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REGULAR IDEALS IN AUTOMETRIZED ALGEBRAS
JIRT RACHUNEK

K. L. N. Swamy and N. P. Rao introduced (in [8]) the notion of an
ideal in autometrized algebras. (Autometrized algebras were introduced by
SWAMY in [6]). Prime ideals in autometrized algebras were studied by the
author in [4]. In this paper there is introduced the notion of a regular ideal in
an autometrized algebra (it is a particular case of the notion of a prime ideal).
The aim of the paper is to investigate the properties of regular ideals and their
relations to prime ideals. The theory of autometrized algebras is a common
generalization, e.g., of the theories of Brouwerian algebras and commutative
lattice ordered groups. Hence we refer for the results of those theories to the

books [1, 2, 3].
An autometrized algebra is any system &/ = (4, +, =<, *) such that
(1) (4, +, £) is an ordered commutative semigroup with zero element 0;
(2) *: A x A —> A is a mapping (a metric operation) such that

Va,beA;axb=20and axb=0<a=>b,
Va,beA;axb="bxa,
Va, b,ceA;axc < (axb) + (bxc).

If the ordered set (4, <) is a lattice and

Va,b,cedA;a+(bvec)y=(@+b) v (a+ o),
a+ (b Aarc)=(a+b) A (a+c),
then o/ is called an autometrized l-algebra.
We say that an autometrized algebra is
a) normal if
VYaeA;a £ax0,
Va, b, c,deA;(a+ c)*«(b+ d) < (axb) + (c+d),
Va, b, c,deA; (axc)«(bxd) < (axb) + (cxd),
Va,beA; (asb=3Ix20;a+ x = b);

b) semiregular if
Vacd;aZ20=ax0=a.
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Let o/ be an autometrized algebra, & # I = A. Then [ is called an ideal in
o if

Ya, bel;a+ bel,
Vael, xed; x+0 L ax0=xel.

Let us denote the set of all ideals in &/ by J(&). If &/ is a normal autome-
trized algebra, then £ (&) ordered by set inclusion is (by [8, Theorem 1]) a
complete algebraic lattice. Moreover, infima in £ (&) are formed by intersec-
tions. Let .o/ be an autometrized algebra, I'e # (/). Then we say that I is a prime
ideal in </ (see [4]) if

VI, KeS(A); JInK=I1=J=1or K=1

Definition 1. Let &/ be an autometrized algebra, /e # (/). Then [ is called a
regular ideal in o if I= (") J,, where J,e.#() for each ael implies the

ael”

existence of Be " such that I = J,. ~

It is evident that any regular ideal is also a prime ideal. Now, let us consider
aregular ideal 7in a normal semiregular autometrized algebra &, I # 4. Denote
I'* the intersection of all ideals in .o strictly containing /. Evidently, / < I* and
I* is a unique cover of [ in the lattice % (/).

Definition 2. Let o/ be a normal autometrized algebra, 0 # ae 4. If Ie # ()
is a maximal ideal in &/ not containing a, then I is called a value of the element
ain <.

The set of all values of a will be denoted by val(a).

Theorem 1. Let A be a normal autometrized algebra, I€ 9 (A). Then I is regular
if and only if there exists ae A such that I val(a).

Proof. Let I be a regular ideal in «/. Let us consider ae I*\I. If Je # (/)
and I < J, then aeJ, hence [ is a value of a.

Conversely, let 0 # ae 4 and Ieval(a). If J,€ #(), ael,and I = () J,,

ael”
then there exists fe I"such that a¢ J;. Moreover, I < J;, and since /e val(a), it

must be / = J;. Therefore I is a regular ideal.

Theorem 2. If A is a normal autometrized algebra, I€ # (), ac A, a¢ I, then
there exists Ieval(a) such that I < J.

Proof. Denote Z = {Ke #(); I < K, a¢ K}. In [5, Proof of Theorem 3],
it is shown that Z is an inductive set, and hence Z contains a maximal element
J which is a value of 4.
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Consequently:

Theorem 3. Any ideal of a normal autometrized algebra </ is the intersection
of regular ideals.
Let us recall the notion of a dually residuated lattice ordered semigroup
(DRI-semigroup) which has been introduced by Swamy in [7].
A system of = (4, +, <, —) is called a DRI-semigroup if
(1) (4, +, £)is a commutative lattice ordered semigroup with zero element
0;
(2) for each a, be A there exists the least element xe 4 such that b + x = a
(x is denoted by a — b);
(B) Va,bed;(a—b)vO+b=<av b,
4) YaeAd;a—a=0.
If we denote axb = (a — b) v (b — a) for a, be A, then (4, +, <, %) is an
autometrized /-algebra which is normal and semiregular. (See [7, 8].)
A DRI-semigroup & is called representable (see [9]) if

Va, bed; (a—b) A (b—a)=0.

(Commutative l-groups and Boolean algebras are examples of representable
DRI-semigroups.)

Theorem 4. If I is a prime ideal in a representable D RI-semigroup <, then the
set of all ideals in of containing I is linearly ordered.

Proof. Let I be a prime ideal in /. Suppose that J, Ke # (), I < J,
I < K, and that J & K, K & J. Then there exist 0 < ae J\K, 0 < be K\J. Let us
consider the elements a — (a A b) and b — (a A b). By [7, Corollary of Lemma
4], a— (@A b)>0 and b — (a A b) > 0. Moreover, from a A b =0 we get
(@anb)y+az=za and (aAnb)+b=b, hence a=za—(anb)>0 and
b= b — (a A b) > 0. Hence, the semiregularity of ./ implies a — (a A b)eJ and
b—(anbek.

Since &/ is representable, by [4, Lemma 6] we have [a— (a A b)] A -
[6b — (a A b)] = 0, but this is by [3, Theorem 4] a contradiction to the assumption
that I is a prime ideal.

Therefore J= Kor K< J.

Let o = (A, +, £) be an ordered semigroup with zero element 0. Then o/
is called an interpolation semigroup if

Va, b, ceA;[(0<a,b,cand a<b+c)=>
=@00=b6=2b,0=scSc;a=b+ )]

(For instance, commutative /-groups and Brouwerian algebras are interpolation
semigroups.)
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Theorem 5. If I is an ideal in a semiregular normal interpolation autometrized
l-algebra <7 such that the set of all ideals in of containing I is linearly ordered, then
I is a prime ideal in <.

Proof. Let I be an ideal in &/ satisfying the condition of the assumption.
Suppose that I is not prime. Then by [4, Theorem 4] there exist a, be 4, 0 < a,
0 < b such that a A bel. Denote

J={xeA; (xx0) A bel}, K={yeAd; (y+x0) A ael}.

If xel, then x%0el Moreover, 0= (xx0) Ab<x%0, and since
[(x%0) A b]%0 = (xx0) A b, we get (x+0) A bel, hence xeJ. Therefore I < J.
Similarly 7 < K.

Further, (ax0) A b =a A bel, thus aeJ. In addition, (a%0) A ael, hence
a¢ K, and so aeJ\K. Analogously be K\J.

Let us prove that J, Ke #(&/). Let x, yeJ. Since & is a normal and
interpolation algebra, we get

[(x+ %0 Ab=S[(x%0)+ (*0)] AbZ[(x%x0) A ]+ [(yx0) A blel,

hence x + yeJ. _
Further, let xeJ, ze A, z%0 < xx0. Then from the semiregularity of .« we
get
[z%0) A B]%0=(zx0) A bZ(x%x0) A b=[(xx0) A b]+0,

and since (x*x0) A bel, we also have (zx0) A bel, thus zeJ.

Therefore Je £ (/) and similarly Ke .# («/). But thismeans that/ = J, I < K,
J & K, K & J, a contradiction with the assumption. Hence I is a prime ideal in
o

Theorems 4 and 5 and [4, Theorem 4] now imply:

Theorem 6. If </ is a representable interpolation D Ri-semigroup, I ¥ (sf),
then the following conditions are equivalent:

(1) Iis a prime ideal in <.

Q) VJ,Kef(A);InKsI=J<TorKc L

(3) Va,beA;0<anbel=aclor bel

4) (VeI (A); I < J} is linearly ordered.

Let us recall that a subset S of a lattice .# is called a root system (see [1, p.
27}, [3, p. 51)) if for each xe S the set of all ye L such that x < y is linearly
ordered and contained in S.

Corollary. The set of all prime ideals in a representable interpolation DRI-semi-
group </ forms a root system in the lattice ¥ (/).

We know that any regular ideal is prime. Now let us show a more complete
connection between these notions.
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Theorem 7. If &/ is a representable D RI-semigroup, 1€ $ (), then I is a prime
ideal if and only if it is the intersection of a linearly ordered system of regular
ideals.

Proof. Let I be a prime ideal. Then by Theorem 3, [ is the intersection
of regular ideals. Moreover, since &/ is a representable DRI/-semigroup, the
ideals containing / form, by Theorem 4, a chain.

The converse implication follows from the fact that by [4, Theorem 8] the
intersesction of any linearly ordered system of prime ideals in a semiregular
normal autometrized /-algebra ./ is a prime ideal in ./, too.

Theorem 8. Let o/ be a semiregular interpolation normal autometrized l-alge-
bra, Ie #(A), 0 # ael. Then the mapping ¢: J— J N I, for any Jeval(a), is a
bijection of the set val ,(a) onto the set val,(a).

Proof. Let Ie #(&f), ael. According to [4, Theorem 10], the mapping y:
P— P Iis a bijection of the set of all prime ideals in &/ not containing / onto
the set of all proper prime ideals in 7 which is an isomorphism between those sets
ordered by set inclusion. Evidently, ¢ is a restriction of y on the set val,(a).

Let Jeval (a). Since Jn Ie #(I) and a¢J N I, there exists Keval,(a) such
that JnI< K. And since J = ¢~ '(Jn 1), we have J < ¢ '(K). Moreover,
ac ¢~ '(K), but that implies J = ¢~ '(K). Therefore JnI = ¢~ (K)nI=K, i.e.
Jn Ieval(a).

Conversely, let Meval,(a). Then ¢~'(M) is contained in some N eval,(a).
We have M = o '(M)nI< NnI and ae Nn I, hence M N I, which
means ¢~ '(M) = N. Therefore ¢~ '(M)eval ,(a).
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Pe3ome

B craTtbe BBEICHBI DETYJSIDHBIE MACAJIbl B aBTOMECTPHU3O0BAHHBIX a.rlreﬁpax A TOKa3aHbI HX
CBOMCTBA B HEKOTOPBIX KJIAaCCaX 3TUX anrer.
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