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CONTINUOUS SOLUTIONS OF NONLINEAR
BOUNDARY VALUE PROBLEMS
FOR ODEs ON UNBOUNDED INTERVALS

MARIA KECKEMETYOVA

ABSTRACT. The existence of a continuous solution defined on non-compact
interval for a system of nonlinear differential equations with linear boundary
conditions (BP) is proved.

Introduction

The aim of this paper is to prove the existence of a continuous solution for
the system

z(t) — A(t)z(t) = f(t,z(t)) (BP)

Tz =r

on non-compact interval (a;o00). The existence of a bounded solution of this
system defined on the right open interval (a;b) (—oco0o < a < b < 400), for
the Banach space of all bounded continuous functions, has been studied by
M.Cecchi, M.Marini, P.L.Zezza [1]. This method, that we shall
use is to transform the system (BP) into the form of the equation

Lz = Ne, (OE)

where L is a linear operator, N is generally non-linear. The existence of a
bounded continuous solution for (BP) follows from the theorems of
P. L. Zezza about equivalence between the set of solutions for (OE) and
the set of fixed points of operator M defined by (1.9) and the continuation
theorem [7]. _ '

The case that L is a Fredholm operator is studied by J. Maw hin. By this
method this system is reduced to the operator equation (OE) which is solved by

AMS Subject Classification (1991): Primary 34B15.
Key words: Boundary value problem, Fixed point.

279



MARIA KECKEMETYOVA

the local degree theory of Leray-Schauder. For the applications of this method
seeJ.Mawhin - R.Gaines [5].

In this paper we shall prove the existence of a continuous solution bounded
by a certain un-bounded function which is determined by the solutions of the
associated linear system

y(t) — A(t)y(t) = 0.
If the fundamental matrix of this linear system is bounded on (a;o0), then
that problem is reduced to the problem which is studied by M. Cecchi,
M.Marini, P.L.Zezza on the interval (a;0).

1. Let C = C((a, 00), R") be a vector space of continuous functions from (a, co)
into R™, ¥ € C({a,),R) is a positive function on (a,00). The space

_ : llz@®ll
Cy = {:c(t) eC: tes(;x,};) o) < +oo},

where || || is a norm in R", is a Banach space with respect to the norm

=)l
lelly = sup ===

foreach z€Cy.
te(a,00) ¢(t)

In this pai)er we shall investigate the existence of a solution for the system
#(8) - A@)(t) = f(t,2(8) (L1)

which satisfies the boundary conditions:
Tz=r reR™ (1<m<n), (1.2)

where A(t) is a n X n matrix, continuous on (a,00).
Let D be a space of all continuous solutions of the linear system

y(t) — A(t)y(t) = 0. (1.3)

Let A(t) be the smallest eigenvalue and A(t) the largest eigenvalue of the
hermitian symmetric matrix

(1) = 3[4 + 4°(0),

where if A(t) = (aij(t))} ._,, then A*(t) = (a;i(t))

ij=1"
matrix of A(t). It means that: A(t), A(t) are solutions of the equation

?j:l is the hermitian adjoint

det[A"(t) — AE] = 0.
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These conditions assure that the Wazewski inequality

l=(a)] exp( / A(s)ds) < el < uz(amexp( / A(s)ds) (1.4)

a a

holds for all solutions z(t) of the system (1.3), [3]. Let

P(t) = exp(/A(s)ds) , (1.5)

then (t) > 0 for each ¢ € (a,00) and ¥(t) € C({a,0),R). Consequently, the
space (Cy;||-|ly) with the weight function ¢ defined by (1.5) is a Banach space.

Remark 1.1. If 4(¢t) is bounded on (a,00), then Cy need not be equal to
the space of all bounded continuous functions. The equality of both spaces will
be attained if (t) satisfies 0 < k < 9(t) < K on (a;o00) with some positive
constants k < K. This case was solved in [1].

Further, let T: domT Cc Cy — R™, (1 < m < n ) be a linear continuous
operator, it means that:

Tzl < IT|l - Nzl for each z € domT. (1.6)
Let us assume that T satisfies the condition
D cdomT, T(D)=R™. (1.7)

Remark 1.2. These conditions assure that the linear problem associated
to (1.1)—(1.2) for f(t,z) =0 has a solution for each r € R™.

Let

L: domLcCy— CxR™
be the linear operator defined by the relation:
z(-) = (2() = A()z("); Tx),

where dom L = C'({a,00),R") NdomT and let f: (a,00) x R* —» R" be a

continuous function,
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N: domN =Cy - C xR™
be the operator which is determined by the relation:
z(:) = (F(-,2());r) -
Then the system (1.1)—(1.2) is equivalent to the equation of the form
Lr = Nz. (1.8)
Now we introduce some theorems to be used later.

THEOREM 1.1. ([1]; p. 270). Let X,Y be linear spaces. Let L be a linear
operator,

L: domLCcX Y,
let N be an operator, possibly nonlinear,
N: domNCX-Y.
Then the equation (1.8) i3 equivalent to
z =Mz T €A, (1.9)
where
A={z€X: Nz€ImL}=N"'ImL)#90,
M: zw— Pr+ KpNcz,
P: X — kerL is a projection onto kerL, X;_p = Im(I — P) and
Kp = (leomLﬂXI_p)_l :
If A= 0, then the problems (1.8) and (1.9) have no solution.

THEOREM 1.2. ([1}; p. 271). Suppose that: X 1is a Banach space,
dim(ker L) s finite, the operator M 1is completely continuous. If Q is an open,
bounded neighbourhood of 0 € X, Q C dom M, such that

€N, A€(0,1) = Lz # ANz
or (1.10)
z € 00, A€(0,1) = z# AKpNz,
then the operator M has at least one fized point in .
The theorems 1.1, 1.2 imply that the equation (1.8) has at least one solution
in Q.
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2. In this section we shall prove some existence theorems for the continuous
solutions of the system (1.1)-(1.2) in Cy . First, we shall express the operator
M.

Let £ = dim(kerL) =n—m (k#0 if m <n). Let ¢1;...;¢k be a basis
of ker L. Let us extend it to obtain a basis of D:

P15 Pk P41 1P pi € Cy.

Letting X () = (¢1(t);...;9n(t)) we get a fundamental matrix for the equation
(1.3). Since the inequality (1.4) holds for each solution of the system (1.3), there
exists H > 0 such that

X(t
sup Xl <H, (2.1)
te(a,00) d)(t)
where || - || is a matrix norm which is compatible with a vector norm [2].

Under the hypotheses of section 1 there exists a topological projection
P: Cy — ker L C D. Then it is possible to express the space Cy as a topolog-
ical direct sum :

C,/, =ker L ® (C¢)1_p ,

where I: Cy — Cy is the identity mapping, kerL = ImP = (Cy)p and
(Cy)i-p =ker P.
If we denote by J the immersion of R™ into R"

J(r1;.o5mm) =(05...50;715. .0 5Tm) r=(r1;...;rm) € R™
and
To = (Tpr+15---3Tpn),
then the operator
-1
Kp: ImL —-domLnN (C,/,)]_P, Kp = (leoan (Ctp)I_P)

is defined by the relation
Kp: (b(i),r) —X()JTy ! (r - T(/X(t)X—l(s)b(s)d3)>

“H(s)b(s)ds r I ’
+ [XOXT@us)ds (o)) €Imi (2.2)
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Remark 2.1. ([1]; p. 274) The operator \p defined in (2.2) depends on

P, because the choice of the fundamental matrix X(t) is related to the form of
P.If m =n, the matrix TX(t) is invertible, hence:

Kp(b(t),r) = X(t)(TX(¢)) ! <1‘ — T(/X(t)X_l(s)b(s) ds))

/X “I(s)b(s)ds. (2.3)

Let, in addition to the hypotheses of section 1, the following hold:
there are two functions p(t), ¢(t) € C((a,c0),R), non-negative integrable on
(a, ) such that

(1) /p(t)dt=F<+oo, /q(t)dt=A<+oo,
(ii) POIX T OF Wl < p@)lull + a(t)e()

for each t € (a,00) and for each u € R™.

Remark 2.2. ([1], p. 275) With respect to (2.2), the operator M is defined
on the set:

A= { g €Cy: jX(t)X-"l(s)f(s,g(s)) ds € domT}.

LEMMA 2.2. Under the hypotheses if domT = Cy, then the operator M 1is
defined on Cy and s continuous.

Proof. From definitions of the operators L and N, we have:
if ¢g € Cy, then Ng = (f(-,g(-)),r) € ImL if and only if there exists a
solution ¢ € dom T of the system

(a) #(t) — A(t)z(t) = £(t,9(t))

(b) Tz =r. (2:4)

Let g € Cy, we shall prove that there exists z(t) satisfying (2.4). Let z(t) be
a solution of (2.4)(a),

2(t) = y(t) + / X)X (3)f(5,9(s) ds  a <t < +oo,
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where y(t) is a solution of (1.3) such that y(a) = z(a).
Since y € domT, z € domT if and only if
¢
/X(t)X—l(s)f(s,g(s)) ds € domT = Cy. (2.5)

Using (i), (i) we obtain:

< I1x@)| / 1X=1(5)£ (s, 9(5)) || ds

H/ X)X (s)f(s,9(s)) ds

<||X(t)||( / ()”fj(s))” /()ds) (2.6)

a

(2.7)

ren o) B(t) H/X(t (5)7 £ (s,9(5)) ds

X0 lo(a)l
= ey 90 </ %6 / e )ds> <8 (Tlal ).

a

The last inequality implies (2.5). Let

T(/X(t)X"(s)f(s,g(S)) dS> =rp,

then it is always possible to choose y € D such that Ty =r—ry andso Tz =r.
Therefore for each g € Cy, Ng € ImL, A=domM =Cy.

Now we shall prove the continuity of M = P+ KpN . Since P is a continuous
projection, it is sufficient to prove the continuity of KpN. Let {z;}32, be a
sequence of functions from Cy such that it is converging to = in Cy . Let
us prove that {KpNz;}32, converges to KpNz in Cy. According to (2.2) it
suffices to show that

X(t)/X—l(s)[f(s,xj(s)) —f(s,x(s))] ds J€N (2.8)
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converges to 0 in Cy. Since the function f is continuous on
(a,00) x R™, the sequence

pointwise

X_l(t)[f(t,xj(t)) - f(t,x(t)])] —0 as j — oo, (2.9)

X(t) is bounded in Cy and there holds:

1XT O f (t25®) — fB2@O)]] < 1XT@F (s @) [+ X7 @ f (8, 2(0) ]
< 0 (1200 L) o <) (o120 4 Y

<p(t)(2llelly +¢) +2¢(t)  foreach j>j.. (2.10)

Hence the sequence (2.8) converges pointwise to 0 by the Lebesgue dominated
convergence theorem.

Now let us prove the convergence of (2.8) in Cy,. We shall use the following
assertion, [4]:

Let the following conditions hold:

(a) the sequence {fn(t)}nen converges pointwise to 0 on (a,00) as
n— oo,

(b) there exists tlim fa(t) = fn for each n € N,
(¢} lim fn,=0,

n—o0
(d) {fa(®)}nen 1s equicontinuous on each compact interval of
(a,00),

(e) Ve>0 3K(e) >0 such that for Vt > K(¢) Vn € N:
1fa(t) = full <,

then {fn(t)} uniformly converges to 0 on {(a,00).

; IX@l
Since sup
t€(a,00) 1/"(t)

< H, it is sufficient to verify (b), (¢), (d), (e) for

{/X_](S)[f(S,wj(S)) - f(s,x(s))] ds} B

Let j be an arbitrary but fixed natural number, by (2.10) the integral
[XT (o) = F(s,2()] ds (211)
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is absolutely convergent, therefore the condition (b) is satisfied.

Condition (c) follows from (2.9), (2.10) by the Lebesgue dominated conver-
gence theorem.

To prove (d) let t;, t2 € (a,0); t1 < tz, then it holds:

/X_l(s)[f(s,zj(s)) - f(s,z(s))] ds

1 t

< ]210(3) ("Jz((ss))" + “Z((Z))”) ds + 7241(3)(13 < 27(011(8) +4(s)) ds

since {z;(t)}32, converges in Cy, it is uniformly bounded on (a,o0), i. e.
Ja > 0 such that:

. =@l
Vt€<a,00) V]EN. Wﬁa

Now let us verify (e):

H]OX—I(S)U(M;'(S)) — f(s,2(s))] ds

<2 /(ap(s) + g(s)) ds.

By the preceding assertion (2.8) converges in Cy, .

LEMMA 2.3. Under the preceding hypotheses, the operator
M: domM =Cy — Cy

transforms bounded sets into sets which are bounded in Cy and equicontinuous
on each compact interval of (a,o0).

Proof. Since P is a linear continuous operator and dim(ImP) < 4oo

(hence P is compact), it is sufficient to prove the statement for the operator

KpN.
Let © be a bounded set in Cy, i. e. there exists p > 0 such that:

if z€Q, then lz)ly < pe. (2.12)
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Let 7 € {(a;00) be an arbitrary but fixed number. Then we have:

X(r)JT;! (7- - T/X(t)X“(s)f(s, 2(s)) ds)

+“X(r) / X7 ()f (5, 2(s)) ds

[ K, Na(7)|| <

, (2.13)
<IXEITS I + HT [x@x7 @152 s |
HX / 171 (5)1 (5, 2(5)) | ds .
On the basis of the last result we get:
1KrNally = sup el
< s Oz (1 g / XX (520 s )
Bl st o

<H|[IT I {lIrll + ITIH (Clllly + A)] + H(P”Illw +4)
<H||JT I[Ilrll + ITIH(Cp + A)} + H(Tpu + A) = v

for each z € Q. Therefore M(2) is bounded in Cy . It remains to prove the
equicontinuity of M(§2) in Cy.
Let t1, t2 € {(a,00); t; < t2. Putting

5(t,x)=/X_l(s)f(s,x(s))ds, a<t<+4oo,

V= JTy (r = TX(t)6(¢, 7)),
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using (1.6), (2.6), (2.7), (2.13), (2.14) we obtain:

st st

- |5 + e - v - e

<[5 - 3] avi+neenom + | F2)- “/X H)F (s, 2(5)) ds

< |3 - fj(t‘ 750 (e + 7 / XOX ™ (6)f(s,2(5)) @
T()f (s,2(s)) ds (fj((f) / 1X 7} ()f (s,2(9)) || ds

X(t2) X(t1
= \ B(t) ~ B@)

U (125 et + DA Rl + 0]+ @l + 0}

-i-H(”a:”,,,/t2 t)dt-i—/tzq(t)dt)

t t

{IIJT 1 Ul + NT) (T + A)] + (T A)}

<‘X(t2) X(t,‘

p(t2) Pt
+H(p/2p(t)dt+/2q(t)dt).

The preceding inequality finishes the proof.

First, we are going to state some existence theorems for (1.1)-(1.2) in a
special case. Let

Cyu = {.7: € Cy: 1320.(— =1, || < +oo},

Cy,1 C Cy . We shall use the following lemma:

LEMMA 2.4. Suppose that, for the system (1.1) -(1.2) the following hypotheses
hold:

(2.15) A(t) is a real valued n x n matriz, defined and continuous on (a,o0),
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X(t) 1s a fundamental matriz of (1.3) and H > 0 such that:

Xl
tes(::,lzo) () — 7
. X(t .
(2.16) Jim % —W, ie DCCyy,

(2.17) f € C({a,00) x R*,R") such that
»() | XN @@ w)]| < p®)llull + o(t)

for each t € (a,00), u € R™, where p(t), q(t) € C({a,0),R) are
non-negative, integrable functions such that:

/p(t)dt=F<+oo; /q(t)dt=A<+oo,

(2.18) T is a bounded linear operator, T: domT = Cy; — R™ and the
matriz TX(t) has rank m.

Then the operator M 1s defined on Cy , its range 1s contained in Cy, and it is

completely continuous.

Proof. From the proof of Lemma 2.1 we have:
t
/X(t)X—l(s)f(s,a:(s)) ds € Cy Vz € Cy

and from (2.16) and (2.17) this integral is absolutely convergent on
{(a, o), it means that

t
/X(t)X'l(s)f(s,ar(s)) ds € Cy=domT; A=domM =C,,.

Since ImP = kerL C D C Cy,;, ImM C Cy,. Projection P is completely
continuous, from Lemma 2.2 the continuity of M follows, therefore it suffices to
prove that the operator KpN transforms bounded sets into relatively compact
sets. Recall that Q C Cy, is relatively compact if and only if it is:

(1) bounded

(2) equicontinuous

(3) uniformly convergent, in the following sense:

9(t)
»(?)

-l <e.

Ve >0 3K >0 suchthat Vi>RK VgeQ: ”
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The equicontinuity and the boundedness of KpN(§2) in Cy have been al-
ready proved in Lemma 2.3. Now let us prove the uniform convergence.

Let @ C dom M be bounded, i.e., if z € Q then ||z||y < p.
(2.13), (2.14), (2.16) imply:

KpNz(t) ~ lim I&’pNI(t)”
b(t)  tmee 9P(2)

“ ¢((tt>) Mo ( -7 / X)X (9)f(s,2(5)) ds)

- Jim )IZ((:))JT ( —T/tX(t)X_’(s)f(s,x(s)) ds)

X(t)

! —nnX(t)t (s s,x(s S
/X (s)f(s,z(s))ds — li ¢()/X (s)f(s,z(s)) d

< ] ;‘g) - wH 1T Il + HITH T + 4]}
; H% / X71(s)f (s, 2(s)) ds = W / X1 (s)f (s,(s)) ds|.

But there holds:

&t -1 s, z(s s — oo_ls s, z(s S
‘WM/X (o) de =W [ X (0s(02() 4

<|5&-v] 7 7@ (s 2o as-+ | T3 ]° X1 ()f(s,2() | ds
< ‘::((t) W“(I‘H+A)+H( ]op(s)ds+]oq(s)ds), (2.19)

291



MARIA KECKEMETYOVA

hence

KpNa(t) : KPNﬁ(t) H
IO
‘ X(@)

- W” 1T 1[Il + BITI(E + A)] + T+ A}

[e o)

+H<u/p(5)ds+7q(s)ds),

from which the validity of (3) follows. M : dom M = Cy — Cy, is completely
continuous.

THEOREM 2.1. If the system (1.1)-(1.2) satisfies conditions (2.15), (2.16),
(2.17), (2.18) and

H?|JTy ' - |IT|ITexp(HT) < 1, (2.20)
then the operator M has at least one fized point in Cy .

Proof. The complete continuity of the operator M: Cy,; — Cy, follows
from Lemma 2.4. According to Theorem 1.2 it is sufficient to show that there
exists an open, bounded neighbourhood § C Cy,; of 0 such that

s #A\KpNz  Vzed, Ae(0,1). (2.21)

Let Q = {:I: € Cy,i: |lz|ly < g} , o will be specified later. Let zx = AKpNz)
for any A € (0,1), then for each t € (a,00) we have:

lex(®ll < $lar®)] = |KpNaa(®)]

)

<1l 75 11l + HT / XX (5)f (5, 22(s)) ds

¥ H/ X)X (s)f (s,2a(s)) ds
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From (2.6), (2.7), (2.14) there follows:

lzx®l _ 1P Nea@®)]
»(t) »(t)

XN N IT el + TN H (Tl alle + A)]

S0
| Ix@l EXOI
KON (/() e ./“ng

<H [IIT (I + ITIHA) + A

2YO)

H|JT7 Y - ||T T I
+ Y| IHIMHAM+H/M)¢”

and applying Gronwall’s lemma

llza@)ll

S S VHWT I+ ITIE (Tl + A)] + +HA exp(HT)

lealle < H*|JTGH| - ITIT - [lzally exp(HT)
+H[|JT ([ (IIrll + I T HA) + A] exp(HT),

[1 = H*|JTG | - IT|IT exp(HT)] ||zally
<H[ITG(IIrll + I TIHA) + A] exp(HT) .

By (2.20) [1—H?||JT; '||-||T||IT exp(HT)] > 0. If we choose ¢ sufficiently large,

H{IJT |7l + ITIHA) + A] exp(HT)
[L - BT ITICexp(HD)]

(2.22)

then (2.21) is satisfied and from Theorem 1.2 there exists at least one fixed point
z of the operator M in ,ie. 2 = Mz and |z, < 0.

THEOREM 2.2. If the conditions (2.15), (2.16), (2.17), (2.18) are valid and
of
H2\|JT7YIT)T + HT < 1, (2.23)
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then the operator M has at least one fized point in Cy .
Proof. Similarly as in the proof of Theorem 2.1, let
Q={z€Cys : lzlly <e},
let zy = AKpNz) for any A € (0,1), then using (2.14) we obtain:
lzally = [IAKpNzally < [|KpNaally
< HIT Il + HITH(Tllzally + A)] + H(Tllzally + A)
[1 = (EHITG - ITIT + HT)] - lleally < H T Il + HITIIA) + A]
and by (2.23):
2] H[|JT7 YI(lIrll + HIT]A) + A]
Y= = (B JT;ITIT + HT)]

If we choose p sufficiently large, then (2.21) is satisfied and the theorem is
proved.

We can now consider a more general case: the existence of solutions for the
system (1.1)—(1.2) in Cy (omitting the hypothesis (2.16)). Let us suppose that
domT = Cy and that (t) > k on (a;00) with a constant k£ > 0. If the function
(1.5) does not fulfil this hypothesis, then we consider ¢, () = ’En(lax (v(2), k),

k is some real number and we again write ¥ (t) instead of ¥;(t).
By Lemma 2.2 M maps Cy into Cy.
The existence of a fixed point for the operator M shall be proved using
Theorem 2.1, or Theorem 2.2 and a diagonal process.
Let {ai}icy be an increasing sequence of real numbers such that
a1 = a, lim a; = co. Let I; = {a,a;) and
Ilg( I }
Cy(I;,R" :{ tye C(I;,R™ 00 .
o(1.R") = {g(0) € €L RY): sup 191 <
(Cy(I;,R") is isomorphic to C(I;,R")). Let g¢(t) € Cy(L;,R™), g(t) is the
following extension of g¢(t):
_ g(t) fort € I
9(t) =
g(ai) for t € {a;,00).
Let us denote by E; the set of all such g(t).
E; is a Banach space with respect to the norm
_ gl
gll= sup ==,
” ” t€(a,00) ¢(t)

moreover E; is isomorphic to Cy(f;,R"). The following lemma holds:
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LEMMA 2.5. Let the system (1.1)-(1.2) satisfy the conditions (2.15), (2.17)
and

(2.24) T 1s a bounded, linear operator from domT = Cy onto R™ and the
matriz TX(t) has rank m.

If, moreover, the condition (2.20) is satisfied, then the operator

M;: domM; C E; — E;
{ defined by
M;: g(t) —» z(t),

where z(t) = (Mg)(t), t € I, g € Cy(Ii,R™), z € Cy({a;0); R™), has at least
one fized point in E;.

Proof. The complete continuity of the operator M; can be shown in a
similar way as it was done for M in Lemma 2.4. If we consider the bounded
neighbourhood Q; C E; of 0, §; = E;N{, then from Theorem 2.1. there exists

at least one fixed point of the operator M; in ;.
We can show that a solution of the system (1.1)—(1.2) exists in Cy,.

THEOREM 2.3. If the conditions (2.15), (2.17), (2.20), (2.24) are satisfied,
then the system (1.1)-(1.2) has at least one solution in Cy .

Proof. Using Lemma 2.5 we obtain a sequence {z;}ien, Ti € E; such
that ; = M,T;. From the definition of M; it follows:

:L‘,'(t) = (M.'f,‘)(t) = Mfi(t) tel;. (2.25)

The sequence {z;}ien is uniformly bounded and locally equicontinuous in
Cy(I1,R"). The uniformly boundedness follows from the proof of Theorem 2.1
and local equicontinuity in the same way as in Lemma 2.3. Hence, according to
the Ascoli-Arzela theorem, there exists a subsequence {z}(t)}ien that converges
uniformly to z;(t) € Cy(1,R"), i.e.

zi(t) _ a1t
P(t) ()

1—00

“ =0 uniformly in ;.

Analogously, there exists a subsequence {z?(¢)}ien of {z}(t)}ien that converges
to z3(t) in Cy(lz,R™) such that 2,(¢) = z(t) V¢t € I;. We can repeat this
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reasoning for each i € N. In this way we obtain a family of subsequences of
{zi}ien. A
Let {z!(t)}ien be the subsequence of {zi(t)}ien obtained by the diagonal

. T;(t .
process. Since the sequence { i(t) } converges uniformly on each compact
ieN

¥(t)
interval of (a,00), there exists z(t) € C((a, 0),R™) such that:

Ti(t)  z(t) H
b 90 (220)
uniformly on each compact interval of (a,00).

Moreover, z(t) € Cy({a,0),R") because {Zi(t)}ien is uniformly bounded ,
IZi| < o Vi € N where g satisfies (2.22). It remains to prove that z(¢) is a
solution of our problem. Let

y(t) = Mz(t) = Pz(t) + KpNz(t).

For fixed ¢ € (a,0), for each t € (a,c) and for ¢ sufficiently large from (2.14),
(2.26) we obtain:

i—00

_'(t) y(t M;v,(t

T
SllPll'“:((tt))_z/;(t)” o e
PI-| 5 - 20+ oz i+ )

' / 1X 7 () [£ (s, i) = £(s,2(5))] || ds.

From (2.26) and from the proof of Lemma 2.2 we can infer:
7t _ yt)
P(E)  ¥(D)
Comparing (2.26) and (2.27) we can conclude

W) = =(t) = Ms(t)  t€ (a0).

’ =0 te€(a,c). (2.27)

t—o0

Since c is arbitrary,
2(t) = Mz(t) t € (a,00).
The theorem is proved.

We can state a theorem similar to Theorem 2.3.

296



CONTINUOUS SOLUTIONS OF NONLINEAR BOUNDARY VALUE PROBLEMS ...

THEOREM 2.4. If the conditions (2.15), (2.17), (2.23) and (2.24) are satis-
fied, then the system (1.1)-(1.2) has at least one solution in Cy .

The proof is similar to the proof of the preceding theorem.
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