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ABOUT VARIETIES OF
WEAKLY ABELIAN [-GROUPS

S. A. GURCHENKOV

ABSTRACT. For every prime p a variety of weakly abelian !-groups which is
not generated by the set of itself nilpotent [-groups is constructed.

A lattice ordered group G is called weakly abelian if the [-group G sat-
isfies the identity (|z|™|y||z| A |y|™2) Ve = e. It is well known that every
weakly abelian [-group G is representable [1] and that every locally nilpotent
l[-group G is weakly abelian [2]. The following question is known in the theory
of [-varietes:

Let N, be the variety of all nilpotent [-groups of class £ n and let W, be
the variety of all weakly abelian [-groups. Is this equality W, = |J N, true?.
n=1

Here for every prime p we construct a variety of weakly abelian [-groups
M, which is not generated by the set of itself nilpotent !-groups.

Let W be a wreath product (a) ? (b) of infinite cyclic groups (a), (b). It
is known that W admits a weakly abelian total order P. Let T denote a

oo . .
subgroup [] (b7'ad’) of group W with total order which is induced on T by
t=—o00

the total order P of group W. And let A = (c) xT bea lexicographic product
of an infinite cyclic group (c) and totally ordered group T'. Now we define two
automorphisms a, 3 of group A as follows: ¢® = ¢, a = apn41, R €Z, ¢? =¢,

P { anc, if n=0 (mod p)
a’ =
" an, if n#0 (mod p),

where a, denotes an element b~ "ab™, n € Z.
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LEMMA 1. Automorphisms o, 3 of group A preserve the total order on A.

Proof. For every element u = uic", u € A, where u; € T, n € Z, we
have u® = u$(c")® = ubc™. But in the [-group A u > e if and only if u;.> e
in T, or uy =e and ¢" > e in (c). Since conjugation by b in (a) 2 (b) (and,
particularly, in T') is an order automorphism of (a) 2 (b), then u > e follows
u®* > e in A. Hence, a is an order automorphism of 4. Automorphism S acts

as the identity in the factor-group A/(c) and in the group (c), so that
uic™c® forsome meZ if w e
uﬂzulﬂ(cn)ﬁ:{ 1 ) 1# )

c", if u;=e.

But u; > ¢ in A and, hence, u > e if and only if u? > e. The proof is

completed.

Let now G denote a subgroup («, 8) of the group order-preserving auto-
morphisms Aut A of the abelian totally ordered group A.

LEMMA 2. The group G can be described in terms of generators and relations
as:

G=(a, B [o”, a"pa’] = ¢, [a7'Ba’, a™ial] =¢, i,j € Z).

Proof. In the group G we have
3 {an.,_,,c, if p+n=0 (mod p),

aff _
an - an+p

Antp if p+n#0 (modp).
aPe" — ag’ ¢ = apype, i n=0 (modp),
" a®” =an4p, if n#0 (modp).

But p+n = 0 (mod p) if and only if n = 0 (mod p), hence a®"? = af’
for every n € Z and so o?f = faP in G. For every 1 € Z we now have
a”'Bat = a"a"PPaPa’ = a~Pa~ falal | therefore, [aP, a"'fal] =e.

In the same way we establish that the relations [a~!fa’, a™?Ba’] = e for
1,) € Z are true in G. Now it is not hard to see that every element v in G can

be written in the form
— . m_—(p—1)gm; _p—1 —1gmp_y mp
u=a"«a B™MaP™ . cam aff
for some integers m, my, ..., m,. Let us have in G some relation u = e. Then
for every n € Z we must have in A

a~ (Pl gmigr=1. 4~ 18Mp-1q gmp

_ my
n+m = Ap4+-mC )

a, =a, =a
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where n+m +:¢=0 (mod p). Butin A a, = apymc™ if and only if m =0,
m; = 0. Hence, choose n = 1,2,...,p — 1, we immediately have m = 0,
my = 0, ..., mp = 0. Therefore, every relation in G follows from relations
[a?, @~ Bai] = e, [a"!Ba’, a~IBal] = e. The proof is completed.

LEMMA 3. The group G satisfies the identity [z}, 28] =e.

Proof. As it follows from Lemma 2, for any element z;, z; € G, we have
z; = a™ f; for some integer n; and some element f;, fi € G*, where

G* = (B, a_l,’ﬁa, cees a‘(P—l)ﬂapﬂ).

Hence,

e = (™ £)" = a"u,

where u; = o~ PD fiqni(P=D . . a7 f;a™ f;. As it follows from Lemma 2,
[xf, z’z’] = [a"”’ul, a"”’ug] = [a"”’, a"”’] [a"”’, uz] [ul, a""’] [ul, ’LL2] =e.

The proof is completed.

The group G is solvable of class 2 (it follows from Lemma 2). Let F be a
free solvable of class 2 group with two generators aq, ag, andlet ¢: FF — G be
a homomorphism such that ¢(as) = a, ¢(ag) = B. Let H denote a semidirect
product Ao F of groups A, F, wherefor a€ A and f € F of = a® ) 1t is
well known that the free solvable of class 2 group F' admits some weakly abelian
total order (). Now we introduce a weakly abelian order on group H as follows:
for fa € H, where a € A, f€ F let fa > e in H ifandonlyif f > e in
(F,Q),or f=e and a>e in (4, P).

LEMMA 4. A lattice ordered group H satisfies the identity

(122, <2}, (<], 22]] = e.

Proof. Consider a centralizer C = Cy(A) of subgroup A in the group
H. It is easy to see that C 2 A, C is normal in H, and ker(¢) C C. Let
us shown that C is an abelian subgroup. It is sufficient to show that ker(¢) is
abelian. A group G admits representation

G ={(a,B [a™Bat, a™?a’] = [o?, B] = e).

Therefore, ker(¢), as a normal subgroup of F, is generated by the set
X = {laz'agal, ajlagal), [ak, ag], i,j € Z}, but X C [F, F], a subgroup
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[F, F) is fully invariant in F and abelian, and, hence, ker(¢) = gi(X)F is
abelian. Let now z,, 23, 23, x4 be any elements in H . As follows from Lemma 3
we have inclusions [z}, 28] € C, [2}, z}] € C. Hence, [[z}, 2], [z}, 2}]] = ¢
because C is abelian. Proof is completed.

Let now M, denote a [-variety generated by the [-group H, and let B,
denote a subvariety of M, generated by all nilpotent lattice ordered groups

from M,
THEOREM. M, #B,.

Proof. It is not hard to see that the following identities are true in M,

R O PR N U PR LA L EPRRRR U | (+)

where k, s, n, m are integers and y;, zj, uy, v, are variables. Consider any
nilpotent [-group B, B € M,. The lattice ordered group B satisfies the
identities (*), therefore, the identity [[y, 2], [u, v]] = € is true in subgroup pB
of group B, generated by the set {z?, & € B}. As it follows from theorem
of Baumslag [3], every identity of nilpotent torsion free group pB must
be true in nilpotent completion (pB)* of pB. But as it follows from the theo-
rem of Malcev [4], B C (pB)*, and, hence, the identity [[y, z], [u, v]] = ¢
is true in the [-group B. So, the identity [[y, z), [u, v]] = e is true in the

l-variety B,. Let now y = ap, z = aq, v = (151, v = a;'. We have

a
1

-1 - -1 -1
ly, z] = ay "ajlagas = ay af =ay ay,

[y, 2}, [w, v]] = (a5 ar)™" - (a5 an)I" )

_ —-1/ -1 BaB " ta™t _ -1/ -1 —1 ad”!
= apa; (a5 a1) =apa; (a; ¢ “ay)
-1 -1 -1 _ -1 .
1, -1 -1 p-1ya"! apa; a; ¢ ap =c if p
= agay ' (ay'c"lay ) =
-1_-1_—1 —-1ya~! _ =2 if —9
agay ay ¢ (age™!) =c if p=2.

In both cases we have [[y, z], [u, v]] # e in the [-group H.So M, # B, . The
proof is completed.

COROLLARY. The l-variety M, has no divisible embedding property.
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