Mathematica Slovaca

Danuta Ozdarska; Stanistaw Szufla

Weak solutions of a boundary value problem for nonlinear ordinary differential
equation of second order in Banach spaces

Mathematica Slovaca, Vol. 43 (1993), No. 3, 301--307

Persistent URL: http://dml.cz/dmlcz/136582

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1993

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/136582
http://project.dml.cz

Mathematica
Slovaca

©1993
Math i i
Math. Slovaca, 43 (1993), No. 3, 301307 Siovalk Aeadosny of Satomees

WEAK SOLUTIONS OF A BOUNDARY
VALUE PROBLEM FOR NONLINEAR
ORDINARY DIFFERENTIAL EQUATION OF
SECOND ORDER IN BANACH SPACES

DANUTA OZDARSKA — STANISLAW SZUFLA
(Communicated by Milan Medved’)

ABSTRACT. Using the measure of weak noncompactness we give sufficient con-
ditions for the existence of a weak solution of a boundary value problem for the
equation z' = f(t,z,z') in Banach space.

Let J = (0,a) be a compact interval in R and let E be a weakly sequentially
complete real Banach space. In this paper we give an existence theorem for weak
solutions of the boundary value problem

" = f(t,z,2'), z(0) = z(a) = 0. (1)

Our approach is to impose on f weak compactness type conditions in terms
of the measure of weak noncompactness introduced by De Blasi [4]. Let
us recall that similar study relative to the strong topology has attracted much
attention in recent years [2], [8], [11].

A function z: J — FE is called a weak solution of (1) if z has a weak second
derivative z” on J, z(0) = z(a) =0 and

2(t) = f(t,z(t),z'(t)) for teJ.

Throughout this paper we shall assume that f is a weakly-weakly continuous
function (cf. [3], [10]) from J x E x E into E and ||f(¢,z,y)|| < M for t € J,
z,y € E. It is well known that (1) is equivalent to the integral equation

2(t) = / G(t, 8)f (s, 2(s), 2'(s)) ds, @)
0
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where [ denotes the weak Riemann integral and

G(t )_{(t_a)s/a f0ssstsa,
)=\ (s—a)t/a ifO<t<s<a.

Moreover
r a? r G a
/lG(t, s)| ds < 5 and /‘W(t,s)' ds < 3 for teJ (3)
0 0

(cf. [6, Ch. XIL4]).
As in [4], for a bounded subset A of E we denote by B(A) the measure of
weak noncompactness of A defined by

ﬂ(A) = inf{s > 0 : there exists a weakly compact subset K such that A C K + EQ} y

where @ is the unit ball. Recall that 8 has the following properties:
1° If AC B, then B(A) < 3(B);
2° pB(A) =0 if and only if A is relatively weakly compact in E;
3° B(AU B) = max(6(4),5(B));
4° B(A")=pB(A), (A" denotes the weak closure of A);
5° B(A+ B) < B(A) + B(B);
6° B(AA) = [\ B(A4);
7° "B(conv A) = B(A);
80 ﬂ( U AA) = hB(A).
IAI<h :
For any set H of functions from J into E put

CH(t)={u(t): ue H}, H(J)={u(t): veH, teJ}.

Argu'ing similarly as in the proof of Lemma 2.2 in [1], we can prove the following:

LEMMA 1. If H is a strongly equicontinuous and uniformly bounded set of
functions from J into E, then

B(H(J)) = gggﬂ(ﬂ(t)) :

Denote by Cy(J, E) the space of weakly continuous functions J — E en-
dowed with the topology of weak uniform convergence.
In what follows we shall need the following Krasnosielskii-type:
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LEMMA 2. Let g be a weakly-weakly continuous function from Jx E into E .
Then for any ¢ € E*, € >0 and u € Cy(J, E) there ezists a weak neighbour-
hood U of 0 in E such that

|<p(g(t,x(t)) —g(t,u(t)))l <e

forall t € J and z € Cy(J, E) such that z(s) —u(s) € U for s € J (cf. [12,
Lemma 2]).

Our main result is the following:

2
THEOREM. If there exist positive numbers p, q such that p% +q% <1 and

B(f(J x X xY)) <pB(X)+4qB(Y) (4)
for every bounded subsets X , Y of E, then the problem (1) has a weak solution.
Proof of the Theorem. Let Ci,(J, E) be the space of all weakly

continuous functions u: J — E having weakly continuous weak derivative u’,
endowed with the topology of weak uniform convergence. (More precisely, a net
(zo) converges to z in Ciw(J, E) if and only if zo — = and z!, — z’ weakly
uniformly). Denote by B the set of all functions = € C14(J, E) which satisfy
the inequalities
a. a®
max( sup[la(t)], sup $lle’(®)l]) < MY,
teJ teJ
lo'@) =z’ (|| <M|t—7|, |z(t)—=z(7)|| < Malt—7|/2, (t, e J).
It is clear that B is a convex closed subset of Cy,,(J, E).
We define an operator F' by

Fz)(t) =/G(t,s)f(s,x(s),m’(s)) ds  (z€B, teJ).

By (3) for each z € B the function u = F(z) satisfies the inequalities
2
@1 =1t 2@), @< M, WOI<Mg, [l < MG,
for t € J, and consequently by the mean value theorem

lu'(t) = ' (T < Mt —7], |lu(t)—u(r)|]| < Ma 1 ; 7l , for t,7e€J.
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This proves that
F(B)c B. (5)

Moreover, by Lemma 2, for given ¢ € E*, y € B and € > 0 we can choose a
weak neighbourhood U of 0 in E such that

o (£ (t,2(t), &' (1) = £(t,9(),¥'(®)))] <e,

for t € J and z € B such that z(s) — y(s) € U and 2/(s) — y'(s) € U for
sed.
Hence, by (3),

o (F(2)(t) = F(y)(1))]

<a%/8,

- [ [ 6900152061, 2'(5) = 76,0051, ')

e ((F)'®) = (FG)'®)]

e
=’ <aeg/2,

S 69 9(F(5,2(5),2'() = £(5,4(s),¥/(5))) ds

for t € J and z € B such that z(s) — y(s) € U and z'(s) — y'(s) € U for
sed.

From this we deduce that the operator F' is continuous.

Now we shall prove the following;:

LEMMA 3. If VCB and
V cconv(F(V)u{0}), (6)
then V is relatively compact in C14(J, E).

Proof. As V C B, thesets V and V' = {¢’ : z € V} are uniformly
bounded and strongly equicontinuous.

Since for convex subsets of E the closure in the norm topology coincides
with the weak closure (cf. [5, Th. II.1]), it is clear from (6) that

V(t) C W({/G(t,s)f(s,x(s),a:'(s)) ds: z € V} U {0}),
0

V'(t) C W({/%g(t, $)f(s,z(s),2'(s)) ds: z € V} U {0}), (teJ).
° )
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Fix t € J. We divide the interval J into m parts 0 =t <t; <---<t,, =a
in such a way that At; =t;—t;_1 = T—‘:{ (¢=1,...,m). Put T; = (t;_1,¢t;) and

h; = sup{|G(t,s)|: s € T;} = |G(t, s;)|, where s; € T;. Since for each z € V

/G(t,s)f(s,z(s),z:'(s)) ds = Z /G(t,s)f(s, z(s),z'(s)) ds
0

i=1 T

€ ZAti conv{G(t,s)f(s,z(s),2'(s)) : =€V, seT;}

i=1
- iAtim( U M x V(@) x V’(J))) ,
i=1 |A|<h;

from (7), (4) and corresponding properties of 3 it follows that

B(V() < ﬂ({/G(t, s)f(s,z(s),z'(s)) ds: z € V})

m

<Y AtRB(F(I x V(I) x V()

-
Il
A

NE

<> AtLIG(E, )| (PB(V(I)) +aB(V'(J))) -

1

-
Il

On the other hand, if m — oo, then

m a
S ALIG(, 5:)| — / G (t, 5)] ds.
i=1 0

Thus
B(V(H) < / G(t,9)] ds (pB(V())) +aB(V'(]))) ,
0

and by (3) ,
BV®) < G @B(V(D) +aB(V'()))).

Analogously, we can prove that
BV'®) < 5@EB(V(D) +aB(V'()))).
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By Lemma 1 the above inequalities imply that

2

max(8(V()), 28(V'(1))) < % (B(V(7)) +aB(V'(1)))

< (p% +q2) max (B(V(1)), 26(V'(1)))

2
As pgg— + q% < 1, this shows that B(V(J)) = B(V'(J)) = 0, i.e. the sets
V(J) and V'(J) are relatively weakly compact in E.

By Ascoli’s theorem, this proves that the sets V' and V' are relatively com-
pact in Cy(J, E), so that V is relatively compact in Ciy(J, E). This ends the
proof of Lemma 3.

Now we return to the proof of the Theorem. We define a sequence (y,) by
Yo =0, ypy1 = F(yn) (n € N). Let Y = {y, : n € N}. As Y C B and
Y = F(Y) U {0}, from Lemma 3 it follows that Y is relatively compact in
C1w(J, E) . Denote by Z the set of all limit points of (y,). We shall show that
Z =F(Z).If y € F(Z), then y = F(z) for some z € Z. Thus there exists
a subnet (z,) of (yn) such that z, — z. From the continuity of F' it follows
that F(zo) — F(z) = y. As (F(zo)) is also a subnet of (y,), we see that
y € Z. Conversely, let y € Z. Then there exists a subnet (yo) of (yn) such
that yo — y and yo = F(z,), where (z,) is also a subnet of (y,). Since the set
Y is relatively compact, (z,) has a convergent subnet (z.). Let z = limz, .
Then z € Z and y, = F(xy) — F(z). On the other hand, y, — y. Hence
y=F(z)e F(Z).

Let us put R(X) =convF(X) for X C B, and let Q denote the family of
all subsets X of B such that Z C X and R(X) C X. From (5) it is clear that
B € Q. Denote by V the intersection of all sets of the family Q. As Z C V,
V is nonempty and Z = F(Z) C R(Z) Cc R(V). Since R(V) C R(X) C X for
all X € Q, R(V) C V, and therefore V € Q. Moreover, R(R(V)) C R(V),
and hence R(V) € Q. Consequently, V = R(V), i.e. V = convF(V). In view
of Lemma 3 this implies that V' is a compact subset of B. Applying now the
Schauder-Tychonoff fixed point theorem to the mapping FIV , we conclude that
there exists x € V such that z = F(z). It is clear that = satisfies (2) and hence
z is a weak solution of (1).
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