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THE NUMBER OF ISOMORPHISM CLASSES
OF SPANNING TREES OF A GRAPH

BOHDAN ZELINKA

In[1] B. L. Hartnell conjectures that the spanning trees of a graph containing n
vertex-disjoint circuits can be partitioned into at least n + 1 isomorphism classes.
We shall prove this conjecture.

All graphs considered here are finite undirected graphs without loops and
multiple edges.

First we shall define some concepts which will be used in the sequel. In [2] some
concepts concerning trees are defined. For a vertex a of a tree T the mean vertex
deviation is defined as

1
=TT A
where V(T) denotes the vertex set of T (this symbol will be used also for other
graphs) and d(a, x) denotes the distance between the vertices @ and x in T. A
vertex of T with the minimal vertex deviation is called a median of T and its mean
vertex deviation is called the mean vertex deviation of T. In [3] it is proved that
each tree has either exactly one median, or exactly two medians which are joined
by an edge. (The concept of a median is defined in [2] not only for trees, but here
we shall use it only for trees.)

If v is a vertex of a tree T and e is an edge of T incident with v, then all vertices
which belong to paths from v with the first edge e form a subgraph which is called
a branch of T with the knag v. The branch of T with the knag v with the maximal
number of vertices is called a weight branch and its number of vertices is called the
weight at v. In [3] it was proved that a vertex of a tree has a minimal weight, if and
only if it is a median of this tree.

We shall use the term branch also for unicyclic graphs (graphs with exactly one
circuit). A branch of a unicyclic graph G is a connected component of the graph
obtained from G by deleting all edges of the circuit contzined in G.

By IN(n), where n is a positive integer, we shall denote the class of all connected
graphs which contain exactly n vertex-disjoint circuits C,, ..., C, and no other
circuit.

385



We shall prove a theorem.

Theorem. Let G be a connected graph in which the maximal number of
vertex-disjoint circuits is n =2. Then there exist at least n + 1 pairwise non-iso-
morphic spanning trees of G.

Remark. For n =1 this is not true. There exist unicyclic connected graphs in
which all spanning trees are isomorphic [4].

Proof. Let G be a connected graph in which the maximal number of vertex-dis-
joint circuits is n. Then evidently G contains a spanning subgraph belonging to
IM(n). Each spanning tree of this subgraph is a spanning tree of G. Therefore it
suffices to prove the assertion for graphs from $i(n). Thus let G € V(n), n =2. We
shall use the induction according to n. Let n=2. The graph G contains two
vertex-disjoint circuits C,, C,; all edges of G not belonging to them are acyclic. Let
P be the path connecting a vertex of C, with a vertex of C, and not having any
common edge with C,, C,; such a path is determined uniquely. Let v be the
terminal vertex of P belonging to C,. If C, has an odd length, let e be the edge of C,
opposite to v ; if C, has an even length, let e be an edge of C, incident with the
vertex of C, opposite to v. Let f be an edge of C, incident with v. Evidently e #f.
Let C, (or C,) be the connected component of the graph obtained from G by
deleting all edges of P, which contains C, (or C, respectively). As C, and C, are
vertex-disjoint, at least one of them has the number of vertices not exceeding
1|V(G)|; without loss of generality let | V(C))| = 1| V(G)|. Let G’ (or G") be the
graph obtained from G by deleting the edge e (or f respectively). Both G’ and G”
are unicyclic graphs. First suppose that G’ has at least two non-isomorphic
spanning trees ; let T, T, be such two trees. Without loss of generality suppose that
the mean vertex deviation of T, is greater than or equal to that of T,. The median
of T either is v, or does not belong to C,; namely |[V(C))| = }|V(G)| and
therefore each vertex of C, has a weight in T, greater than the weight at v. Let T
be the tree obtained from T by adding e and deleting f. Using the weights, we can
prove that T has the same median (or medians) as T,. If T, has only one median,
let it be a ; if T, has two medians, let a be the median of T; which is nearer to v.
The end vertex of f distinct from v has evidently a greater distance from a in T,
than in T,. No vertex of G has a smaller distance from a in T; than in T,. Therefore
the mean vertex deviation of T; is greater than that of T, and also than that of T.
Therefore T,, T,, T, are pairwise non-isomorphic and the assertion is true. Now
suppose that all spanning trees of G’ are isomorphic. If the length of C, is odd, then
all branches of G' are isomorphic as rooted trees with the root in the vertex
belonging to C;; if it is even, so are all branches of G’ at the vertices whose
distance from the terminal vertex of P belonging to C; is even. This was proved in
[4]. The graph G" differs from G’ in one branch, namely the branch which contains
the vertices of C,. If B’ (or B") is the branch of G’ (or G" respectively) containing
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the vertices of C,, then they are not isomorphic as rooted trees with the root in the
vertex belonging to C,; otherwise G’ and G” would be isomorphic. Therefore G”
cannot fulfil the condition from [4] and has at least two nonisomorphic spanning
trees T} and T5. Without loss of generality suppose that the mean vertex deviation

Fig.1

of T is smaller than or equal to that of T;. Let T be the tree obtained from T by
adding e and deleting f. Analogously as in the preceding case we prove that the
mean vertex deviation of T4 is smaller than that of T} and that of T3 and the trees

1» T3, T3 are pairwise non-isomorphic.

Now suppose that the assertion is true for n =k — 1, where k=3, and let G be
a graph from (k). Let T(G) be the set of all circuits C of G with the property
that in the graph obtained from G by deleting all vertices and edges of C, only one
connected component contains circuits ; evidently (G)# 0. To each Ce 7(G)
there exists exactly one edge e(C) which is incident with a vertex of C and does not
belong to C and separates C from all the other circuits of G. By C we denote the
connected component of the graph obtained from G by deleting the edge which
contains C. Evidently there exists at least one circuit C € 7(G) such that | V(C)| =
= ;| V(G)|. Let u be the vertex of C incident with e(C). If C has an odd length, let
h, be the edge of C opposite to u; if C has an even length, let 4, be an edge of C
incident with the vertex of C opposite to u. Let G, be the graph obtained from G
by deleting /,. We have G, € IX(k — 1). By the induction assumption G, has at least
k pairwise non-isomorphic spanning trees ; these trees are also spanning trees of G.
Let T be such a spanning tree of G, which has a maximal mean vertex deviation.
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The median of T either is u, or does not belong to C; this can be proved
analogously as in the first part of the proof. Let A, be an edge of C incident with u ;
evidently /4, # h,. Let T’ be the tree obtained from T by adding /4, and deleting A, ;
it is a spanning tree of G. Analogously as in the first part of the proof we can prove
that the mean vertex deviation of T" is greater than that of T and that of any of the
above mentioned k spanning trees of G,. Therefore T" is not isomorphic to any of
those k spanning trees. We have proved that G has at least k+1 pairwise
non-isomorphic spanning tres, q.e.d.

We shall prove that the estimate of Theorem cannot be improved. Let a positive
integer n =2 be given. Let H,, ..., H, be pairwise disjoint triangles, let the vertices
of H; be a;, b, c; fori=1, ..., n. Let d be a vertex not belonging to any H,. Let G
be the graph obtained by joining d by edges with all the vertices a; fori=1, ..., n.

Let T, be the spanning tree of G obtained by deleting all edges b, fori=1, ...,
n. Further, for j=1, ..., n let T; be the spanning tree of G obtained by deleting the
edges ab; fori=1, ..., j and the edges bc; for i=j+1, ..., n. The spanning trees
T,, T,, ..., T, are pairwise non-isomorphic and it is easy to prove that each
spanning tree of G is isomorphic to one of them. An example of such a graph for
n=>5 is in Fig. 1.
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YUCITO KIACCOB N30OMOPPU3MA EPEBBLEB -
OCTOBOB T'PA®A
Borgan 3enunHkKa
Pesome
ITycts G — rpad, B KOTOPOM MaKCHMANILHOE YHCIIO BEPLIMHHO HEMEPECEKAIOMMNXCA KOHTYPOB PaBHO

n =2. IToToM cymecTByeT He MeHee 4eM n + 1 nonapHo Hen3oMopdHbIX iepeBbeB — 0cTOBOB rpada G.
3Tta Teopema siBnseTcs peweHueM npo6nemsl B. JI. XapTHenna.
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