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ABSTRACT. The conditions when Boolean subalgebras in a quasi-orthocomple-
mented poset may be embedded into a Boolean o-algebra are studied.

1. Introduction

One of the actual problems of the mathematical description of quantum me-
chanics is the problem of simultaneous measurement of several observables. In
the classical Kolmogorov model [5], the measurement of non-quantum ob-
servables is performed within the framework of Boolean o-algebra models [9].
For quantum mechanical observables there exists a model of quantum logics
[10]. On the other hand, in the quantum logics there are also observables which
have the classical character, i.e. their ranges are embedable into a joint Boolean
o-algebra.

The main goal of the present paper is to present conditions showing when the
ranges of observables in a quasi-orthocomplemented poset are embeddable into
some Boolean o-algebra. This question is known as the compatibility problem
and it has been solved for various classes of quantum logics using various notions
of compatibility [1, 4, 6).

We recall that there is a different axiomatic model for measurements of quan-
tum mechanical observables based on fuzzy sets ideas, called an F-quantum
space (8], where this problem has been solved, see [2].

We note that our methods are similar to classical ones for quantum logics,
however, for the existence of a Boolean sub-o-algebra we have to use very fine
steps.

AMS Subject Classification (1991): Primary 81P10.
Key words: Quasi-orthocomplemented poset, Observable, Commensurability, C-o-dis-
tributive property, F-compatibility.
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2. Quasi-orthocomplemented poset

By a quasi-orthocomplemented poset (q.o.p.) we understand a partially or-
dered set P with a quasi-orthocomplement L: P — P such that the following
conditions hold:

(i) (at)* =a for any a € P;
(i) if a £b then b+ L at;
(iii) a' # a for any a € P;
(iv) if {an}nen C P, a; S aj for i # j, then

V a, :=supa, € P.
neN neN

Example 2.1. Every Boolean o-algebra is a q.o.p.

Example 2.2. Every quantum logic, i.e. a o-orthomodular poset (see [7])
is a q.0.p.

Example 23. Let (2, M) be an F-quantum poset (see [2]), i.e. 2 is a
nonvoid set and M C [0,1]? is a system of fuzzy sets such that
(i) if 1(w)=1 for any w € Q, then 1€ M;
(ii) if f € M, then f1:=(1-f) € M;
(i) if 1/2(w) =1/2 for any w € Q, then 1/2 ¢ M;

(iv) U fn € M whenever f; < f;- for i #j and {fn}nen C M.
neN

Then M is a q.o0.p.

Example 24. Let V be an inner product space. Let L = L(V) =
{AcVv: (AY)t =4}, where Al ={z€V: (z,y)=0 forall ye A}.
Then L is a q.o.p., where the meet denotes the intersection of subspaces and the
join is the minimal subspace of L containing given subspaces. We note that if V'
is a Hilbert space and L(V)={ACV: (A1)t = A, A is a closed subspace},
~ then L(V) is a quantum logics.

Example 2.5. Let X = (0,00) and the mapping L, 1: X — X, be
a unary operation on X defined via ¢ — 1/z for any z € X. Let P be a
nonempty subset of X such that:

(i) 1¢P;
(ii) if z € P, then zt :=1/z € P;

(i) if {Zn}nen C P, z; Szj (ie. z;-x; S 1), then supz, € P.
neN

The operation L is a quasi-orthocomplement and P is a q.o.p.
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LEMMA 2.6. Let P be a q.o.p. f aVbeE P (aAb€ P), then at Abt € P
(at Vbt € P) and (aVb)t =alt AbL ((aAb)t =atVvibt).
Proof. It is simple to verify it in a classical way.
A nonempty set A C P is said to be a Boolean sub-(o-)algebra of a gq.0.p. P
if:
1. There are minimal and maximal elements 04 and 14 from A such
that 04 £a<14 and aVal =14 forany a € A.

2. With respect to V, A, 1,04, 14, A is a Boolean sub-(o-) algebra (in
the sense of Sikorski [9)).

Let B(R') be a Borel o-algebra of the set of all reals. We say that a mapping
z: B(R') — P is an observable of P if:

(i) z(E®) ==z(E)! for any E € B(R!), where E°=R! — E;

(ii) :c( U En) = V z(E,) whenever E;NE; = 0 for i # j and
neN neN .

{En}nen C B(RY).
If z is an observable of P, then the range of =z, that is, the set
R(z) = {z(E): E € B(R')}, is a Boolean subalgebra of P with the mini-
mal and maximal elements z(@) and z(R'), respectively.

Let a € P. We define an observable z, as a mapping from B(R!) into P
such that :

anat, if0,1¢E;
at, if0€E,1¢E;
a, if0¢ E, 1€ E;
aVal, if0,1€E;

zq(E) =

for any E € B(R!). The observable z, plays the role of the indicator of the
event a € P and the range of z, is the set R(z,) = {a, at, aVat, aAat}.

In accordance with the theory of quantum logics, we say that two elements
a,be P are

(i) orthogonal and write alb if a < bt;
(ii) compatible and write a < b if a Ab, at Ab, a Abt € P and
a=(aAb)V(aAbl), b=(aAb)V (at Ab);
(iii) strongly compatible and write @ <> b if a <> b+ at = bl - a.
It is evident that if a <> b, then aVb e P.

We note that if a < b, then it is not true, in general, that then a <> b.
Indeed, let (2, M) be an F-quantum poset, where M contains two different
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constant functions f and g with 0 < f < g<1/2.Then f < g and f & gt,
but fL = gt.

It is easy to verify that a < b if and only if a < b+ and a’ < b. Further,

8 S 8 8 8 8
adat,adSanat Sat Savat Sa,anat Saval forany a€ P.

LEMMA 2.7. If a & b, then aVal =bVbt.

Proof. Calculate

aVat = ((aAb)V(anbh))V ((at Ab)V (at AbL))
= ((@Ab)V(at Ab)) V ((@AbL) vV (at AdY)) =bVbt.

We say that a q.o.p. P has
(i) a c-f-distributive property if for any finite subset {a, a1,...,an} C P

n
such that \/ a; € P and a < a;, the equality
i=1

i=1

aA (\/a,) = V(aAai) (2.1)

holds (provided that at least one side of (2.1) exists in P);

(ii) a c-o-distributive property if for any a € P and any sequence

{an}nen C P such that \/ a, € P and a < a,, the equality
neN

an (\/ an) = V(a/\an) (2.2)

n€N neN

holds (provided that at least one side of (2.2) exists in P).
Any Boolean o-algebra, any quantum logic as well as any F-quantum space
have the c-o-distributive property.

PROPOSITION 2.8. Let a q.0.p. P have the c-f-distributive property. The
following statements are equivalent.

(i) adb.

(if) There is an observable z of P such that ©(E) =a and x(F)=1b for
some E,F € B(R!).

(iii) There is a Boolean subalgebra of P containing a and b.
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Proof. Lelt (i) hold. Put z; = aAb, 22 = aAbt, 23 = alAb, 74 = atAbt
and define a mapping z: B(R') — P via

anat, if 1,2,3,4¢G;
2(G)=9 Vai, ifie@, i=1,234;
i

for any G € B(R!). The straightforward calculation shows that z is an observ-
able of P.If we put E = {1,2} and F = {1,3}, then we get (ii). The statement
(i) evidently gives (iii) and (iii) implies (i).

3. Commensurability

We say that two nonempty subsets A and B of P are (strongly) compatible
and write (A< B) A~ B if (a<>b) a«<bforallac A and be B.

It is clear that if A and B are Boolean subalgebras of P, then A <& B if
and only if A < B and moreover AN B # @ implies 1, = 15.

We say that a system of nonempty subsets of P, {A;: t € T}, is
(0-) commensurable if there is a Boolelan sub-(o-)algebra of P containing all
At .

The main problem of the present section is to give the necessary and suffi-
cient conditions (= compatibility theorem) for a nonempty subset of P to be
o-commensurable.

A nonvoid subset A of P is said to be f-compatible (“f” as for finiteness)
if for any finite subset {a1,...,ap4+1} of A we have:

(i) u:=a1A---ANapAapy1 € P, vt:=al/\---/\a,,/\a,J,:*_1 € P;
(i) uVv=a1A---Aay,.
A subset A is strongly f-compatible if the set AUAL is f-compatible, where
At ={al: a € A}.

PROPOSITION 3.1.
(i) aeb (ab) if and only if {a, b} is (strongly) f-compatible.
(ii) Every nonempty subset of an (strongly) f-compatible set is (strongly)
f-compatible.

n
(i) The (strong) f-compatibility of {ai,...,an} implies A\ a; € P
n . =1
(V a; €P).
i=1
Proof. The first two statements are evident.
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If {a1,...,an} is f-compatible, then from the definition we have easily

n
A\ ai € P. Suppose now that {ai,...,a,} is strongly f-compatible. Then

=1

n n 1
{af,...,ax} is f-compatible and therefore P 5 A af = ( Vv ai) , which

i=1 =1

n
implies \/ a; € P.
i=1

PROPOSITION 3.2. Let P be a g.0.p. with the c-f-distributive property. If
n n
{a, b1,...,b,} C P is strongly f-compatible, then a < \/ b; and a <& A b;.

=1 i=1

Proof. Denote Jo = {(j1,...,4n) € {0,1}"} — {(0,0,...,0)}, b? = b},
b} = b; for i = 1,2,...,n. From the strong f-compatibility of {a, by,...,b,}
we have

P3\/(anti A---Abir) = \/(anby),
Jo i=1

n

P3\/(a* A6 A Abin) = \[ (et Aby),
Jo

i=1
therefore
n n L .
(aA( V b.-))V(a/\( Vv bi) ) = (v(a/\b{*/\---Abz',n))v(a/\bll/\--./\b,{)
i=1 i=1 Jo
= V@AB Ao Ablr) = V @Ab A AbRY) = - = V(aAb])
Jn Jn-1 J1

=(aAb)V(aAbl)=a,
where Ji = {(j1,..-,Jk) € {0,1}%} for k=1,2,...,n;

(aA (i/lb,-)) v (al(i:\"/lb.-)> =i=\n/l(a/\b,-Val/\bi)=i=\n/1bi,

n n
which implies @ < \/ b;. Analogously at « \/ b;.
=1 i=1

It is evident that
n 'L n 1
(a/\(Vb,-) )V(a‘L/\(Vb,-) )=(a/\bll/\.../\b,{)v(a*/\bllA.../\b#)
i=1 =1
n 1
=bf A---AbF = (Vb,-)

=1
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n \L n
therefore, a — ( V bi) , and we have proved that a & V b;i.
i=1

i=1
Because the set {a, bi",...,bL} is strongly f-compatible, from the above we
n n
have a <> \/ b} and a & A b;, too.
i=1 i=1
LEMMA 3.3. Let P be a q.0.p. with the c-f-distributive property and A, B be
two different Boolean subalgebras of P . The following statements are equivalent:
(i) A~ B.
(ii) The set AU B is f-compatible.
(iii) The set AU B is strongly f-compatible.

Proof. The equivalence of (ii) and (iii) is evident, therefore, A+ = {a':
a € A} = A for any Boolean subalgebra A of P.

Suppose (i). We prove that if a,c € A and b, d € B, then ¢ &> aAb->d. It
is clear that cA(aAb), ctA(aAb) € P and P3 (cAalt Ab)V (cAat AbL)V
(cAaAbt)V(cAat AbL) = (cAat Ab)V(cAat AbL)V (((cAa)V(cAat)) AbtL) =
(cAat)V(cAbt) =cA(at Vbt) = cA(aAb)t. Analogously ct A(anb)t € P.

Calculate
(cA(@Ab)) V(ct A(@aAb)t) =(cAat)V(eAbt) V(ct Aat) v (et Abt) =
at vbt =(anb)t;

(cA(@Ab)L)V(cA(@aAd) =(cAat Ab)V(cAat AbT)V (cAbtAa)V
(cAbtAat)V(cAaAd) =(cAat)V(cAa)=c,thatis co (anb)t.

Further,

(c*A(@anb) V(cA(anb)) = ((ct Aa)V(cAa)) Ab=aAb;
(ctA(@Ab))V(ctA(anb)t) = (ctAaAb)V(ctAat AB)V (ct Aat Abt)V
(¢t Abt Aa)=(ct Aa)V (ct Aat) =ct, therefore ¢+ « (a Ab), which gives
¢ & (aAb). Symmetrically d < (a Ab).

Let aj, as,...,a,41 € AU B. Denote a? = ai, a}
u = al* A--- Aalr, where (ji,...,7n) € {0,1}". Only one of the following

n
alternatives holds:

(1) ueA,
(2) ueB,
(8) u=aAb,
where a € A and b € B. In any case u <> an+1, which implies u A an41,

uAat,, € P and (uAany1)V (uAai,,) = u, therefore, the set AUB is
strongly f-compatible.

=a, t=1,...,n,

The converse assertion is evident.
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PROPOSITION 3.4. Let P be a q.0.p. with c-f-distributive property. Then
any two compatible Boolean subalgebras of P are commensurable.

Proof. If A and B are compatible Boolean subalgebras, then AUB is the
f-compatible set and 14 = 1p. Define D ={aAb: a € A, b € B}. Evidently
DCP and A, BC D, because a=aAly=aAlg and b=bAlg=bAl,.

(i) If u,v € D, then u & v.

Let u =aAb, v=cAd, where a,c € A and b,d € B. Then uAv =
(anb)A(cAd)=(aAc)A(bAd) € D C P. By the proof of Lemma 3.3, we
have ¢ & a Ab & d and from the c-f-distributive property we get that
(aAbActAd)V(aAbAct AdL)V(aAbAcAdY) = (aAbAct)V(aAbAdt) =
(aAb)A(ctVvdt) =unvt,
therefore u A v+ € P. Analogously ut Av, ut Avlt e P.

Calculate
(wAvt)V@tAvt) =(@AbAct)V(eaAbAdt)V (et AbACt)V (at A
brACH)V(aAbtAct) V@t AbAdY) V (@t AbEAdY) V(e Abt AdY) =
BAcH) V(A V(BAdY) V(b AdY) =ct vdt = (cAd)t =vt.

By the same way we prove that (uAv')V(uAv) = u, which implies u < v*.
Symmetrically ul < v, therefore, u & v.

(i) u Aut =04 for any u€ D.

Let u = aAb, where a € A and b € B. Then uAut = (aAb)A(at Vb)) =
(@aAbAat)V(aAbAbLLY)=0,V0p=04.

(iii) The set D is strongly f-compatible.

Denote a® = at, a' = a for any a € P. Let uy, ug,..-,Un41 € DuUD*.
Then there is a set J C {(jl,...,jn,jn+1,...,j2n) € {0,1}?"} such that

ug A+ Aup = \w;, where w; = al* A--- Aair ABIPH A AWl € A
J
and b"** € B for i = 1,2, ...,n. Evidently w; € D and ij € P, because

wjlwy, for j #m.

Without loss of generality we can assume that up4; = a@ny1 Abpyy. Due to
the above we have w; < upn41, therefore the elements w; Auny1 and wjAup,,
exist in P, moreover, (w;jAtnt1)V(wjAui, ) = w;. Using the c-f-distributive
property we get that

PBV(wj Alpyr) = (\/wj) ANUpy1 =UI A - AUup ANUpyy =i u,
J J

PBV(wj/\u,f_H): (ij) At =ui A Aun AUy =:v.
J J
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Then u Vv = \/(wj A tnt1) V V(wj Augy) = V(W) Auggr Vwj A up,y) =
J J J

V w;j =uj A--- Au,, which implies that the set D is strongly f-compatible.
J

Finally, denote by U = {u= Vu: uy,€D,n> 1}.
=1
We claim to show that U is a Boolean subalgebra of P containing the
Boolean algebras A and B.
(1) If u,veU, then uAvel.
n
Let w € U, v =\ u; and v € D. The set {v, u1,...,u,} is strongly
i=1
f-compatible, then by Proposition 3.2, v < u, which implies u Av € P, more-

n n
over, u/\v=(\/u,~)/\v= V(@uinv)eU.

i=1 =1

n m
Suppose now that u, v € U, u= \/ u;, v=\/ v;. Theset {v;, uy,...,u,}

=1 =1
is strongly f-compatible and, therefore, v; &y forany j=1,2,...,m. Then
m n m
UsV V@iAv)=\V (uAv;)=uAv.

j=1li=1 Jj=1
(2) ut €U forany ueU.
This result follows from the strong f-compatibility of the set D (see (iii)).
B If uyveU,then uvvel.
This result follows from (1) and (2).
(4) uAult =04 and 04 <u<1y forany ueU.

n .

If w = \ u;, then from the strong compatibility of ur and u for any
t=l. n n

k=1,2,...,n, we have u Aul = \/ (uk/\ A u;L) =04 and 04 =uAul <
k=1 i=1

u<uVul =1y forany ue€U.
(5) u < v for every u, v € U.
n m
In view of the above, u Av, ut Avt € P.Let u= \/ u; and v = \/ vj .
i=1 j=1
Then v; & u for any j = 1,...,m and the strong f-compatibility of the set
{u1,...,un, v1,...,vn} implies that PBY(ull/\---/\u,J;/\vjl/\---/\vf;;') =
o
m m
V (ut Avj) =ut A ( V vj) = ul Av, where the set Jy is the same as in the

proof of the Proposition 3.2. Symmetrically u A vt e P.
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Calculate

(ut Av)V(utAv) = (Vui/\v{‘ A- --/\vf,',") V@tAviA-AvE) = =ut
Jo
(see proof of the Proposition 3.2),

(ut Av)V (uAv) = ( \7(uJ'Avj)) v( \7(u/\vj)>

j=1 j=1

=V (W Av) V(@A) =\ v =,
i=1 Jj=1

which gives ul < v. Symmetrically u « v1, therefore u & v.

(6) The distributivity in U follows from the c-f-distributive property and
from (5).
From (1)-(6) is evident that U is a Boolean subalgebra of P.

PROPOSITION 3.5. Let A,,...,A, be Boolean subalgebras of a q.0.p. P with

the c-f-distributive property. The algebras A,,..., A, are commensurable if and
n
only if the set |J A; is f-compatible.
i=1
Proof. If A,,...,A, are commensurable, then there is a Boolean subal-

gebra B such that |J A; C B and every Boolean algebra is f-compatible.
i=1

The sufficiency follows from the observation that the Boolean subalgebra

m

containing A,,..., A, consists of the elements of the form \/ aj;AaziA---Aay;,
=1

where ax; € Ax for k=1,...,n and m 2 1. To prove that, we use the same

arguments as in the proof of Proposition 3.4.

The statement of Proposition 3.5 is incorrect if we assume only the mutual
compatibility of Ap,...,A,. Indeed, let X = {1,2,...,8} and S be a system
of all subsets of X with even number of elements. The system S is a q.o.p.
Put A= {{1,2,3,4}, {5,6,7,8}, X, 0}, B = {{1,2,5,6}, {3,4,7,8}, X, 0},
C = {{1,3, 6,8}, {2,4,5,7}, X, (0}. Then A, B, C are pairwisely compatible
Boolean subalgebras of S, but {1,2,3,4} N {1,2,5,6} N {1,3,6,8} = {1}, so
A, B, C are no commensurable.

THEOREM 3.6. A system {A:: t € T} of Boolean subalgebras of a q.0.p. with

the c-f-distributive property is commensurable if and only if the set |J A is
teT
f-compatible.
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Proof. Let Ty be any finite nonempty subset of T'. In view of Proposi-
tion 3.5, there is a Boolean subalgebra A(T,) containing all A, for t € Tp.
Write A= {A(To): Tb is a finite subset of T} . Simple verification shows

ToCT

that A is a Boolean subalgebra of P including all 4,, t € T.

PROPOSITION 3.7. Let P be a q.0.p.with c-o-distributive property. Then any
Boolean subalgebra of P is contained in a mazimal one and a mazximal Boolean
subalgebra of P is necessarily a Boolean sub-o-algebra.

The proof of the proposition depends on the following results.

LEMMA 3.8. Let P be a q.o.p.with the c-o-distributive property, let A be
a Boolean subalgebra of P, let {an}nen be a sequence of pairwise orthogonal

elements of A and let b be any element of A. Put a= \/ a,. Then
neN

(1) a; > a, a; o at forany i €N;

(2) anat =04;

(3) a; > a forany i €N;

(4) aAb, at Ab, anbt, at AbL€P;

(5) ai—aAbd, a,-q—»(a/\b)l,a,-Ha/\bJ',a,'HaJ'/\b, a; — at Abt
for any 1 € N;

(6) aHa-L/\b,a,Ha'L/\bJ-,a'LHa/\b, alt o aAnbl, b anbdt,
bt —aAb;

(7) aa;Ab, a&a; AbE for any i EN;

(8) (aAb)t o (a} Ab)L for any i €N;

(9) aeob, aebt;

(10) b at Ab, b atAbt;

(11) a}f Abt S at Ab for any i €N;

(12) a&b.

Proof of Proposition 3.7. The first statement follows easily from
Zorn’s Lemma.
In order to prove the second, suppose that A is a maximal Boolean subalgebra
of P. Let {an}nen be an arbitrary sequence of elements from A. Without loss

of generality we may assume that a; < ajl fori#j.Put a= \ a,.If b is
neN

any element of A, then by Lemma 3.8, a < b. It is clear that b <> aVal =14,
b & a Aat = 04, which implies that A < A,, where A, = {a, a*, a V a?,
aAal}. Referring to Proposition 3.4, there is a Boolean subalgebra B containing
Boolean subalgebras A and A,, which gives A = B. Then A, C A and,
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therefore, the element a is from A, which implies that A is a Boolean sub-
o-algebra of P.

From the Proposition 3.7 is evident that the commensurability and o-com-
mensurability are equivalent notions.

THEOREM 3.9. Let A be a nonempty set of a q.o.p. P with the c-o-distri-
butive property. The following statements are equivalent.

(i) A is strongly f-compatible.

(ii) A is o-commensurable.

Proof. For any a € A, define a Boolean subalgebra A, via A, = {a, at,

aVat,aAa'}. It is clear that the set |J A, is f-compatible. Referring to
a€A

Theorem 3.6 and Proposition 3.7, the proof is finished.

4. Calculus for compatible observables and a joint observable

In the present section we apply the compatibility theorem for Boolean subal-
gebras of a q.o.p. P to build up the so-called functional calculus for observables
of P and for the existence of a joint observable. We note that for compati-
ble observables of a quantum logic, the functional calculus has been build up
by Varadarajan [10] and for F-observables of an F-quantum space by
Dvurec¢enskij and Riec¢an [3].

Throughout this section we shall assume that P is a q.o.p. with the c-o-dis-
tributive property.

It is well known that if z is an observable of P and if f is a Borel measurable
real-valued function, then a mapping y = z o f~! defined via

y(E)==z(f"(E)), EeBR),

is an observable of P.
A Boolean sub-o-algebra A of P is said to be separable if A contains a
generator of itself with countably many elements.

LEMMA 4.1. A Boolean sub-o-algebra A of P is separable if and only if there
is an observable = of P such that A= R(z) = {z(E): E € B(R')}. Moreover,
there is a measurable space (2, S), a o-homomorphism h from S onto A and
an S-measurable mapping g: @ — R! such that

z(E)=h(¢g"'(E)), Ee€BR"). (4.1)

Proof. The sufficiency is evident. Conversely, if A be separable, due to
the Loomis-Sikorski theorem (see, for example [9]), there is a o-algebra S of
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subsets of some set 2 and a o-homomorphism h from S onto A. According

toVaradarajan [10], there is a measurable mapping g: 2 — R! such that
(4.1) holds.

We recall that an observable z and an observable y are compatible if
z(E) < y(F) for any E € B(R!) and F € B(R'). Analogously we say that
{z¢: t € T} is a system of f-compatible observables if |J R(z:) is an f-comp-
atible set in P. teT

THEOREM 4.2. Let P be a q.0.p. with the c-o-distributive property and let
{z¢:t € T} be a family of observables of P. If the observables z;,t € T, are
f-compatible, then there is a measurable space (R, S), real-valued S-measurable
functions g; on Q, and a o-homomorphism h of S into P such that

z¢(E) = h(g; ' (E)) (4.2)

for all t € T and E € B(R'). Suppose further that either P is separable
in the sense that every Boolean sub-o-algebra of P 1is separable, or that T is
countable. Then there is an observable = and real-valued Borel functions f; of
a real variable such that for all t€ T,

z,=xzo0 f; L. (4.3)

Proof. Let {z;:t € T} be a family of f-compatible observables. Ac-
cording to the compatibility theorem (Theorem 3.6), there is a Boolean sub-
o-algebra A of P such that R(x;) C A for all t € T'. The Loomis-Sikorski
theorem entails that there is a measurable space (£2,S) and a o-homomorphism
h from S onto A. Let S; be a sub-o-algebra of S such that h; := h/S; is
a o-homomorphism of S; onto the range R(x;) of z; for any t € T. Due
to Lemma 4.1, we see that there is an S;-measurable g;:  — R! such that
z4(E) = he(g7 '(E)) = h(g; *(E)) for any E € B(R!). This proves the equa-
tion (4.2). Theorem 6.9 of [10] entails that there are an observable z and Borel
measurable real-valued functions f; such that (4.3) holds.

The characterization of simultaneous observability given in Theorem 4.2 en-
ables us to construct a calculus of functions of several observables which are
f-compatible.

Let zq, z2,...,z, be f-compatible observables. Then we may define the sum
of observables via

x1+$2+"‘+wn=x°(.f1+f2+"'+fn)_17 where mi:xofi_l'
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Finally we apply Theorem 4.2 to the problem of existence of a joint observable
of f-compatible observables.

A collection {z;: i =1,...,n} of observables of P is said to have a joint
observable if there is a o-homomorphism w: B(R") — P such that

w(p; ' (E)) = zi(E) forany E € B(R'), i=1,2,...,n,

where p; is the projection of R” on R!'. We call w a joint observable.

We note that the joint observable in a quantum logic, which is not a lattice,
need not exist even in the case when {z;: i =1,...,n} are mutually compatible
(see [6, Example 6]).

THEOREM 4.3. Let P be a q.0.p. with the c-o-distributive property. A system
{zi: i =1,2,...,n} of observables of P has a joint observable if and only if
Ty, T2,...,Ty are f-compatible.

Proof. If z;,...,z, are f-compatible observables, by Theorem 4.2 there -
is an observable z and real-valued Borel functions f; such that z; = zo f!,
i=1,...,n.

Define a function f: R* — R" via

F®) = (A1), fat)), teR'.

The function f is B(R!)-measurable,i.e. f~1(H) € B(R!) forany H € B(R").
Now we define a mapping w: B(R™) — P such that

w(H)=z(f"'(H)) for H € B(R").

It is evident that the mapping w is a o-homomorphism.

Therefore, f~(p;}(E)) = {t € R': f(t) € p;(E)} = {t € R': fi(t) € E}
= fTY(E) for any E € B(R'), we have w(p;'(E)) = z(f~'(p;'(E))) =
z(f,-_l(E)) = z;(E), which implies that w is a joint observable of zi,...,z,.
It is simple to verify that the joint observable is unique.
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