Mathematica Slovaca

Jaroslav Han¢l; Péter Kiss
On reciprocal sums of terms of linear recurrences

Mathematica Slovaca, Vol. 43 (1993), No. 1, 31--37

Persistent URL: http://dml.cz/dmlcz/136572

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1993

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/136572
http://project.dml.cz

Mathematica
Slovaca

©1993
Math. Slovaca, 43 (1993), No. 1, 31-37 smv‘.ihir?ﬂ::; S

ON RECIPROCAL SUMS OF TERMS
OF LINEAR RECURRENCES

JAROSLAV HANCL*) — PETER KISS**)1)

(Communicated by Stefan Porubsky)

ABSTRACT. The paper deals with the irrationality of infinite series, where terms
are reciprocal of terms of a linear recurrent sequence with constant coeflicients.

Let G = {G.}%2, be a linear recursive sequence of order k (> 1) defined
by
Gn=A1Gn1 + A2Gra + - + AxGri (n > k) ’

where A, A,,..., Ar and the initial terms Go, G1,...,Gr—1 are given rational
integers — not all zero. Denote by a = ay, az,...,a, the distinct roots of the
characteristic polynomial

G(Ct) = .’Ek - Alzk—l - Azzk—z — = Ak.

Suppose that s > 2 and the roots have multiplicity m = m;, m,,...,m,. Then,
as it is well known, the terms of the sequence G can be expressed by

G = f(n)a™ + fo(n)og + -+ + fu(n)a? (1)

for any n > 0, where f(z), fi(z),..., fs(z) are polynomials over the number
field Q(a,as,...,a,) of degree m — 1, my — 1,...,m, — 1, respectively.

In the sequel we suppose that a is a dominant root of G(z) (i.e. |a| > |ail
for :=2,...,s)and G, #0 for n > 0.

If k=2 and Go =0, Gy = 1, we denote the second order linear recursive
sequence by R, furthermore if Gy = 2 and G; = A;, then the sequence will be
denoted by V. For these sequences the characteristic polynomial is 22— A,z — A,
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and we denote its roots by a and 8 (8 = az), where |a| > |3| by the above
restriction. The terms of the sequences R and V' can be written in the form

Rp = (a” = f")/(a—B) ()

and
Vo=a"+p" (3)
for any n > 0.

In the special case A; = A; = 1 the sequences R, V are the known Fi-
bonacci and Lucas sequences which will be denoted by F and L.

It is known that for the Fibonacci numbers

o0

> 1/Fp=(7-V5)/2 (4)

n=0

(see [5] and [6]) and so the sum of this series is an irrational number. Solving
two problems of Erd8s and Graham [4], C. Badea [2] has shown that

> 1/Fpn (5)
and -
> 1L (6)

are also irrational.

For the sequence V', with restriction A; > 1, R. André-Jeanin [1]
obtained the following result. If e =1 or € = —1, then

&= i " Vin (7)
n=0

is an irrational number. Furthermore, if A2 + 44, = D is not a perfect square
and |B] <1, then 1, a, ® are linearly independent over Q.

As a consequence of a more general theorem P. Bundschuh and
A .Pethd [3] obtained a transcendence result for the sequences R with 4; > 0
and Az = 1: Let {Bn}52, be a sequence of integers such that |Bj,| is not a
constant for large indices and

|Ba| < R3S,
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for any € > 0 and n > n(e). Then

i Bn/Ran | (8)

n=0
is a transcendental number.

The aim of this paper is to give similar results for general sequences. For the
most general linear recurrences G (with restriction |a| > |a;| for i =2,...,s)
we prove:

THEOREM 1. Le G be a linear recurrence of order k defined by (1) and let
{6,532, be a sequence of non-zero integers. If {kn}32, is a sequence of positive
integers such that

n-1 )
Jim (60 TT fkate) [ (SCkm)at) =0, ©
i=1
then the sum of the series
> bn/Gh, (10)
n=1

13 an trrational number.

This theorem implies some consequences for second order linear recurrences
R and V. Let k¥ = 2 and denote by D the discriminant of the characteristic
polynomial z? — Az — A2 of sequences R and V. Thus

VD = (/A2 +44; = |a - §|

and by (2) and (3) for the sequences R and V the function f(n), defined in
(1),is f(n) =1/VD or —1/v/D (according to a@ >0 or a < 0) and f(n) =1
respectively. Substituting these values into (9) from Theorem 1 we immediately
obtain:

COROLLARY 1. Let t (> 0) and k be fized integers with t > k and let
{62332, be a sequence of non-zero integers. Define the sequence {k,}32, by

kpn=t2"—k.If
lim bn/(ak\/l_) )n =0,

n—oo

then the sum of the series

Z bn/Rt2" -k
n=1

18 an irrational number.
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COROLLARY 2. If k>0 and

lim b,/a*™ =0,

n—oo

then

> bn/Vean i
n=1

1s irrational for any fized integer t with t > k.

In the case k =0 we can give a weaker condition for the sequence {b,}32,.

THEOREM 2. If {b,}52, is a sequence of non—zero integers such that

lim b,/a!?"" =0, (11)

n—oo

then the sum of the series
[e o]
> bn/Rign
n=1

is an irrational number.

THEOREM 3. Let V be a generalized Lucas sequence defined by (3), such that
|B| < 1. Then the sum of the series

oo

> 1/Vign

n=1

is an irrational number for any fized positive integer t.

Notes. The irrationality of the sums (4) and (5) follows from Corol-
lary 1 with ¢ = 1, and with ¥ = 0 and k = —1, respectively, since D = 5,
a=(1++v5)/2 and 0 < |a/v/D| < 1 in this case. Theorem 3 with ¢ = 1
implies the irrationality of sums (6) and (7) with € = 1. The irrationality of
(8) follows from Theorem 2 with ¢ =1 since

IR /o™ <

for any €, £; > 0 if n is sufficiently large.

For the proof of the theorems we need the following result which can be found
in [7] in a more general form. ‘
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LEMMA. Let {a,}32, and {bo}32, be sequences of integers such that
0 < |bn]| < |an| < |@nt1| for every n > ng. If lim b,/a, = 0, then the
n— oo

sum of the series

o0
DL —
ay-az-... an

n=1

13 an irrational number.

Proof of Theorem 1. By condition (9) it is easy to see that the se-
quence {kn}32, is strictly i mcreasmg from some index and that the sum (10)
is convergent. (10) can be written in the form

> ba/Gk, =Y baP(n—1)/P(n),

where P(m) denote the product

H Gk.‘a
=1

and so by the lemma it is enough to prove that
Cpn=b,P(n-1)/Gx, -0 as n—oo.

By (1) we have

bo (T 20004 ) - ('L 1+ £ 0k )

=1

f(kn)akn (1+ F(kn)) ’

i =8 (2) e+ S (3)”

But, using that 0 < |ai/a] < 1 for ¢« = 2,...,s, it can be easily seen that -
F(kn,) — 0 as n — oo and

Cn=

(12)

where

n—1

[ +Fk) =cr)<c

i=1

35



JAROSLAV HANCL — PETER KISS

for any n, where ¢ depends only on the parameters of the sequence G. So by
(9) and (12) we get

lim C,, =0

n—oo

which proves the theorem.

Proof of Theorem 2. By (2) and (3) we have

n n n-1 n-1
at?" — g2 at? 2
= Vian—1

BRI ey | Ky

i=1

thn =

and so

gbn/Rm - (1/Rt)§,lb,. /(T0Var).

i=1
By (3) we have
ba/Vignor = (ba/a'® ) - (1/(1 4 (B/a)®" 7))
from which, by the Lemma and (11), the theorem follows.
Proof of Theorem 3. By (3) the numbers Vi;n are positive since

t2" iseven. C. Badea [2] proved that if {a,}3%, is a sequence of positive
integers and

an+1>ai—an+1

00
for all large n, then the sum of the series ) 1/a, is irrational. Thus we have
n=1

only to prove that
Vigntr > (Vian)? = Vign +1 (13)
for any sufficiently large n. Using (3), (13) can be written in the form
a1+ (/)Y > o (14 (8/0)7)” — ot (1 4 (B/a)'®") + 1.
Dividing the inequality by a!?" we obtain
0>2-a'2"(8/a)?" —1—(B/a)? +1/a'?" =28 —1—(8/a)*" +1/a**"
which holds for any large n since |8| <1 and |a] > 1.

36



ON RECIPROCAL SUMS OF TERMS OF LINEAR RECURRENCES

Acknowledgements

The authors would like to thank to the referee for his valuable suggestions
which have improved the original version of these results.

REFERENCES

[1] ANDRE-JEANIN, R.: A note of the irrationality of certain Lucas infinite series, Fi-
bonacci Quart. 29 (1991), 132-136.

[2] BADEA, C.: The irrationality of certain infinite series, Glasgow Math. J. 29 (1987),
221-228.

[3] BUNDSCHUH, P.—PETHO, A.: Zur Transzendenz gewisser Reihen, Monatsh. Math.
104 (1987), 199-223. C

[4) ERDOS, P.—GRAHAM, R. L.: Old and new problems and results in combinatorial
number theory. In: Monograph. Enseign. Math. 38, Enseignement Math., Geneva, 1980,
pp. 60-66. ,

[5] GOOD, L. J.: A reciprocal series of Fibonacci numbers, Fibonacci Quart. 12 (1974), 346.

[6) HOGGATT, V. E.—BICKNELL, M. J.: A reciprocal series of Fibonacci numbers with
subscripts of 2™k, Fibonacci Quart 14 (1976), 453-455.

[7] OPPENHEIM, A.: Criteria for irrationality of certain classes of numbers, Amer. Math.
Monthly 61 (1954), 235-241.

Received May 17, 1990 ") Department of Mathematics
Revised October 31, 1991 University of Ostrava
Dvotdkova 7
703 01 Ostrava 1
Czech Republic

**) Department of Mathematics
Teacher Training College
Lednyka u. 4
3301 Eger
Hungary

37



		webmaster@dml.cz
	2012-08-01T08:07:08+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




