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LOCALLY LINEAR GRAPHS
DALIBOR FRONCEK

In the article presented we shall study some local properties of graphs.
P. Erdos and M. Simonovits [l] have shown the maximal number of
edges of a locally acyclic graph, Z. Ryjacek and B. Zelinka [2] have con-
structed a locally disconected graph with a large number of edges. A survey
article on local properties was written by J. Sedlacek [3].

We shall describe one class of locally disconnected and locally acyclic graphs
and show the bounds of number of edges in these graphs. All graphs are
considered finite undirected without loops and multiple edges.

Let G be a graph and x be its vertex, then by N;(x) we denote the subgraph
of G induced by the set of all vertices adjacent to x. If N;(x) is a linear graph
(i.e. Ng(x) is regular of degree 1) for each vertex x of G, then G is called locally
linear. It is evident that each vertex of G is of an even degree.

Theorem 1. A graph G is locally linear if and only if each edge of G belongs to
exactly one triangle.

Proof. (=) Let G be a locally linear and let ¢ be an edge with end ver-
tices x,, x,. As each vertex of N;(x,) is of degree I, then there is exactly one
vertex x, adjacent to x, and also to x,. Hence the edge e belongs to exactly one
triangle with vertices x,, x,, x;.

(<=) Let x, be any vertex of G, let x, be a vertes of N;(x,). The edge ¢ with
the end vertices x,, x, belongs to exactly one triangle; let its third vertex be x;.
Then the vertex x, (and analogously x;) is in Ng(x,;) of degree 1. As x, was
chosen arbitrarily, the graph N;(x,) is a linear graph.

Theorem 2. Let G be a locally linear graph. Let T be a triangle with the edges
e,, €, 5. Let Gy be the graph resulting from G by omitting the edges e,, e,. e;. Then
each component of G, is either a locally linear graph or an isolated vertex.

Proof. The assertion of this Theorem follows easily from Theorem 1.

Now we describe the construction of a regular locally linear graph.

Construction. Let k£ be an even integer. We denote by H, a regular
locally linear graph of degree k.

The graph H, is a triangle. Now let us have a graph H,. Then we construct
H, ., in the following way:

H, ,,= H,OC,, where O denotes the cartesian product of the graphs. In this

3



graph every edge belongs to exactly one triangle. Hence H, _ , is a locally linear
graph.

By this we have proved the following

Theorem 3. Let k be an even integer. Then there exists a regular locally linear
graph of degree k.

Now we give the bounds for the number of edges contained in a locally linear
graph.

Theorem 4. Let G, be a connected locally linear graph with n vertices and m

edges. Then
n
3|-|=m. 1
HE "

Proof. Let in G, exist the vertex x, of degree 2 (in the opposite case the
number of edges is at least 2n). Let x, be adjacent to x, and x,. Now we omit
the vertex x, and the edges ¢, = (x|, x,), e, = (x3, x,,), €; = (X,, X,) from G,. Thus,
a graph G, _, consisting of one or two components results. Now the inequality
(1) is easy to prove by induction with respect to n and can be left to the reader.

To determine the upper bound of the number of edges we prove the following
lemmas.

Lemma 1. Let G be a locally linear graph with n vertices and let d; be a degree
of the vertex x; (i=1, 2, ..., n). Let

d. = nk. 2
Then

S a2 > nk?, (3)

i=1
and the equality holds if and only if G is k-regular.
Proof. Letd,=k +z (i=1,2,...,n). Then ) d,=nk + ) z,and hence
i=1 i

i=1

Y z,=0. 4)

Then ) d} =Y (k+z) =nk’+2k ) z,+ ) z'. From (4) we can see that
i=1

i=1 i=1 i=1

Z] d} = nk* + 2 z? = nk’. It is evident that Z z} = 0if and only if z;, = 0 for

1= i=1 i=1

each iefl, 2, ..., n}.
Lemma 2. Let G be a connected locally linear graph. Let

2m = nk. (5)



Then just one of the following assertions holds :
(1) G is k-regular,
(ii) G contains as a subgraph the triangle with vertices x,, x,, Xy, for which
there holds
d +d,+ d, > 3k. (6)

Proof. Let (i) hold. Then the invalidity of (ii) is evident. The existence of
a k-regular graph follows from Theorem 3.

Now let (i) be invalid. Denote by ¢ the number of the triangles of G. From
Theorem 1 it follows that 3z = m. As each vertex is of an even degree, then

m= %, and this yields ¢t = % Denote by 7;(j = 1, 2, ..., 1) the triangles of G.
Let ) d, =3k +r; for each 7. We show that there exists a triangle 7;, for

X;€ 7/‘

which r, > 0. We see that

! 2
2 di=i+_z r;. (7

In this sum the degree of x; is included — times, thus for every edge inci-
.= d,
dent to x; we have to subtract the expression — — 1 from (7). As the vertex x;

L . d(d -2
is incident to d; edges, we have to subtract the expression di(d; = 2) for each
vertex x; from the sum (7). Hence 2

@

n k2 t "od(d —2 2 n 2 n t
de=L+Zri— '('—)zn_]_c__zi_l,zdi_{_zrj_
i=1 2 =1 i=1 2 2 i=1 2 i=1 j=1
. d 5od} nk? .
This yields ) r,= ) ST However, as we have assumed that G is not
j=1 i=1 t n 2 2
regular, by our Lemma 1 there holds ) r,>0 <as > %i-> {1_/2‘_> and there
j=1 i=1

exists a triangle 7; for which ) d, > 3k.

x;eT
We simply prove that the sum of the degrees of the vertices belonging to one
triangle is at most equal to n + 3. Let us choose a triangle and denote it by
T(x,, x5, x;). If d, + d, + dy > n + 3, then there exists a vertex x; (je {4, 5, ...,
..., n}) adjacent to two vertices of T(x,, x,, x;) (€.8. X,;, X;). Thus the edge
(x,, x,) belongs both to triangles T(x,, x,, x;) and T(x,, x,, x;). Hence, C(? is n(3>)t
nn +
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locally linear. From Lemma 2 it follows that in the graph where m >
there must exist a triangle T(x;, x;, x;) for which d, + d; + d, > n + 3.
Now we see that the following holds.



Theorem 5. Let G be a locally linear graph with n vertices and m edges. Then

mg”—(’-’:—”. ®)

Remark. For n > 9 no graph is known for which in (8) an equality holds.
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JIOKAJIBHO JIMHEWHBIE I'PA®BI
Dalibor Froncek

Pesrome
®
Ecnu G ectb rpad u x ecTb ero BepluuHa, To Ng(x) obo3Hauaer noarpad rpada G, mopox-
[IeHHbI MHOXECTBOM BCEX BEPLLUMH, CMEXHBIX C X B G. I'pad G Ha3bIBaeTCs JIOKANbHO JIMHEHHBIM,
ecn Ng(x) sBisieTcs peryaspHeIM rpadom creneHu | ansg Bcex x U3 G. B cratbe u3yuyarorcs
OCHOBHbIE CcBOifcTBa Takux rpados. [Toka3aHs! ToXXe MUHHMAaJIbHOE H MakCUMaJlbHOE YHcIa pebep
3THX rpadoB.
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