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ON A SUMMABILITY OF OBSERVABLES
IN GENERALIZED MEASURABLE SPACES

NADEZDA CHRAPCIAKOVA

It is well known (see [6]) that in measurable spaces the sum of any two
measurable functions is measurable. An analogous property of observables in
a generalized measurable space does not hold. We know by [2] that the sum of
two compatible observables is an observable. The aim of the present paper is to
introduce a sufficient condition for the sum of two observables having countable
ranges to be an observable. This condition is more general than compatibility.
The question of summability is important when investigating the additivity of
the integral developed by S. Gudder in [2] and [3], see also [1], [4], [S].

Let X be a nonempty set. A o-algebra &/ is a nonempty collection of subsets
of X satisfying:

(i) If Ae o/, then the complement A" = X — Ae .

(ii) If 4,, A,, ... is a sequence of elements in &/, then U Aeso.

i=1
A o-class € is a nonempty collection of subsets of X satisfying:
(i) If A€, then the complement 4" = X — A€¥.

(i) If A, A,, ... is a sequence of pairwise disjoint elements in €, then ( ) 4,€%.
i=1

Evidently 0, Xe </, 0, Xe€¥. If A, Bes/, then Au Bes/, An Be</. But
o-class € need not contain, with two arbitrary sets, their intersection or union.
Likewise if A, Beé, A o B, then A — Be¥.

A o-algebra is a o-class. One can easily obtain that the converse implication
is false (see [2]). We see that a o-class is a generalization of a o-algebra.

A generalized measurable space is a pair (X, ) where € is a o-class of subsets
of X.

In the sequel, (X, %) will be a generalized measurable space.

We say that two sets 4, Be % are compatible (written A < B) if A n Be¥. A
collection 7 of sets in ¥ is said to be compatible provided that any finite
intersection of sets in </ belongs to €. Let o7, # be two collections of sets in €.
We write & — % if A B forevery A€ of and for every Be 4. It is shown in [2]
that a o-class is a o-algebra if and only if all its elements are pairwise compatible.
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An observable is a function f: X — R for which f~'(B) € € for every Borel set
Bin the real line R. We say that two observables f'and g are compatible (written
feg)if f7{(B)ng ' (C)e ¥ for all two Borel sets B, C. If fis an observable we
define A, = {f~'(B): Bis a Borel setin R}. Evidently A, = €. It is easily seen that
Ay is a o-algebra. Evidently, two observables f'and g are compatible if and only
if A;«> A, and that holds if and only if the family 4,0 A4, is compatible (see [2]).

A characteristic observable is a function y,; X > R, y,(x)=1 if ve A,
1.(x) = 0 if x¢ A, for A€%.

If f, g and f+ g are observables, the functions f and g are said to be
summable.

Theorem 1. (i) If 4, Be ¢, then A « B if and only if there exists an observable
fsuch that 4, Be A4,
(i1) If fand g are observables and f« g, then f 4+ g and f.g are observables.

(1i1) The o-class ¥ is a o-algebra if and only if the sum of any two observables
is an observable.

The proof can be found in [2].

One can show that the sum of two noncompatible characteristic observables

is never an observable. However, there are noncompatible observables whose
sum an observable (see example 1).

Theorem 2. Let f and g be observables with countable ranges. If

S~Y(B)ng~'(B)e¥ for every Borel set B in the real line R, then f+ g is an
observable.

Proof. We shall prove that if f+ g is not an observable, then there exists
a Borel set B satisfying f~'(B) n g~ '(B) ¢ 6. We shall use the following proposi-
tion: Let B,, B,, ... be a sequence of pairwise disjoint Borel sets, let i: X - R

be a function. If h~'(B),e % foralli = 1,2, ..., then h"(U Bi>e(6 (1). This is

i=1

because h‘(U Bi) = () h7'(B). Thus let f + g not be an observable. Then

i=1 i=1
there is a Borel set C satisfying (f + g) "'(C)¢%. Denote by D the intersection
Cn(f+g(X). D is a countable set, hence it is a Borel set and
(f+ g) (D) = (f + g)'(C) ¢ 6. Then, however, by (1) there exists a real number
keD satisfying (f+g) '(k})¢%é (2). Observe that (f+ g) '({k}) =
= U (F'(m)) n g '({n})) 3) where m, € f(X), n,e g(X) and the union on the

m, + n=
right-hand side of equality is at most countable. If f~'({m})ng '((n})e% for
every pair (m,, n,) such that m;, + n, = k, then by (1) (f + g2) '({k}) € ¥, because
the sets f~'({m}) n g~ '({n,}) are pairwise disjoint. Thus there is at least one pair
(m;, n) such that m, +n, =k, f' {m,})mg“({ni})é(c? 4). If m, = n, then it
suffices to put B = {m} and we obtain f~'(B)n g '(B)¢%.
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Let m; # n..f~'({m, n}) 0 g™ ({my, n}) = (F~'(my)) Of () 0 (€' Gm) v
veTl(m)) = ('m0 g7 {(m) U (F(mY) A g7 (1Y) U @ 'mD N
Af '(nh)) o (F'(nh) 0 g7 ({n))) (5). Tt suffices to show that at least one of the
sets f~'({m;, n}) 0 g7 '({(m,, n}), [~ ({m}) A g~ {m)), £~ ({n}) N g~ '({n}) does not
belong to €. Let all those sets be in €. Since the sets on the right-hand side of
equality (5) are pairwise disjoint, it follows that (f~'({m;, n}) n g~ '({m;, n})) —
— (' {mh g ' {mP) o (FnH g (b)) = (Um0 g '(n}h) v
u('{n}) g '({m})) €€ (6). Either none of the sets f~'({m}) ng~'({n}),
7'{n}) g~ '({m;}) belongs to € or both are in €. The second alternative is in
conflict with (4). Thus /~'({m;}) ng~'((n})¢% and also f~'(n}) ng~'(In}) ¢ %
for every pair (m, n;) satisfying (4). Since we suppose m; # n; for every pair
(m,, n) satisfying (4), we can divide the union in equality (3) into the union of
those sets f~'({m}) ng~'({n}) which are in % and the union of those sets
S7'{m}) 0 o g7 '({n}) which are not in €. Since the pair (m;, n)) satisfies (4) if and
only if (n;,, m,) satisfies (4) we can write the second part of the union as a union
of sets (f~'({m)) ng_,({n})) v (f '({n}) n g~ '({m})), but these sets are in € by
(6). We obtain (f+ g)~'({k})€% and it is a conflict with (2). Hence either
S 'Amn) n ngliUm,n})¢€ or fT'({m}) ngT'((m}) ¢4 or
[ '{n}) ng7'({n}) ¢ €. Then it suffices to denote B = {m, n} or B = {m} or

B = {n}, respectively.

The following example shows that the converse assertion to Theorem 2 does
not hold.

Example 1. Let X = {1, 2, ..., 8}, let € be a family of those subsets of X
which have an even number of elements. Evidently € is a o-class. We define the
functions /: X - R, g: X'-» R according to the following table:

1 2 3 4 5 6 7 8

f 112 2 0 1 0 1
g > 1 2 0 3 3 1 0
f+g 3 2 4 2 3 4 1 1

Evidently, f, g and f + g are observables, but /~'({I1}) ng~'({1}) = {2} ¢ .
It is an open problem whether Theorem 2 remains valid for observables with
uncountable ranges.
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O CYMMUPYEMOCTHU UBMEPUMBIX ®VHKIUM B OBOBIUEHHBIX
N3MEPHMBbBIX IMPOCTPAHCTBAX

Nadezda Chrapc¢iakova
Pe3some

B craTtbke u3yyaercs npobemMa H3MEPUMOCTH CYMMBbI IByX M3MEPUMBbIX (YyHKLIHI B 00001LEeH-
HOM HM3MEpPHMOM npocTpaHcTBe. [IpHBEAEHO AOCTAaTOYHOE YCIOBHE M3MEPHMOCTH CyMMBI JBYX
U3MEPUMBIX GYHKIHIA CO CYHETHBIMU 00J1aCTaMU 3HAYCHHI. TO ycsoBHe 6ostee oluiee, 4eM ycioBUe
COBMECTHMOCTH. B cTaThe nokazaHo, 4TO NMPHUBEAECHHOE YCIOBHE HE ABAAETCS HEOOXOAUMBIM.
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