence L* £L°, a contradiction. Therefore (a, Sa) is
a 0-minimal left ideal of S. [Note explicitly that there may happen that Sa =0, in
which case (0, a) is nilpotent.]

For any x e L* we have (x, Sx) = (a, Sa), hence L* c(a, Sa). Next (a, Sa)
cannot meet L?, B+ a. For, b € (a, Sa)nL?, b+ 0, would imply (b, Sb) < (a, Sa),
and (with respect to the minimality) (b, Sb)=(a, Sa) and b € L*, a contradiction.
Therefore (a, Sa) — {0} =L°. Finally L® = (a, Sa) — {0}. Hence S is a 0-disjoint
union of O-minimal left ideals:

S=UL. 3)

aeH
Hereby [, =L*u{0}.
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i) If, conversely, S is of the form (3), then any maximal left ideal of S is of the
form L, =Uls, B e H, B#a, so that L*=0.
-]

Corollary 3. Let S be a 0-simple semigroup satisfying condition M,. Then L* =0
iff S contains a 0-minimal left ideal.
Corollary 3 implies:

Lemma 4. The set C.(k € K) is empty iff the semigroup S =S/M, is a 0-simple
semigroup containing a 0-minimal left ideal of §.
For brevity in formulations we introduce the following notion:

Definition 3. A 0-simple semigroup is called a G,-semigroup if it contains

a 0-minimal left ideal.
The decomposition (1) implies that S/M* is a 0-direct union of O-simple

semigroups

sime=| U] U 7],
k eK h e A-K
where J'=S/M,. i

The set |J C. is empty iff each J*(k e K) is a G,-semigroup.

k € K

Recall that T,=0 iff S satisfies condition B, and Z, =@ iff S satisfies condition A,.
The decomposition (2) implies the following results:

Theorem 3. Let S be a semigroup satisfying M,, M,, and the condition B,. Then
L*=M*—Z, iff S/M* is either a G;-semigroup or a 0-direct union of G,-semi-
groups.

If S is finite, the condition B, is satisfied, S/M* is always either a G,-semigroup
or a 0-direct union of G;-semigroups. Further M, and M, are satisfied, unless S is
a simple semigroup. Hence we have:

Theorem 4. Let S be a finite semigroup which is not simple. Then L* =M* — Z,.
We have L*=M* iff S satisfies the condition A,.

Note that in this case if the condition A, is not satisfied, we have strictly L* % M*,

In the most general case we have:

Theorem 5. Let S be a semigroup satisfying the conditions M, and M,. Then
L*=M* iff

i) S satisfies the conditions A, and B, ;

i) S/M* is either a G,-semigroup or a 0-direct union of G,-semigroups.

™ This includes the case of a null semigroup of order two.
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Note that in this case if S satisfies A,, we have L* = M*UT,U[ U Ck] .Hence L*

ke K
may be strictly larger than M*. [This is the case, e.g., for the bicyclic semigroup B
with a zero adjoined.]

2. The relation between L* and R *

We now take into account the intersection of all maximal right ideals R*.

Definition 4. Suppose that S satisfies My and M,. We shall say that S satisfies the
condition A, if every maximal right ideal of S contains a maximal two-sided ideal of
S. Further we shall say that S satisfies the condition B, if every maximal two-sided
ideal of S is contained in a maximal right ideal of S.

In order to get a formula analogous to (2) we denote by Z, = |J R’ the union of

jel
all maximal & -classes of S contained in M *. Next we denote by T, the union of all
maximal $-classes each of which does not contain a maximal Z-class of S. Let
finally {M, |k e K,} be the set of all maximal two-sided ideals of S which are
contained in a maximal right ideal of S. For a fixed M,, k € K,, denote by
M, uD,[{M,nD, =@] the intersection of all maximal right ideals of S containing
M,.
With these notations we have

R*=(M*—Z,)uT,u[ U Dk] . (4)

k € Ky
We first clarify under what conditions Z, = Z, and C, =D,, ke KnK,.

Lemma 5. Let S be a semigroup with 0, satisfying M, and Mg. Suppose that
L*=R*=0. Then S is a 0-direct union of a null semigroup A and of completely
0-simple semigroups K,(jeA'):

S=Au[iH’K,].

Hereby A or the K; may reduce to {0}.
Proof. By Lemma 3 and its right dual, S is a 0-disjoint union of 0-minimal left
ideals

S= U L, (5)

a €Ay

as well as a O-direct union of 0-minimal right ideals

S=U r.. (6)

a € Ay
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We now use Theorem 6,37 of [1] by which a semigroup having the properties (5)
and (6) is a O-direct union of a null semigroup and of completely 0-simple
semigroups.

More precisely: Denote by No[Ng] the union of all summands in (5) [in (6)]
which are nilpotent and by N,[N1] the union of all summands in (5) [(6)] which are
non-nilpotent. Hence $ = NoUN, =N,uUN /. Then N, = N is a two-sided ideal and
if N, #0, N, is a O-direct union of all the completely 0-simple ideals of S. Further
No=Nj is a two-sided ideal of S and N2=0.

Remark. It follows from the proof of Lemma 3 that the conditions of Lemma 5
are satisfied iff all £-classes and R -classes contained in S — {0} are maximal
ZL-classes and maximal R -classes of S.

Corollary 5. Let S be a semigroup with zero satisfying M, and Mg. Suppose that
L*=R*=0. Then any non-zero ¥-class [R-class] of S is contained in a maximal
F-class of S.

Proof. Write in accordance with the last Lemma

S=A u[ U K,-] ,
jeA’
where the K; are completely O-simple and all unions are O-direct.

A0, thenIVI,:Au[UK,-

ieA', i+ j] is clearly a maximal two-sided ideal
of Sand M'=S—-M, is a maximal $-class of S. Each non-zero £-class contained

in |J K; is contained in some K;, hence in some M’.
jeA’

If A+ {0}, then A is a 0-disjoint union of the form A = | {a;, 0} with a;=0,
jeA”
je A", and each {aq;} itself is a maximal $-class, since S — {a;} is clearly a maximal
two-sided ideal of S. This proves our statement.
After this diversion we now return to the formulae (2) and (4). These formulae
imply that

L*nM*=M*-2,,
. R*nM*=M*—-2Z, .
Hence we have L* # R* if Z, # Z,. We now prove that Z, = Z, holds iff Z, = Z, = 0.

Lemma 6. Suppose that S satisfies M;, Mr and M,. If Z, = Z,, then S satisfies
both conditions A, and A, so that both sets Z, and Z, are empty.
Proof. Suppose for an indirect proof that Z, = Z,#@. Consider the sets

s—z,=s—ULi=n(s—L")=ﬂlL,-, (7)

jel jel
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$-Z=S-UR'=(S-R)=[]R,. (8)
jel jel, jel

Denote M =S — Z, =S — Z,. It follows from (7) and (8) that M is a two-sided ideal
of §. By (7) and (8) the factor semigroup S/M is a semigroup with zero 0 in which
the intersection of all maximal left ideals and the intersection of all maximal right
ideals is 0. By Corollary 5 any non-zero £-class contained in $/M is contained in
a maximal $-class of S/M. For the semigroup S itself this implies that every
P-class contained in S — M = Z, is contained in a maximal $-class of S. This is
a contradiction, since Z, has been defined as the union of those maximal #-classes
of S none of which is contained in a maximal $-class of S. This proves Lemma 6.

Lemma 7. Suppose that k e KnK, # . Then C, = D, iff C, = D, = . In this case
S/M, is a completely 0-simple semigroup or a null semigroup of order two.

Proof. If C, =D,, then M, uC, =M, uUD, is a two-sided ideal of S containing
M, and different from S. With respect to the maximality of M, we have
C.=D,=0.1f C, =D, =0, then by Lemma 3 and its right dual, S/M, is a 0-simple
semigroup containing a 0-minimal left and a 0-minimal right ideal. Hence S$/M; is
completely 0-simple or a null semigroup of order two.

Suppose now that S satisfies the conditions A, and A,, i.e., Z,=Z, =@. Then

L*=M*u[ U J’]U[Uck]’

le A=K k € K

R*=M*u[ U J’]u[UDk].

le A—K, k € K,

If @ e (A —K)nK,, then L* contains the whole class J®, while R* contains only
a proper subset D,, of J* (D, may be, eventually, empty), so that R*nJ* g L*nJ“.
Analogously if € (A —K,)nK, we have R*nJ";L*nJ". Therefore a further
necessary condition for the validity of L*=R* is A —K=A —K,, hence T,=T,.

Finally, for L* = R* we must have |J C, = |J D, i.e., C. =D, for any k e K. By

k e K k € K

Lemma 7 we then have C, =D, =¥ for all keK.

If, conversely, Z, = Z, =0, K=K,, and C, =D, for every k e K, then L*=R*=
M* u T,=M*UT,.

The condition T,=T, #0 says that the maximal #-classes which constitute T,=T,
contain neither a maximal £-class nor a maximal 2 -class.

Again, for brevity in formulations of the results, we introduce the following
notion:

Definition 5. A 0-simple semigroup S is called a G,-semigroup if S contains
neither a maximal ¥-class nor a maximal R-class of S.
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Theorem 6. Let S be a semigroup satisfying My, Mg, M,. Then L*=R* iff

i) S satisfies the conditions A, and A, ;

ii) S/M* is a O-direct union of G,-semigroups, completely 0-simple semigroups
and null semigroups of order two.

Hereby the summands with the exception of at least one may reduce to {0}.

If these conditions are satisfied, we have R*=L*=M*uUT,.

We also have: '

Theorem 7. If S is a semigroup satisfying M,, My and M;,, and S/M* is a 0-direct
union of completely 0-simple semigroups and null semigroups of order two, then
L*=M*—-Z,,R*=M*—Z,. We have L* = R* iff § satisfies condition A, and A, .

In the finite case B, and B, are satisfied, and C, = D, for all k e K. Hence:

Theorem 8. Let S be a finite semigroup which is not simple. Then L* =M* — Z,,
R*=M*—-Z,. We have L*=R* iff S satisfies the conditions A, and A,.

In the last case we have L*=R*=M?*,

Finally we omit the condition M, and prove:

Theorem 9. Let S be a semigroup which is not completely simple. Suppose that
S satisties M, and My but it does not satisfy M,. Then L* # R*.

Proof. Suppose for an indirect proof that L*=R*. Then M=L*=R* is
a two-sided ideal of §, whichis #S. By Lemma 2 L* = R* # (. Consider the factor
semigroup S = S/M (with zero 0). Then § is a semigroup in which the intersection
of all maximal left ideals as well as the intersection of all maximal right ideals is 0.
By Corollary 5 any maximal £-class [Z2-class] of S is contained in some maximal
F-class of S. For the semigroup S itself this means that S contains a maximal
F-class, hence a maximal two-sided ideal, a contradiction with the assumption.
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NONYTIPYIINbI UMEIOIME MAKCHUMAIJIBHBIE UIEAJBI
IlItedan HIBapy
Pe3ome

ITyctb S — nonyrpynna u L*, M*, R*, COOTBETCTBEHHO, IEPECEYECHHE BCEX MAKCHMAJIbHBIX JIEBBIX,
BCEX MaKCHMMaJIbHBIX MPaBbIX, H BCEX MAKCHMAJIbHbIX IBYCTOPOHHHX HJEAJIOB M3 S.

Llenbio CTaThH ABIAETCH MCCAENOBAaHUE B3AMMHOIO OTHOLIIEHHS MEXY MHOXECTBaMH L*, R *uM*,
B yacTHOCTH NONy4YeHbl HEOOXOAUMbIE M JOCTATOYHbIE YCIOBUA JJIS paBeHCTBa L*=M* u L*=R*,

CdopMynupyeM oauH U3 THNHYHBIX pe3ynsTaToB (TeopeMa 5). ITycTh S — nonyrpynna cogepxaiuas
MaKCHMalbHbIN JIEBbIA H MAKCHMAJILHBIH ABYCTOPOHHMIA MAean. PaBencTso L* = M * umeeT MecTo Toraa
H TOJILKO TOTRA, €CJIH BBIMOMHAIOTCA CJEAYIOLIHE YCIOBHA

1. Kaxnnlit MaKCHMaNbHbIH L-Ki1acc U3 § COiepPXMUTCA B HEKOTOPOM MaKCHMalbHOM $ -Kknacce u3 S,
H KaX/bIH MAaKCHMaJbHbIH f-Kiacc CONEPXHT MO KpaiHEH Mepe OIMH MaKCHMMalbHbIH £-Kiacc.

2. Nonyrpynna S/M* nu6o 0 — npocTasi NONyrpynna copepxatnas 0 — MHHHMaNbHBIA JIEBbIA Hea,
nu60 0 — mpsMoe OO bENHHEHHE TaKUX MOJYIpyI.
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