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6-SETS, IRRESOLVABLE AND RESOLVABLE SPACES

CHANDAN CHATTOPADHYAY — UTTAM KUMAR ROY

ABSTRACT. In a topological space (X, T), T? is the collection of all §-sets
{A} where intcl A C clint A; int and cl denote interior and closure with respect
to the topology T . This paper considers the family of interiors of dense subsets of
(X, T) and examines the relationship among this family, the collection T¢ and
the concepts of hyperconnectedness, resolvability and irresolvability of the space.
Properties of maximal resolvable spaces have also been dealt with.

Introduction

A topological space (X,T) is said to be irresolvable if any two dense sets in
(X,T) intersect, otherwise (X,T)is said to be resolvable.

E.Hewitt has proved the following theorem.

THEOREM. [7| Every space (X,T) can be represented uniquely as disjoint
union of X = FUG, where F is closed and resolvable and G is open and
hereditarily irresolvable.

This representation will henceforth be called Hewitt representation of (X, T).

A space (X,T) is submazimal if every dense set is open. Clearly a submax-
imal space is hereditarily irresolvable. However, the converse is not true. See

(5.
1. é-sets, quasi-maximal spaces and irresolvable spaces

DEFINITION 1.1. A topological space (X,T) is said to be a quasi-mazimal
space if for every dense set D in (X,T) with int D # 0 (the null set), int D 1s
also dense in (X,T).

We now prove the following theorem.
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THEOREM 1.1. Let X = FUG denote the Hewitt representation of a space
(X,T). Then

(1) If D is dense in (X,T), then G C clintD.

(i1) If U 1is open, then there exists a dense set D such that int D = GUU .

Proof.

(1) Suppose there exists z € G — clint D. Pick an open neighbourhood V
of z with VC G and VNintD =0,ie. VCcl(X — D). Then VND and
VN (X — D) are disjoint dense subsets of V', a contradiction, since V C G is
irresolvable.

(ii) (note that F, G, or U, are allowed to be empty.)

Let U be open andlet W = GUU . Then X —clW C F. So choose E;,E, C X
with X —clW = EJUE,;, EtNE; =0 and X—clW CclE;, X—clW C clE,.
Let D=WUE,. Then W=GUU CintD.If = € int D, then pick an open
neighbourhood V of z such that V € D = WUE,;. Then VN E;, = 0,
hence VNclE, =0 andso VNE, =0. Thus V C W = GUU. Therefore
int D = GUU . Hence (ii) is proved.

As a consequence of Theorem 1.1, we get the following characterization of
quasi-maximal spaces.

THEOREM 1.2. The following are equivalent for (X,T):

(1) (X,T) is quasi-mazimal,
(1) (X,T) is either resolvable and hyperconnected or clG = X,

where X = FUG 1is the Hewitt representation of (X,T).
From Theorem 1.1 also follows

THEOREM 1.3. If (X,T) is submazimal, then it is irresolvable and quasi-
mazimal.

However, the converse of Theorem 1.3 may not hold.

Example 1.1. Let X beaninfinitesetand p € X .Let T = {X, 0, {p}} .
Then (X,T) is irresolvable and quasi-maximal but not submaximal.

DEFINITION 1.2. A subset A of (X,T) is said to be an o« -set [9] if
ACintclint A; a y-set[1] if A CintclA and a §-set [4] if intcl A C clint 4.

We denote by T, T7, T® and D, the collection of all a-sets, all ~-sets,
all é-sets and all dense sets, respectively, in (X,T). It is shown in [9] that T
forms a topology on X .

(X,T) is said to be open hereditarily irresolvable if each open subset of X
is irresolvable.
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THEOREM 1.4. For a topological space (X,T) the following are equivalent:

(i) T? is the discrete topology on X
(ii) (X,T) is open hereditarily irresolvable
(iii) DcT®
(iv) (X,T) is irresolvable and quasi-mazimal
(v) G s dense in (X,T), where X = FUG is the Hewitt representation
of (X,T)
(vi) (X, T*) is submazimal.

Proof.

(i) = (ii):Let O € T'.Let D be any dense subset in O. Then int.c]1D D O
and intclD C clint D (by (i) ) implies that inty, D # @, where intr, D de-
notes the interior of D in O relative to T. Hence (X,T) is open hereditarily
irresolvable.

(i) => (i): We first prove the following lemmas.

LEMMA 1.1. Each A € T* can be ezpressed as A = BUC, where B € T¢
and C 1s nowhere dense in (X,T).

Proof of Lemma 1.1. Let A€ T%. Then
intclA C clint 4. (1.1)

Now A =BUC, where B=intclANA and C = A —intclA. Clearly C is
nowhere dense in (X,T) and intclint B =intclint A DintclA D B (by (1.1)).
Thus B € T*. Hence the Lemma is proved.

LEMMA 1.2. T% is the discrete topology on X if for every momempty set
AeT, intA#0.

Proof of Lemma 1.2. Let A C X. Suppose intclA # §. Now A =
BUC, where B = ANintcl A and C = A—intcl A. Clearly C is nowhere dense
in (X,T). By Lemma 1.1, it suffices to show that B € T*. Suppose B # T*.
Let z € B such that z # intclint B. Then for every open set O, containing z,
there exists G € T with G # 0 and G C O,, we have GNint B # . Therefore
we get

GNintA=90. (1.2)

But as = € B, there exists an open set O, containing z such that O, C clA.
Consider the corresponding open subset G of O satisfying (1.2). Now G C
O, CclA = GCintc(GNA). Let Gi =GNA. Then G; C G CintclG,.
Therefore G; '€ T7. Since G; # @, by hypothesis.we have int Gy # 0. But
intG; =int(GNA)=GNint A =0 (by (1.2)), a contradiction. Thus B € T
Hence the Lemma is proved.
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Now we prove (ii) == (i). Let (§ #) A € T7. Then A C intclA and
since A is dense in intcl A and (X, T) is open hereditarily irresolvable, we get
int A # 0. From Lemma 1.2 it now follows that T° is the discrete topology on
X.

(i) = (iii): Follows easily.

(iii) = (iv): Let D€ D.Then D € T® = intD # 0 and intD € D.
Thus (X, T) is irresolvable and quasi-maximal.

(iv) = (ii): Proved in Theorem 2 of [6].

(ili) = (v): Suppose clG # X . Then int F # (. Let O be a nonempty
open set such that O C F'. Then O is resolvable since F is so. Let D C O
be dense in O such that intr, D = §. Then DU (X — O) is dense in (X,T)
and by (iii), D' =int(D U (X — 0)) is also dense in (X, T). But we claim that
ONintD' = @. For, if there exists a nonempty open set O' C O N D', then
O' C D; a contradiction to the fact that intr, D = @. Therefore we get that
int D' is not dense in(X,T); a contradiction to (iii).

(v) = (iii): It is given that c1G =X .Let (0 #) O € T. Then ONG # 0
and is open in (X, T). Since G is hereditarily irresolvable, ONG is irresolvable.
Let D € D. Then DNONG is densein ONG and therefore int7,,.(DNONG)
£ 0, ie introng(DNO) #0,ie int(DNO) #P. Thus intD € D and so
DeT’.

(iv) = (vi): Follows from Theorem 2 and Theorem 4 of [6].

(vi) = (iv): Follows from Theorem 2 and Theorem 4 of [6].

The following Lemma will be used in proving Theorem 1.5.
LEMMA 1.3. T = T? if and only if every open set is closed in (X, T).

Proof of Lemmal.3. Suppose every open set is closed in (X, T). Then
intcl A # @ for each (§ #) A C X . Therefore T® = T® (by Lemma 1.1 and
Definition 1.2) and T® = T [9]. Thus T = T®. Conversely, let T = T®. Suppose
there exists an open set O which is not closed. Then X — O is closed and not
open and X — O € T® (from Definition 1.2). Thus T # T®, a contradiction.
Hence the Lemma is proved.

THEOREM 1.5. If T = T*, then (X,T) is either hereditarily irresolvable or
resolvable or not a quasi-mazimal space.

Proof. If (X,T) is discrete, then clearly (X,T) is hereditarily irresolv-
able. Suppose (X, T) is not discrete. Then by Theorem 1.4, (X,T) is not open

hereditarily irresolvable (since T = T°®). Now we claim that F' # @, where
X = FUQG is the Hewitt representation of (X,T). If not, then G = X would
be hereditarily irresolvable, a contradiction since (X, T')is not open hereditarily
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irresolvable. By Lemma 1.3, it follows that F' is open (since F is closed). There-
fore cl G # X and then by Theorem 1.2 we find that (X, T) is either resolvable

or not a quasi-maximal space.

Let NV denote the collection of all nowhere dense sets in (X, 7). Then from
Definition 1.2, N' C T®. We denote by T® — A the collection of all §-sets which
are non-nowhere dense in (X,T).

We now investigate the interrelationship between the family T° — A and the
concept of hyperconnectedness and irresolvability of the space.

THEOREM 1.6. For a topological space (X,T) the following are equivalent:

(i) (X,T) 1s hyperconnected
(ii) T® —N is a filter on X
(ili) T*-N CD.

Proof.

(i) = (ii): Let A, B € T — N. Then intA Nint B is nonempty and
dense in (X,T).So ANB €T~ N. Againlet A C B where A€ T® - N
Then int B is nonempty and dense in (X, T)implying that B € T® — N . Hence
T® — N forms a filter on X .

(ii) = (iii): Let A € T® — N . Then int A # . We claim that int(X — A)
= (. For, if not, then int(X — A) € T® — V. Since ANint(X —A) =0, 0 would
belong to T — N'; a contradiction. Therefore int(X — A) =0 and so A € D.

(ili) = (i): Follows immediately.

THEOREM 1.7. For a topological space (X,T)the following are equivalent:

(1) (X,T)is irresolvable and hyperconnected
(i) D=T-N
(ili) T® — N is an ultrafilter on X .

Proof.

(i) = (ii): Let D € D. Then int D # § and int D € D (using (i) ). Thus
DeT?~N.Now,let A€ T?~N.Then intA# @ and intA € D (by (i))
andso A€ D.Thus D=T%-N.

(ili) = (ii): Let A C X be such that A ¢ D. Then int(X — A) # 0
and int(X — A) € T® — V. Therefore clA ¢ T® — N (by (iii)) and this
implies that A ¢ T® — A'. Thus T®* — N C D. Now suppose A ¢ T® — N .
Then X — A € T® — N (by (iii)) and int(X — A) #0 = A ¢ D. Thus
DCT®~N.Hence T — N =1D.
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(i) = (iii): In [5] it has been shown that if (X,T) is irresolvable and
hyperconnected, then D is an ultrafilter on X . Thus it follows that T — A is
an ultrafilter on X .

(ii) = (i): Since the interior of each dense set in (X,T) is nonempty, it
follows that (X, T) is irresolvable. Also since every nonempty open subset of X
is dense in (X, T), it follows that (X,T) is hyperconnected.

2. Maximal resolvable spaces

A space (X,T) with property R is maximal R if, whenever T' is stronger
that T (T' D T), then (X, T') does not have property R.

Maximal R spaces have been extensively studied by E. Hewitt [7], N.
Smythe and C.A.Wilkins [11, A.B.Raha [10, D.E.Cameron
[2], [3] among others.

In this section we investigate necessary and sufficient conditions .or a space
to be maximal resolvable. )

We first recall [8] that for a topological space (X,T) and for any subset
A of X such that A ¢ T, the simple extension of T by A is the topology
T(A)={UU(VNA): UVEeT}.

We now prove

LEMMA 2.1. Let (X,T) be resolvable and A C X be a resolvable subspace.
Then (X, T(A)) is resolvable.

Proof. Let D (C A) be dense in A such that int7, D = §. Two cases
arise.

Case . X —clA=0.
Then D is densein (X,T) and int D = §. Consider the topology T(A). Clearly
D is dense in (X, T(A)) and having an empty interior with respect to T(A).
So (X, T(A)) is resolvable in this case.

CaseII. X —clA#40.
Clearly X — cl A is resolvable. Choose D* C X — cl A such that D* is dense
in X —clA with intr,__, D* = 0. Then consider D U D*, which is dense in
(X,T) and having an empty interior in (X, T); for, if there exists a nonempty
openset O C DUD*,then OND*#0 = ON(X —clA)=0' (say) # 0
= intyy_, . D* # @ (since O' N A = 0); a contradiction to the choice of
D*. Now consider the topology T(A). Clearly DU D* is dense in (X, T(A))
and having an empty interior in (X, T(4)) ; for,if § U U(V NA) C DU D*
for some U,V € T, then U =0 and VNACDUD* = VNAC D;
a contradiction, since V' N A is nonempty open in (A, T4) and inty, D = 0.
Hence (X, T(A)) is resolvable in this case also.
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Now we come to the main theorem of this section.

THEOREM 2.1. For a topological space (X,T), the following are equivalent:

(1) (X,T) is mazimal resolvable.
(i) The set of all open subsets of X = the set of all resolvable subsets
of X. ‘
(ii1) Any continuous bijection f from a resolvable space (Y, V') onto (X,T)
18 @ homeomorphism.

Proof.

(i) = (ii): Clearly every open subset is resolvable. Now suppose A (C X)
is resolvable but not open. Then by Lemma 2.1 (X, T(A)) is resolvable. So
(X,T) cannot be maximal resolvable since T(A) 2 T .

(i) = (i): Suppose (X, T) is not maximal resolvable. Then there exists a
topology T" containing T properly such that (X, T') is resolvable. Let U € T"
such that U ¢ T. Then U is resolvable in (X, T') and so resolvablein (X,T).
This contradicts (ii).

(i) = (@i): If f:(Y,V) - (X, T) is a continuous bijection, then for
T ={f(G): GeV}, f: (Y, V) > (X, T') is a homeomorphism and (X, T")
is resolvable (since the property of being resolvable is a topological property).
Since T' O T and (X,T) is maximal resolvable, it follows that 7' =T'.

(ili) = (i): If (X,T) is not maximal resolvable, then there is a topology
T' 2 T such that (X, T') is resolvable. The identity map I: (X, T') — (X, T)
is a continuous bijection which is not a homeomorphism.
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