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DISJOINT COVERING SYSTEMS
AND PRODUCT-INVARIANT RELATIONS

IVAN KOREC

I. Introduction and notation

A system of residue classes of the additive group (Z, +) of integers
(1) a; (mOdn,'), l=1,,k (k_Z_Z)

is said to be a disjoint covering system (DCS) if e_vefy integer belongs to exactly one
of the residue classes (1). Every finite system of pairwise disjoint residue classes
(with moduli greater than 1) can be completed to a DCS. Among other problems
concerning DCS, conditions on the moduli

2) N1, ..oy Mk

were studied. For example, for every DCS (1) the following conditions hold (see

[1D:
L |
(A) > =1
(B):. D(nm, nj)>1 forevery i,j=1,..., k.

Here D (x, y) denotes the greatest common divisor of x, y ; the symbols (x, y) and
(x1,-.., x«) are reserved for the ordered pair and the ordered k-tuple, respectively.
The condition (B) contains also the formulas with i = j; we shall need them only to
exclude n; =0 when (B) is considered separately; i.e. without (A).

The property (B) (for fixed i, j) is expressible by a formula in the first order
language of the multiplicative semigroup (N, -) of nonnegative integers. (The
symbol > can be excluded from (B).) We shall show that (B) is the strongest
condition of this kind which holds for the moduli of every DCS. The restriction to
the first order language could be weakened but the restriction to the only
non-logical symbol - is substantial.

Since we use only the usual notation we need not repeat it in details. We only
notice that A is used for the conjunction of several formulas, and not as
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a quantifier. The non-logical symbols -, +, 0, 1, etc., are used in their usual (hence
fixed) meaning, so that we need not explicitly specify the semantics of the formulas.

IL

Definition 1. An s-ary relation R on the set N of nonnegative integers will be
called product-invariant if for every automorphism f of the semigroup (N, -) and
for every xi, ..., X, €N

(x1, ..., x,)e R (f(x1), . ., f(x))€eR.

There is a one-to-one correspondence between the set of automorphisms of
(N, -) and the set of all permutations of the set P of primes. Indeed, if 7 is
a permutation of P, then the corresponding automorphism f is given by

f(x)=0 if x—0 and

f(x)=a(p)m-...-x(p.)™, where x=pi-...-pw
is the standard form of x if x#0.
Conversely, since the set P is first-order definable in (N, -) the restriction of any
automorphism f of (N, -) to the set P is a permutation of P.
Every relation R which is (first or higher order) definable in the semigroup
(N, ) is obviously product-invariant; the converse need not hold. The symbols
0, 1, |, D can be defined by the formulas

x=06Vy(x-y=x), x=loVy(kx-y=y), x|lyoIz(x-z=y)
and
z=D(x, y) e zlxarzlyaVw(w|xaw|y— w|z).

The symbols >, +, 2, 3, etc., are not definable because the corresponding relations
(e.g., the unary relation {2} for the symbol 2) are not product-invariant. However,
D(x, y)>1 can be replaced by D(x, y)#0AD(x, y)#1.

Definition 2. For every integer k=1 denote by E, the set of all k-tuples
(ni, ..., ) € N* for which there are a, ..., ax € N such that (1) is a DCS. Further,
for every s 21 denote by H; the set of all s-tuples (n,, ..., n,) for which there are
k=s and n,.., ..., n such that

(nl, veey Rsy N1y ooey nk)E Ek,

and by U, the smallest product-invariant set which contains H;.

The existence of U, follows from the fact that the intersection of any set of s-ary
product-invariant relations is a product-invariant relation. For s =1 we have E, =0
because of the condition k =2 in the definition of DCS, and H,=U,=N - {0, 1}.
Notice also that the relations E,, H;, U, are symmetric in the following sense.
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Definition 3. An s-ary relation R is said to be symmetric if for every permutation
nt of the set {1, ..., s} and every xi, ..., X;

(xl, cery x,)e R e(x,.(,), ceey x,,(s)) €eR.

Theorem 1. For every integer s =1

3) U,={(x., oy %) €N ‘/"\‘(D(x,., x,~)>])}.

L=

Proof. Denote by V; the right-hand side of (3). Since the set V; is first-order
definable in (N, -) (elimination of “>1" was explained above) it is also product--'
invariant. Further, since every DCS satisfies (B) the set V, contains H,, and hence
U, c V.. To prove the converse, consider arbitrary (xi, ..., x.) € V,. Choose an
automorphism f of (N, -) which maps every prime divisor of the product x;-...-x,
onto a prime greater or equal s, and denote

1y ees y:)=(f(x1)’ oo f(x5))-

If we show (y, ..., y.) € H;, then (yi, ..., y,) € U;, and since U, is product-invariant
(x1, ..., x;) € Us. This will complete the proof.
To prove (y, ..., y;) € H; it suffices to show that the congruence classes

1 (mody,), 2 (mody»), ..., s(mody;)

are pairwise disjoint. If they are not, then there are z, ¢, i, j, 1 =i <j=s such that
i+z-yi=j+ty. Let p be a common prime divisor of x;, x;. Then f(p) is
a common prime divisor of y, y;, and hence f(p)|j — i, which contradicts 0<j— i <
s and f(p)=s.

As an immediate consequuence we obtain the following statement which is
formulated in the metalanguage.

Corollary. Let ¢ be a first order formula with s free variables and the only
non-logical symbol “-”. Let for every DCS (1) the following condition hold:

© o(ni, ..., n,) foralls-tuples (iy, ..., i)
of pairwise different i, ..., € {1, ..., k}.

Then (B) implies (C).

In other words: (B) is the strongest among all conditions of the form (C) which
are necessary for (1) to be a DCS. Notice that (B) is not exactly of the form (C)
because i =j is considered in (B). However, we can obtain a condition equivalent
to (B) if we take D(x, y)#1Ax#0Ay#0 for ¢ in (C).
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III. Concluding remarks
1. The condition (A) implies: For every (n, ..., n,) € H,

(A) D lé 1.
=1 Ni

The condition (A’) is not equivalent to any condition (C), and it is not
a consequence of (B). Hence (A’)A(B) is a stronger necessary condition for the
members of H,. However, it is not a sufficient one. Moreover, we shall show that
for every positive ¢ there is (n1, n2, n;) € Us — Hs such that ni'+n3'+ n3'<e. It
suffices to put (ni, ny, n3)=(2p, 2q, 2r) where p, q, r are sufficiently large
pairwise  different primes. Obviously (3p,3q,3r)eHs, and hence
(2p, 2q, 2r) € U,. However, (2p, 2q, 2r) ¢ H, because the congruence classes

a(mod 2p), b(mod2q), c(mos2r)

could be pairwise disjoint only if the parities of a, b, ¢ are distinct, which is
impossible. Analogical examples can be found for every s = 3.

2. It can be shown that the sets E;, H, are primitive recursive. Hence they are
first order definable by formulas with the two non-logical symbols + and -, i.e. in
the structure (N, +, -). We submit the conjecture that every set H; is first order
definable by a formula with the non-logical symbol - and constants. (For the sets E,
it is obvious because they are finite.)

3. The conditions (A’), (B) for the members of H; (or (A), (B) for the members
of E,) can be readily checked. Roughly speaking, they can be verified within
polynomial many arithmetical operations for any given sequence (2) (with respect
to the length of the usual code of (2)). From this point of view, they are more
advantageous than conditions which consider arbitrary subsequences or partitions
of {1,..., k}. A straightforward verifying of such a condition needs at least
exponential time. (Condition of this type can be found, e.g., in [4].) A question
arises whether the sets

UH, UE

s=1 s=1

can be recognized in the polynomial time.
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- TOYHO HAKPBIBAIOUNIME CUCTEMBI U OTHOIIEHHA,
NHBAPUAHTHBIE OTHOCHUTEJIBHO YMHOXEHHS

Ivan Korec
Pe3iome

Koneunas cucreMa (1) cMeXHBIX KJIacCOB ajiHTHMBHOM IPYNIbl LEJbIX YHCEN Ha3bIBAETCH TOYHO
HaKphIBAIOWEH CHCTEMOM, €CIM BCAKOE LEJIOE€ YMCIIO MPUHANIEXHUT OTHOMY M TOJILKOMY ORHOMY H3
xiaccoB (1). Xopowo u3BecTHO, YTO AN BCAKO# T.H.c. (1) Boimonnsitores ycnosus (A) u (B). Ycnosue
(B) ¢opMynupyeMo B 371eMEHTAapHON TEOPHH MYJIbTHILUIMKATHBHOM monyrpynnsl (N, -) HaTypanbHbIX
yucen. Tounee, (B) akBuBanentHo ycnoBuio (C) mns momxopsweit ¢dopmynst @ 3toit Teopun T.
oxa3sbIBaeTcs CENYIOLMI PE3YIbTAT:

Iycts ¢ — dbopmyna Teopuu T Taxas, uro (C) BemoONHSeTCs Ans Besikoik T.H.c. (1); Torma (C)
sBnsietcs cneacreueM (B).

Hrak, (B) sBaseTcs caMbIM CWIBHBIM cpefd ycaoBuit THna (C) HeoGXOMMMBIX I TOro, 4To6hI (1)
6buta T.H.c. B noka3aTenbcTBHE MCIONBL3yeTCs, YTO BCSKOE OTHOIIEHHME, onpepenuMoe B Teopuu T,
MHBapMaHTHO OTHOCHTENBLHO Bcex aBTOMOpdu3MoB monyrpymnsl (N, -). Takue oTHOuleHHMs GbuUIK
B CTaThe Ha3BaHbl HHBAPHAHTHBIMM OTHOCHTEJILHO YMHOXCHHS.
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