Mathematica Slovaca

Peter Hordk
A note on removing a point of a strong digraph

Mathematica Slovaca, Vol. 33 (1983), No. 1, 85--86

Persistent URL: http://dml.cz/dmlcz/136320

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1983

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/136320
http://project.dml.cz

Math. Slovaca 33, 1983, No. 1, 85—86

A NOTE ON REMOVING A POINT OF
A STRONG DIGRAPH

PETER HORAK

Throughout the paper we use the notation and terminology of Harary [3]. In
particular, the set of points and the set of lines in a given digraph D will be denoted
by V(D) and E(D) respectively. If there is a walk from a point u to a point v, then
v is said to be reachable from u. A digraph is strong if every two points are
mutually reachable and is unilateral if for every pair u, v of points either v is
reachable from u or u is reachable from v.

The effect that the removal of a point from a strong digraph has on its
connectivity class was studied by Ross and Harary [6], Harary, Norman and
Cartwright[4]),Manvel, Stockmeyerand Welsh [5], Geller [2], Fink [1].

From [2] it immediately follows that any strong digraph D has a point v such that
D — v is unilateral. Further, in [5] it is stated that for any point v of a strong
digraph D there is a point u(v) # v such that v can reach every point in D — u(v).
We combine these two statements in the following theorem.

Theorem. Let D be a strong digraph with at least two points. Then for every
point v of D there exists a point u(v) # v such that D — u(v) is unilateral and v can
reach every point in D — u(v).

Proof. We prove our theorem by the induction on | V(D)|. The first step of the
induction is straightforward. Now, let D be a strong digraph with p >2 points and
let v be a point of D. If D is hamiltonian, then the initial point of the line of the
hamiltonian cycle whose terminal point is v has the required properties. Otherwise
D contains a cycle C=v, v, ..., v, v, where k<p —1. Let D, be the digraph
obtained from D by the contraction of C to the point v (i.e., V(D)= V(D)— W,
where W= {v, v, ..., } and a line x belongs to E(Dy) iff either x € E(D) and
x=uu; where u; ¢ W, uz¢ W or x=vz (x=2zv) in the case when there is an i,
1<i<k such that viz e E(D) (zvi € E(D))). As 2<|V(D:)|<p, by the induction
hypothesis there exists a point u(v)# v, u(v)e V(D,) such that the digraph
D, — u(v) is unilateral and v can reach every point in D;— u(v). From the
construction of D, it is clear that the point u(v) has the same properties in D.

Corollary. Let D be a strong digraph with at least two points. Then there exists
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a line x(v) such that D — x(v) is unilateral and v can reach every point in D — x(v)
for every point v of D.

Proof. Let u(v) be a point assigned to v by the Theorem. Then it is sufficient to
define x(v) as the line directed from u(v).

Obviously, the theorem and corollary dual to the preceding ones (i.e. that can be
obtained by replacing the phrase ‘“‘can reach” by ‘“can be reached”) hold.
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3AMEYAHUE OB YJAJIEHUN BEPIIMHBI U3 CUJIIBHOI'O OPTPA®A
Peter Hordk

Pesome

B craThe noka3saHa caenyiomas teopema. ITycts D cunbHblit oprpacd. Torga nist KaXpoi BepUMHbI
v u3 D cymecTtByeT BepumHa u(v) # v Tak, 4o oprpad D — u(v) oqHOCTOPOHHMH K KaXnas BepLIMHa
oprpada D — u(v) nocTHXMMa M3 BEpUIMHBI .
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