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NEIGHBOURHOOD REALIZATIONS OF
COMPLEMENTS OF INTERSECTION GRAPHS

BOHDAN ZELINKA

This paper is a continuation of the study of a problem proposed by A. A.
Zykov [1] at the symposium on graph theory in Smolenice in 1963. We consider
undirected graphs without loops and multiple edges.

Let G be an undirected graph, let x be its vertex. By N;(x) we denote the
subgraph of G induced by the set of all vertices which are adjacent to x in G.
This subgraph is called the neighbourhood of x in G.

Let H be an undirected graph. If there exists a graph G such that Ng(x) >~ H
for each vertex x of G, then G is called a neighbourhood realization of H and
H is said to be neighbourhood-realizable.

The problem of Zykov is the problem to characterize neighbourhood-reali-
zable graphs. This problem has not yet been solved completely, but it was
studied by many authors. From the papers concerning this toplc we quote [4]
and a survey paper [6].

Let & be family of sets. The intersection graph G (&) of & is the graph whose
vertex set is & and in which two vertices are adjacent if and only if they have
a non-empty intersection. These graphs were also studied by many authors,
eg.[2], [3].

This paper will concern complements of intersection graphs. A complement
G (&) of an intersection graph G(.%) has the same vertex set as G(¥) and two
vertices are adjacent in it if and only if they are disjoint. We shall investigate the
neighbourhood realizability of such graps.

Theorem 1. Let k, m be positive integers, let k <m. Let M be a set of
cardinality m, let & be the family of all subsets of M which have the cardinality k.
Then G (&) is neighbourhood-realizable.

Proof. Let M, be a set of cardinality m + k, let &, be the family of all
subsets of M, which have the cardinality k. Let X be a vertex of G(%,), i.e
X = M,, |X| = k. The neighbourhood of X in G(¥,) is the subfamily of &,
formed by all sets disjoint with X; in other words, it is the family of all subsets
of M, — X which have the cardinality k. As |M, — X| = m, this graph is isomor-
phic to G(&). As X was chosen arbitrarily, the graph G (&) is a neighbourhood
realization of G(&). O
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Note that for m = 2k + 1 the graph G (%) is called the odd graph O, ; see,
eg. [5]. .

Theorem 2. Let k, m be positive integers, let k < m. Let P be a path of length
m, let & be the family of edge sets of all paths of length k which are contained in
P. Then G(¥) is neighbourhood-realizable.

Proof. Let C be a circuit of length m + k, let ., be the family of edge
sets of all paths of length k which are contained in C. Let X be a vertex of G (%),
i.e. the edge set of a path P, of length k contained in C. The neighbourhood of
X in G(¥,) is the subfamily of #, formed by the edge sets of all paths of length
k contained in the path P, in C connecting the end vertices of F and distinct from
P,. The length of P, is m, therefore this graph is isomorphic to G(¥). O

There exist geometrical analogies of the graph described in Theorem 2.

Theorem 3. Let k, m be positive real numbers, let k < m. Let L be an interval
of length m on the real line, let & be the family of all open intervals of length k
which are contained in L. Then G(¥) is neighbourhood-realizable.

Proof. Let C be a circle of length m + k, let &, be the family of sets of
inner points of all arcs of length & of the circle C. Analogously as above we prove
that G(¥,) is a neighbourhood realization of G(%). O

The graph described in Theorem 3 has an uncountable vertex set. Quite
analogously we may describe a similar graph with a countable set of vertices.

Theorem 4. Let k, m be positive real numbers, let k < m. Let L be an interval
of length m on the real line, let & be the family of all open intervals of length k
with rational endpoints which are contained in L. Than G (%) is neighbourhood-
realizable.

Now we have a case when we do not mention lengths of intervals.

Theorem 5. Let L be an open interval, let & be the family of all open intervals
contained in L. Then G (%) is neighbourhood-realizable.

Proof is analogous to the preceding ones. The neighbourhood realization
of G(¥) is the graph G(¥,), where ¥, is the family of sets of inner points of
all arcs of a circle. O

Not that in this case the lengths of the intervals are not substantial. We need
not even distinguish bounded intervals (a, b) and unbounded intervals (a, ),
(—o0, b), (— o0, ), because in all the cases the graphs G (&) are isomorphic.
Namely between any two open intervals there exists a bijection preserving the
ordering; this bijection induces an isomorphism between the corresponding
graphs.
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OCYIUIECTBJIEHUSI OKPECHOCTSMM JOIMNOJIHEHUN
I'PA®OB [MEPECEYEHUN

Bohdan Zelinka
Pe3ome

I'pad H Ha3bIBaeTCs OCYLIECTBUMBIM OKPECHOCTAMM, €CJM cylllecTByeT rpad G, obnanatoimii
TEM CBOMCTBOM, YTO IS Kaxao# Bepiunnsl rpada G noarpad rpada G, nopoxaeHHbIH MHOXECT-
BOM BCEX BepLIMH, CMEXHBIX ¢ x, uzomopden rpady G. 'pad nepeceuenuit G(¥) ceMeiicTBa
MHOXECTB & €CTb rpad), MHOXECTBOM BEPLIMH KOTOPOTO ABJISETCSH & U B KOTOPOM JBE BEPIUMHBI
CMXXHBI TOTZIa ¥ TOJILKO TOTAa, KOraa ux nepeceveHue Henycro. IlokazaHo HECKOJILKO MPUMEPOB
JlononHeHuit rpadoB nepecedenii, KOTOPble OCYLECTBUMbI OKPECHOCTSIMH.
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