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REMARK ON ONE-SIDED A-IDEALS
OF SEMIGROUPS

HAIJNAL ANDREKA—ISTVAN NEMETI—ROBERT SULKA

The autors of papers [2], [3] and [5] are dealing with properties of A-ideals of
semigroups. Here the possibility of generating some one-sided A-ideals by
functions is discused. This fact enables us to give a simple proof of existence of
minimal one-sided A-ideals of free semigroups generated by an infinite set of
generators. This result is a generalization of the result obtained in paper [5] to the
case of a semigroup having an uncountable set of generators. Unfortunately the
construction cannot be used in the case if the free semigroup has a finite set of
generators (then the more complicated construction of paper [5] can be used).

Definition 1 (see [2]). Let S be a semigroup (grupoid), G a nonempty subset of
S and let for every s € S there exist a g € G such that sg € G. Then G is called left
A-ideal of the semigroup (grupoid) S. Similarly the right A-ideal is defined. The set
G is a two-sided A-ideal of § if it is a left and a right A-ideal of S.

Remark (see [2]). Every left ideal of S is a left A-ideal of S. Every set
containing a left A-ideal is a left A-ideal.

Lemma 2. The following statements are equivalent:

(i) G is a left A-ideal of S.

(ii) There exists a function f: S— G such that {sf(s)|ae S} <G.

(iii) There exists a function f: S— S such that f(S)u{sf(s)|se S} = G.

Lemma 3. Let S be a grupoid and f: S— S. Then the set f(S)u{sf(s)|se S} is
a left A-ideal of S.

Definition 4. We shall say that the left A-ideal G of S, G = f(S)u{sf(s)|se S}
is generated by the function f: S— S.

Theorem 5. There exists a semigroup S and a left A-ideal of S which cannot be
generated by any function f: S— S.

Proof. Let S be the free semigroup generated by two elements a and b.

The principal left ideal S'a is a left A-ideal of S. The set G=S'au{b} is also
a left A-ideal. We shall show that G cannot be generated by any function f: S— S.

Clearly S'anS'b=0 since S is a free semigroup. Let G=S'au{b}=
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f(S)U{sf(s)|se S} hold for a function f: S— S. Then we have either b € f(S) or
be{sf(s)|seS}. In the second case there exists an element soe S such that
b =sof(s0). But this is impossible, because S is a free semigroup and b is its
generator.

In the first case there exists an soe S such that b =s,. Then we have sob=
sof(s0) e G=S'au{b}. Hence sob € S'a and sob € S'b hold. But this is impossible.

In both cases we have obtained a contradiction. Therefore G cannot be
generated by a function f: S— S.

Theorem 6. Every left A-ideal of a grupoid S is either generated by a function
f: §— S or it contains a left A-ideal generated by such a function.
Proof. Theorem 6 is a consequence of Lemma 2 and Theorem 5.

Theorem 7. Let S be a grupoid every element of which is idempotent. Then
every left A-ideal of S is generated by a function f: S— S.

Proof. Let G be a left A-ideal of the grupoid S. Then there exists such
a function f: §— G, that {sf(s)|s € S} = G. We can form a new function f*: §— S,
f*(s)=sif se G and f*(s)=f(s) if s ¢ G. Then f*(S)= G and {sf*(s)|s€ S} =G,
hence f*(S)u{sf*(s)|seS}=G.

Theorem 8. Let L be a left ideal of a grupoid S. Then there exists a function
f: S— S generating L.

Proof. It is sufficient to take an arbitrary function f: S— § satisfying f(S)=L.
Since {sf(s)|se S} <L, we have f(S)u{sf(s)|seS}=L.

Theorem 9. Let S be a semigroup and S'a the principal left ideal generated by
the element ac S. Then S'a is generated by the function f:S— S, f(s)=a.

Proof. Clearly S'a={a}uSa=f(S)u{sa|seS} = f(S)u{sf(s)|se S} holds.

Remark. Theorem 9 need not be true for a grupoid. Let S be the grupoid given
by the multiplicative table:

al|lb|c

a|lb|lc|a

Let (x). denote the left principal ideal, generated by the element x. Then
(a)r=(b)L=(c)L=S. But for the function f:S—S, f(s)=a we have
f(S)U{sf(s)|seS} = {a, b} #S. For the function g: S— S, g(s)=b we have

232



9(S)u{sg(s)|se S} = {b, c} # S and for the function h: S— S, h(s)=c we have
h(S)u{sh(s)|seS} = {a, c}+S.
Let |X| denote the cardinality of the set X.

Theorem 10. Let S be a free semigroup with an infinite set X of generators. Let
n be a fixed positive integer and Y = S be a set such that | X| =|Y| and every word
of Y has length n. Then every bijection f: S— Y generates a minimal left A-ideal
of S (i. e. G=f(S)u{sf(s)|se S} is a minimal left A-ideal of S).

First we prove

Lemma 11. Let S, X and Y satisfy the hypotheses of Theorem 10 and let
f: S—>Y be a bijection. If s,f(s.) = s3f(s3), then s, =5;= ss.

Proof. The equality sif(s.) = s3f(s3) of words s1f(s:) and s3f(ss) implies the
equality f(s2) = f(s3) of their end segments f(s.) and f(s3) and the equality s, = s; of
initial segments s, and s; of these words. The bijectivity implies s, = ss.

Proof of Theorem 10. We shall show that if we omit an arbitrary element of
the left A-ideal G = f(S)uU{sf(s)|seS} = Yu{sf(s)|se S}, we do not get a left
A-ideal. From this it follows, that G is a minimal left A-ideal.

I) First we prove that G' = G\{f(s0)} is not a left A-ideal. Suppose that G’
is a left A-ideal of S. Then for the element soe S there exists a g'e G’
such that sog'e€ G' = G= f(S)u{sf(s)|se S}. Since sog' ¢ f(S)=Y, we have
sog’ € {sf(s)|s€S}.

If g' = f(s:) for some s, € S, then sog’ = sof(s1) = 52f(s2). Hence by Lemma 11 we
get so=s1=s;. This implies that f(so)=f(s1)=g'e G' = G\{f(s0)} which is
a contradiction.

If g' = 52f(s2), then sog' = sos2f(s2) = s3f(s3). From this we get by Lemma 11 that
Sos2 =52 = s3. But this is again a contradiction since in a free semigroup sos;=s:
does not hold.

II) Now we shall prove that F' = G\ {sof(s0)} is not a left A-ideal of S. Suppose
it is a left A-ideal. Then for the element soe S there exists a such f' € F’ that
sof €eFFc G = f(S)u{sf(s)|seS}. Since again sof' & f(S)=Y we have sof’ €
{sf(s)]seS).

If f' = f(s1) for an element s, € S then we have sof' = sof(s1) = s2f(s2). From this
by Lemma 11 we get that so=s1 =s,. Hence sof(s0) = sof' € F' = G\{sof(s0)},
which is a contradiction.

If f' = s52f(s2) then sof’ = sos2f(s2) = s3f(s3). By Lemma 11 this implies sos: =52 =
s3. But this is again a contradiction, because in a free semigroup sos: = s, does not
hold.

The proof is completed.

Theorem 12. Every left A-ideal of a free grupoid or of a free semigroup is an
infinite set.
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Proof. Suppose that a left A-ideal G of a free grupoid or of a free semigroup S
is a finite set. Let se€ S be such a word the length of which is greater than the
lengths of all words of G. Then in G there exists no element g such that sge G
since for every g € G the length of the word sg is greater than the length of an
arbitrary word of G.

In the following we shall present some results about (lower) semilattices without
zero.

Lemma 13. Let S be a semilattice without zero and G an A-ideal of S. Then for
every element s € S there exists such an element ge G that g<s.

Proof. Since S is a (lower) semilattice, there exists s’ €S such that s’ <s.
Because G is an A-ideal of S, for the element s’ € S there exists a g’ € G such that
g=s5'g'€G. Clearly g=s"g'<s'<s holds. Hence ge G and g <s.

Corollary 14. Let S be a semilattice without zero. Then a nonempty subset G of
S is an A-ideal of S iff for every element s € S there exists an element g € G such
that g <s.

Corollary 15. Let S be a semilattice without zero. Then the following statements
hold.

(i) If Gis an A-ideal of S, then for every element s € S there exists an infinite
chain of distinct elements of G that are less than s.

(ii) If G is an A-ideal of S, then G is an infinite set.

(iii) A nonempty subset G < S is an A-ideal of S iff for every s € S there exists an
infinite chain of distinct elements of G that are less thens.

(iv) Let G be an A-ideal of S and ae G. Then G' = G\{a} is also an A-ideal
of S.

Proof. The validity of (i), (ii) and (iii) is evident. (iv) follows from (i). It is
sufficient for every se S to take an element g+#a from the infinite chain of
elements of G that are less than s. Then g e G’ and sg =g € G'. Hence for every
element s € S there exists such a g € G’ that sge G' i. e. G’ is an A-ideal of S too.
(By the way the function f: S— S, f(s)=g generates the A-ideal F=f(S) v
{sf(s)| s € S} for which Fc G, F+ G and a ¢ F hold.)

(iv) of Corollary 15 implies

Theorem 16. A semilattice without zero has no minimal A-ideal.
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3AMETKA OB OJHOCTOPOHHBIX A-HUIEJIAX IMOJIYIPYIIII
Hajnal Andréka—Istvin Németi—Robert Sulka

Pes3ome

[Tpu noMowy nopoxaaroHx GYHKLUHMA AaHA KOHCTPYKLMS HEKOTOPBIX ORHOCTOPOHHBIX MUHMMAJlb-
HbIX A-HaeanoB cBOGORHOM MOAYTPYNmnbl HaR 6€CKOHEYHBIM MHOXECTBOM. [Ioka3aHO, YTO MONYCTPYK-
Typa 6e3 HyNeBOro 3jeMeHTa MMHUMajibHble A-H€aNbl — HE COACPXHT.
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