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ON o-MODULAR AND
o—DISTRIBUTIVE SEMILATTICES

JIRI RACHUNEK

ABSTRACT. In a finite case, the notions of modular and distributive semilattices
make it possible to study lattices only. In contrast to this, using the definitions
of o-modular and o-distributive semilattices, we have obtained larger classes of
semilattices. In this paper, the connections between these notions are found and
there is shown their connection with the lattice of ideals (including the empty
set).

0. Introduction

It is well known that the modularity and the distributivity of a V-semilattice
A is equivalent to the condition that the set of ideals of A is a modular and
distributive lattice. respectively. Unfortunately, both definitions of modular and
distributive semilattices lead in the case of finite semilattices to lattices only.

In [5], the notions of modular and distributive ordered sets are introduced
which can also be used for finite ordered sets. The semilattices which are si-
multaneously distributive ordered sets ( o-semilattices) are characterized in [6],
where it is also shown that the class of such semilattices is larger than that of
the distributive semilattices.

In this paper, the connections between modular and o-modular semilattices
are found, the connections between distributive and o-distributive semilattices
are completed, and it is shown that the properties of the lattice of ideals (includ-
ing the empty set) of a semilattice determine the properties of the semilattice.

1. o-modular semilattices

Let (A,V) be a V-semilattice. Let £ denote the induced order on A, i.e.,
for any a,b € A, a S b if and only if aV b = b. We say that A is a modular
semilattice if

Va,b,c€ A; aSb, bSaVe = Jc1€4;c1 5S¢, b=aVc;.
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(See [3, p. 148].)
If (A, £) is an ordered set, B C A, then L(B) and U(B) will denote the

lower and upper cone of B in A, respectively, i.e.,

L(B)={z € A; 2 £ a, for all a € B},
UB)={y€ A; asy, forall a € B}.

For B = {ay,...,a,} we shall also write L(B) = L(ay,...,a,), U(B) =U(a,
ceeyp).

In [5], the modularity of ordered sets is defined by the following condition:
An ordered set (A4, =) is called a modular ordered set if

Vabce A; a<bh — L(U(a,L(c, b))) = L(U(a,c),b).

This notion is self-dual. (See [5].)

If a semilattice (lattice) is modular as an ordered set, then it is called an
o-modular semilattice (lattice). It is easy to verify that in the case of lattices
the notions of modularity and o-modularity are the same. (See also [5].) But for
semilattices, we get two different notions. Namely, among others, every modular
V-semilattice is down-directed, while, e.g., a semilattice isomorphic to that illus-
trated in Figure 1 is an o-modular semilattice which is not down-directed. We
will show some connections between the two types of modularity in semilattices.

Figure 1

THEOREM 1.1. Every modular V-semilattice is o-modular.
Proof. Let A be a modular V-semilattice, a,b,c € A, a < b. We have (in
any V-semilattice)

L(U(a,L(c, b))) C L(aV c,b).

Let u € L(aVe,b). Then aSaVu, aVu<aVec, hence from the modularity

of the V-semilattice A we get that there exists an element ¢; € A, ¢; < ¢ such
that aVu=aVe;.
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Let z € U(a,L(c,b)). Then 2 2 a, 2 ¢y, thus z 2aVe; =aVe, and so
u £ z. Therefore

L(aVe,b) C L(U(a, L(e, b))) .
O

We say that an ordered set A satisfies the restricted ascending chain condition
if every L(a,b), where a,b € A, satisfies the ascending chain condition.

THEOREM 1.2. Every o-modular down-directed V-semailattice satisfying the
restricted ascending chain condition 1s a modular semilattice.

Proof. Let A satisfy the assumptions and let a,b,c € A, a £ b, b< aVec.
a) Let a < b. Then

L(U(a,L(c, b))) = L(a V¢, b) = L(b),

hence b < U(a, L(c,b)) . Thus there must exist u € L{c,b) such that a 2 u.
We can suppose uf|a. (In the case u > a, we have aVec=—c,and so b=aVb.)
If aVu<b,put vg=aVu. (See Figure 2a.) Then

L(U(UO,L(C, b))) = L(vo V ¢, b) = L(b),

hence b < U(vo, L(e, b)) . Thus there exists u; € L(c, b) such that v z uy . Let
us suppose vollu; . (See Figure 2b.)

aVe aVc

vy =aVu

vo=aVu

vg=aVu U1

(2) (b)

Figure 2
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Since A satisfies the restricted ascending chain condition, there must exist
up € A, up, Sc with b=aVu,.

b) Let a = b. By the assumption, A is down-directed, hence there exists
¢1 € L(a,c). Then we have a =aVe;. O

Recall that an ideal of a V-semilattice A is any nonvoid subset I of A such

that
Va, be A; aVbel < a, bel.

Let I(A) denote the set of all ideals of A ordered by set-inclusion. Then Io(A)
will mean the ordinal sum {@} ® I(A). It is evident that Io(A) is a lattice. At
the same time, the modular semilattices are characterized by the set of ideals as
follows: A V-semilattice A is modular if and only if I(A4) is a modular lattice.
Because the ordinal sum of two ordered sets A and B is a modular ordered set
if and only if both of A and B are modular ordered sets (see [7]), for a modular
V-semilattice A we have that Ip(A4) is a modular lattice. Conversely, we will
consider the case that Ip(A) is a modular lattice.

THEOREM 1.3. If A is a V-semilattice such that Io(A) is a modular lattice,
then A is an o-modular V-semilattice.

Proof. Let Ij(A) be a modular lattice. Let a,b,c € A, a £ b. Let us
suppose « € L(aV ¢,b), y € U(a, L(c,b)) . Then

z € L(aV )N L(b) = (L(a) V L(c)) N L(b),
and according to the assumption L(a) C L(b), we get
z € L(a) V (L(c) N L(b)) = L(a) V L(c, b).
Further, L(y) 2 L(a), L(y) 2 L(c,b), hence
L(y) 2 L(a) v L(c, b).
Thus, z < y, and this means

L(aVe,b)C L(U(a, L(e, b)))

Since always

L(U(a, L(c, b))) C L(aVe,b),
we obtain that A4 is an o-modular V-semilattice. O
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2. o-distributive semilattices

Now, let us recall that a V-semilattice A is called distributive if
Va,bg,by € A; a SbyVb = Jag,a; € A; ap Sby, ay by, a=ayVa.

(See [3, p- 135).)
In [5], the distributivity of ordered sets is defined as follows: An ordered set
(4, 5) is called a distributive ordered set if

Va,b,c € A4; L(U(L(a,c),L(b, c))) = L(U(a,b),c).

The distributivity of ordered sets is (similarly as the modularity) a self-dual
notion. (See [5].) A semilattice (lattice) which is distributive as an ordered set
will be also called an o-distributive semilattice (lattice). Analogously as for the
modularity, a lattice is distributive if and only if it is o-distributive. (See e. g.
[5].) However, for semilattices we also obtain two different notions. On the one
hand, any distributive semilattice is o-distributive, but the converse assertion
is not true. Moreover, any distributive V-semilattice is down-directed. Now, we
will show a connection between the distributivity and the o-distributivity of
conditionally complete semilattices. (By a conditionally complete V-semilattice
we mean a V-semilattice in which any up-bounded non-void subset has the
supremum.)

THEOREM 2.1. If A is a conditionally complete V-semilattice, then the fol-
lowing conditions are equivalent:

(i) A 1s a distributive semilattice,
(ii) A 13 a down-directed o-distributive semilattice.

Proof. (i)= (i) is always true.

(i1)=>(1): Let a,bo,b;1 € A, a < by V by. By the assumption, L(by,a) # 0,
L(b;,a) # 0. We have

L(U(L(bo,a), L(bl,a))) = L(bo V by, a) = L(a),

hence a £ U(L(bo,a), L(by,a)) ,i.e., a Sv forall v € A such that v 2 L(bo, a),
v 2 L(b1,a). Moreover,

a _2_ L(bO,a)7 a 2 L(blya)’

and this means

a = sup(L(bg,a) U L(by,a)).
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Let ag — sup L(bp,a), a; = sup L(by,a). It is evident that agVa; < a. Butal o
ag V ay 2 L(by,a) U L(by,a),

hence a SagVa;, andsoa —ayVa;. O

Let u recall that for distributive V-semilattices, the set of ideals has a similar
sense as for modular ones. Namely (see [3]): If A is a V semilattice, then A is
di tributive if and only if I(A) is a distributive lattice. We can ea ily verify (see
also [7]) that the ordinal sum of ordered sets A and B is a distributive ordered
sct if and only if both of A and B are distributive. Hence, for a distributive
V-semilattice A, the ordered set Io(A) is a distributive lattice.

Conversely, let Ij(A) be a distributive lattice. Hence we obtain the following
theorem.

THEOREM 2.2. Lt A be a V-semilattice. If the lattice Io( 1) 1s distributs e,
then A 18 an o-distributwe semilattice.

Proof. Let Iy(A) be a distributive lattice. Let a,b,c € A and let
t € L(aVb,c). Then

z € L(aV b)N L(c) = (L(a) V L(b)) N L(c),
and thus, by the assumption,
z € (L(a) N L(c)) v (L(b) N L(c)) = L(a,c) Vv L(b,c).

Consider y € U(L(a,c),L(b,c)). Then L(y) 2 L(a,c), L(y) D L(b,c), i. c.
L(y) D L(a,c) V L(b,c). Hence z £ y, and therefore

L(aVb,c) C L(U(L(a, ¢), L(b, c))).

Because the converse implication is true in any ordered set, we have that A is
an o-distributive V-semilattice. O

3. Concluding remarks

a) Distributive and modular semilattices have been inten ively studied. Var-
ious characterizations of distributivity and modularity of emilattices have been

found, for example, by W. H. Cornish [2].

In this paper, we are interested in some generalization of modularity and
distributivity of semilattices. However, C. Jayaram [4] ha introducel the
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notion of 0-modular semilattice which also generalizes a modular semilattice
(in the dual form). Namely, a A-semilattice A with the least element 0 is called
0-modular if

Va,b,ce A; (a<c, bAc=0 = 3de€ 4; b<d and a=cAd).

Bounded 0-modular semilattices are characterized [4, Theorem 1] by means of
the lattice of their filters as follows: A bounded A-semilattice A is 0-modular if
and only if the lattice F(A) of all filters of A is 1-modular. (1-modularity is,
for lattices, the dual notion of 0-modularity.)

As our Theorem 1.3 gives a characterization of o-modular semilattices in a
similar way, we will compare, for bounded cases, the two types of generalized
modularity of semilattices.

Let 41 = {0,a,b,¢,d,e, f,g,a0,a1,az,...} be a A-semilattice as shown in
Figure 3, where the arrow indicates an infinite chain.

This semilattice is used in [4] as an example of a bounded 0-modular semi-
lattice. On the other hand, we have

L(U(f,e),9) = L(g),  L(U(f,eAg))=L(f),

and therefore A; is not an o-modular A-semilattice.

Now, consider a bounded A-semilattice A, = {0,a,b,¢,c1,ca,...,do,d1,...}
with diagram in Figure 4, where both arrows indicate infinite chains again. We
have cAb= 0, a < c, but thereis no element d € A, with d 2 b and cAd = a.
Hence A, is not 0-modular. At the same time it can be easily verified that A,
is o-modular.

These two examples show that even for the case of bounded semilattices with
0, the concepts of 0-modular and o-modular semilattices are independent.

However, Jayaram’s theorem makes it possible to show that the converse of
Theorem 1.3 is not valid. Namely, for a bounded A-semilattice A with 0, the
modularity of the lattice- FI(A) is equivalent to the modularity of the lattice
Fo(A) = {0} ® F(A), and any modular lattice is 1-modular as well. Hence even
a bounded o-modular A-semilattice A with 0 need not have the modular lattice

Fo(A).
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a0:1 ()/()d:1
a c=co

az

c1 C

c2 (

N

-

Figure 3 Figure t

Analogou ly, we can compare the notions of o distributive and 0-distributive
cmilattices (for the bounded ca e). Recall that a A- emilattice A 1 ith the least
clement 0 is call d 0-di tributive if

Va,bc€ A; (aAb—0 aAc = FdeU(b,c); and 0).

Consid>r a A-semilattice A3 {0,a,b,¢,d,e, f,a0,a1,az,...} inFigure 5, where
the arrow indicates an infinite chain such that all its elements a, are strictly
greater than each of the elements a, b, c. It is evident that A3 s 0 di tributive.
(Morcover, Az is modular, but it i not distributive.) However, we have

L(U(L(a, b), L(a, c))) ~ L(U(aAb,aAc)) = L(f),
L(U(b,c),a) = L(a),
and so A3 is not o di tributive.
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do =1
ag
fo
a1 ) dy
ay a =ag fl
) dsy
: a; ¢ i)
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o 5 . / |
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1 ] ]
' 1 ]
f Y X : :
] ' ] _’I
] ' [ - -
d e I bo ~ 57
]
//O c
1
1
0
Figure 5 Figure 6

Conversely, let A4 = {0,a,b,¢,a1,az,..., fo, f1,f2,---,90,91,92,---,do,d1,
dz ...} bea A-semilattice with diagram in Figure 6, where the elements do, d;,
dz,... form U(b,c), the elements fo, f1, f2,... form U(b)\ U(c), the elements
90,91, 92, -. form U(c)\U(b), each of the four arrows indicates an infinite chain,
and all elements of those four infinite sets have their connections indicated. We
have aAb =0 = aAc, but there is no element d; in U(b,r) with aAd; =0, and
so A4 is not 0-distributive. It can be easily verified that A4 is o-distributive.
Therefore, even for bounded semilattices the concepts of 0-distributive and
o-distributive (in the dual form) semilattices are different.

b) Let B be a subsemilattice of a V-semilattice A. We say that B is an
LU subsemilattice of A if

Va,b € B; Lp(a,b) =0 <= L(a,b) =0,

where Lp(a,b) = L(a,b) N B. (See [1].) Using [7, Theorem 2 and its proof] we

can easily prove that the following proposition is true: If a V-semilattice 4 is
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not o-modular, then A contains an LU subsemilattice isomorphic to Al or to
M, in Figure 7.

Alg AL&

Figure 7

Further, a subsemilattice B of a V-semilattice A 1s called a strong subsemsi-
lattice of A if

Va,b € B; U(LB(a, b)) = U(L(a, b))

(See [1].)

By [1, Theorem 4], we can get the following proposition: If a V-semilattice
A contains an LU subsemilattice isomorphic to M; or if it contains a strong
subsemilattice isomorphic to My, respectively, then A is not o-modular (and
so, A is not modular).
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