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PERIODIC BOUNDARY VALUE PROBLEMS
FOR THIRD ORDER
DIFFERENTIAL EQUATIONS

IRENA RACHUNKOVA

ABSTRACT. There are studied the questions of existence of periodic solutions

of the equation u’” = f(t,u,u’,u’") by means of topological degree methods.

In this paper there are found some new conditions for the existence of solu-
tions of the problem

u" = f(t,u,u’,u"), (1.1)
u(a) = u(b), u'(a)=4d'(b), u'(a)=1u"(b), (1.2)

where —o0o <a < b< +00.

The problems of such type have been already solved in many works, for exam-
ple [1-7]. Here, the proof of the main result is based on Mawhin’s continuation
theorem [6] (see Lemma 1).

1. Notations, definitions and auxiliary results

Let X,Y be real vector normed spaces and dom L C X a vector subspace.
Definition 1. A linear mapping
L: domL Y
will be called a Fredholm mapping of indezx zero iff
(1) dimKerL = codimImL < +o0;
(11) ImL is closed in Y.
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It follows from the definition above and from basic results of linear functional
analysis that there exist continuous projectors

P:X—>X and Q:Y Y

such that
ImP=KerL and KerQ =ImL

so that
X =KerL®dKerP, Y=ImL®ImQ

as topological direct sums.

Consequently, the restriction L, of L to dom L N Ker P is one-to-one and
onto Im L, so that its (algebraic) inverse K,: ImL — dom LNKer P is defined.

[6, p. 6]

Definition 2. Let L: domL — Y be a Fredholm mapping of index zero
and let @ C X be an open bounded set. A (not necessarily linear) mapping
N: X - Y will be called L-compact on Q iff the mappings QN: Q — Y and
K,(I-Q)N:Q =Y are compact, i.e. continuous on Q and such that QN(Q)
and K,(I — Q)N(R) are relatively compact.

Note. Q and 99 is the closure and the boundary of Q@ C X, respectively.

Definition 3. We shall say that A: X — Y s L-completely continuous if
1t 18 L -compact on every bounded 2 C X .

One can show that Definitions 2,3 do not depend upon the choice of the
continuous projectors P and @, which justifies the terminology. [6, p. 12]

Lemma 1. ([6, Theorem IV.5, p. 44]). Let L: domL — Y be a linear
Fredholm mapping of indez zero and let Q@ C X be an open bounded set. Let
N:Q > Y be L-compact on  andlet A: X —» Y be L-completely continuous
and such that

(i) Ker(L — A) = {0},
(ii) for every (z,\) € (dom L N IN) x ]0,1]
Lr — (1 - XAz — ANz #0,
and assume that 0 € Q.
Then equation
Lz =Nz
has at least one solution in domLN.

AC'(a,b) [Ci(a,b)] is the set of all real functions having absolutely contin-
uous [continuous] i-th derivatives on [a,b], 1 =0,1,2.
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L?(a,bd) is the set of all real functions f with |f|P Lebesgue integrable on
Ja,b[, p € [1, +ool.

In what follows let X = {z € C?(a,b); z satisfies (1.2)} be a Banach space
with the norm

9 1/2
max { (Z(z(i)(t))z) ta<lt< b} forz e X;

=0

Y = L!(a,b) be a Banach space with the norm

b
/Iy(t)|dt, for yevY;

domL = X N AC?(a,b);
L:domL—-Y, zwz". (1.3)
Then

Ker L = {z € dom L; z is a constant mapping on [a,b]};

b
ImL={er; y=$lll, zedomL}: {yEY;/ y(t)dt:()},

Therefore Im L is closed in Y and dimKer L = codimIm L = 1. Thus we have
proved

Lemma 2. L, defined by (1.3), is a Fredholm mapping of index zero.

Definition 4. A function v € dom L which fulfils (1.1) for a.e. t € [a,b]
will be called a solution of problem (1.1), (1.2).

We will say that some property is satisfied on D if it is satisfied for a.e.
t € [a,b] and for every z,y,z € R.
We will write f € Carjoc(D) iff f satisfies the local Carathéodory conditions
on D ie.
(i) for every z,y,z € R, the mapping t — f(¢,z,y,z) is Lebesgue measurable
on [a,b];
(ii) for a.e. t € [a,b], the mapping (z,y,2) — f(t,z,y,2) is continuous on R?;
(iii) for each g > 0 there exists h, € L'(a,b) such that (2?2 4y%+2%)1/2 < p =
|f(t,z,y,2)| < hy(t) on D.
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Lemma 3. Let f € Carioc(D). Then the mapping
N: XY, zm f(2(),2'(:),2"()) (1.4)

is L -completely continuous.

Proof. [6, p. 13-14].

Note. If L and N are defined by (1.3) and (1.4), respectively, then z 1s
a solution of (1.1), (1.2) iff z € domL and Lz = Nz.

2. The main result
For h € L'(a,b) and r € ]0,+o0o[ we shall put
b 2
ho = exp (2 fa h(t)dt) , ro =71+ 3(b—a)*ho,

€ €]0,1/2ro(b—a)[, 2D
ro = hoexp (2ero(b—a)), r =c+r2(b—a).

Theorem. Let there ezist p € {—1,1}, r € ]0,400[ and a non-negative
function h € L'(a,b) such that f € Carioc(D) satisfies on D the conditions

|zl 27, |yl <ri, |zl < = pf(t,z y,2)signz >0 (2.2)
and
lz| <ro, lyl<r1, 2|21 = f(t,2z,y,2)signz < h(t)|z], (2:3)

where Tg,r1,7m2 fulfil (2.1).
Then the problem (1.1), (1.2) has at least one solution u such that

lu(®)] < 1o, W) <ri, [u"(t)] <72 for a<t<b. (2.4)

First we shall prove some lemmas.

Lemma 4. Let r € ]0,+0o[ and let h € L'(a,b) be a nonnegative function.
Let ro,r1,m2,€ fulfil (2.1).

Then for any function v € dom L the inequalities
lu(t)| <ro, |u'(t)] <71 for every tE€ [a,b] (2.5)
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and

u"'(t)signu"(t) < h()|u"(t)| +elu(?)] for a.e. t € [a,b] and |u"(t)] > 1 (2.6)
imply

[u"(t)] <72 for every te[a,b]. (2.7)

Proof. Since (1.2), there exists to € Ja,b[ such that
u"(t) =0. (2.8)

1. Let us suppose that there exists t* € Jto,b[ such that
[u" ()] = V2. (2.9)

Then there exists t, € ]to,t‘[ such that
[u"(ts)]=1 and |u"(t)] =1 for te [ta,t*]. (2.10)
a) Let u”(t) > 1 on [t.,t*]. Then, by (2.6),
t* m dt t* b
/ "u,f(z) < / (h(t) +ero)dt < / h(t)dt + ero(b — a).
to t. a

Thus u"(t*) < /T2, a contradiction.
b) Let »"(t) < —1 on [t,,t*]. Similarly, by (2.6),

t* —u"'(t)dt t* . b
/.. E=TON S/t_ (h(t) +¢ o)dt</a h(t)dt + ero(b — a).

Thus —u"(t*) < /r2, a contradiction. Therefore we have

|u"(a)| < /T2 for every t € [to,b]. (2.11)
According to (1.2), |u"(a)| < \/rz.
2. Supposing the existence of t* € |a,to[ satisfying
[u" (%) > rg, (2.12)

we obtain t. € |a,t*[ such that (2.10) (we write there ,/r; instead of 1) is
fulfilled. In the same way as in the first part, integrating (2.6) from t. to t*,
we get

[u"(#*)] <72,
which contradicts (2.12). Thus

|u"(t)] <re for every t € [a,to]. (2.13)
Inequalities (2.11), (2.13) imply estimate (2.7).
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Lemma 5. Let r € ]0,+00[ and let h € L'(a,b) be a nonnegative function.
Let ro,r1,72,€ fulfil (2.1).

Then for any function u € dom L the inequalities

[u" ()] < 7o for every t € [a,b] (2.14)
and
lu(t)] > r => pu"(t)signu(t) >0 for a.e. t€ [a,b] (2.15)
wmply
lu(t)] <o and |u'(t)] <71 for every t€ [a,b]. (2.16)

Proof. Since (1.2) and (2.15), there exist to,t; € ]a,b[ such that
lu(to)l <r, u'(t1)=0. (2.17)
Integrating (2.14), we get by (2.1) and (2.17)
[u'(t)] < ra(b—a) <7, Ju(t)| <r+ri(b—a)® <rp.
The Lemma is proved.

Lemma 6. Let f € Carioc(D) and p € {—1,1}. Let € € ]0,+o0o[ be such

that equation
/

u"' = peu (2.18)

has only the trivial solution in dom L. Let there ezist an open bounded set 2 C X
such that 0 € Q and for any A € ]0,1[ each solution uy € dom L of equation

u" = At u,u',u") + (1 = Npeu (2.19)

satisfies

uy ¢ 0N.

Then problem (1.1), (1.2) has at least one solution in dom LN Q.

Proof. Let us consider the mappings

L: domL —-Y, zw— "
N:X =Y, zw f(,z(),2'(-),z"(-))
A XY, zvw pex.

By Lemma 2, L is a Fredholm mapping of index zero and by Lemma 3, N and
A are L-completely continuous, and thus N is L-compact on 2. Since (2.18)
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has only the trivial solution in dom L, condition (i) of Lemma 1 is valid. Since
(2.19) has no solution on 99, condition (ii) of Lemma 1 is satisfied. Therefore
the assertion of Lemma 6 follows from Lemma 1.

Proof of the Theorem. Let us put
Q= {z € X:|z(t) <ro, |2'(t)] <1, |2"(t)] < T2 foreacht € [a,b]}.
Then z € 0Q iff

2O < riy [2®(@)<re and
max{|z()(t)]: a <t < b} =r;, foreach (2.20)
t € la,b], 1,5,k € {0,1,2}, i #j #k.

We can choose ¢ € ]0,1/2r¢(b — a)[ so small that problem (2.18), (1.2) has only
the trivial solution. Let A € ]0,1[ and let u) be a solution of a problem (2.19),
(1.2). Supposing ux € 2, we shall show uy ¢ 9.

First let
lua(?)] £ro and |u)(t)] <71 for each tE€ [a,b]. (2.21)

Then, by (2.3), uY'signuy = Afsignuy + (1 — X)peus signuy < h(t)|uy]|+ €lua]
for a.e. t € [a,b] and |uf(t)] > 1. Applying Lemma 4, we obtain

|uX(t)] < r2 for each t € [a,b]. (2.22)

Further, according to (2.2), pufsignuy = Apfsignux+p(l—A)peursignuy >0
for a.e. t € [a,b] and |ux(t)| > r. Using Lemma 5, we get

[ua(t)| < ro and |u\(t)] < r; for each t € [a,b]. (2.23)

Thus if uy € 2, then uy satisfies (2.21), (2.22), (2.23) and so ux € @\ Q. The

Theorem is proved.

Example. The conditions of the Theorem are satisfied for example when
h € L'(a,b) is non-negative, r € ]0,+0o[, c€ R, ¢ # 0, ro,r1,72 € R satisfy
(2.1) and

f(t,z,y,2) = h(t)c|z|z* /(1 + y"), where k,n €N,

k is odd, n is even, |c| < ryk,
or
f(t,z,y,2) = h(t)e(z + 1)e*¥(z + r2), where |c| < 1/(ro +1)e™ (1 +17).

247



REFERENCES

[1] BATES, P. W.—WARD, Y. R.: Periodic solutions of higher order systems. Pacif. J.
Math., 84 (1979), 275-282.

[2] GAINES, R. E—MAWIIN, J. L.: Coincidence Degree and Nonlinear Differential Equa-
tions. Springer-Verlag, Berlin—Heidelberg—New York, 1977.

[3] GEGELIA, G. T.: On boundary problems of the periodic type for ordinary differential
equations (Russian). Trudy IPM, Thbilisi, 17 (1986), 60-93.

[4] KIBENKO, A. V.—KIPNIS, A. A.: On periodic solutions of nonlinear differential equa-
tions of the 3rd order. (Russian). Priklad. anal., Voronez, (1979), 70-72.

[5] KIGURADZE, 1. T.—P(.JZA, B.: On some boundary value problems for ordinary differ-
ential systems. (Russian). Diff. Ur., 12 (1976), 2139-2148.

[6] MAWHIN, J. L.: Topological Degree Methods in Nonlinear Boundary Value Problems.
AMS, Providence, Rhode Island, 1979.

7 RACHUNKOVA, 1.: The first kind periodic solutions of differential equations of the
second order. Math. Slovaca, 39 (1989), 407-415.

Received February 27, 1989 Katedra matematické analyjzy
a numerické matematiky PFF UP
Videriskd 15
771 46 Olomouc

248



		webmaster@dml.cz
	2012-08-01T06:55:36+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




