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EVALUATION OF TWO TRIGONOMETRIC SUMS

KENNETH S. WILLIAMS*!—ZHANG NAN-YUE ** 2

(Communicated by Stanislav Jakubec)

ABSTRACT. Let a and m be integers with 0 < a < m. In 1844 Eisenstein
used the trigonometric identity

m—1

Z singk—oﬂr-cotﬂ =m — 2«
= m m

to give a proof of the law of quadratic reciprocity. In this paper we give two

generalizations of this formula of Eisenstein.

1. Introduction

Let m, n and « be integers with m > 2, n > 1, 0 < a < m. We de-

: m-—1
termine explicitly the values of the trigonometric sums 3 sin 2kam cot™ k.
k=1 m
=t 2ka kw a a
and Y cos === cot” == in terms of the values Bl<—), . .,B,I,<—> of
=1 m 7 m m

Bernoulli polynomials (Theorem, §3). The evaluations are carried out using the
infinite partial fraction expansion of cot™ x (Proposition, §2).

2. Partial fraction expansion of cot™x

For integers p and v with 0 < v < p — 1 we define the rational numbers
A(p,v) by

1 , (2.1)
Ap. ) =0, p>2, (2.2)
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A ) 0, p(even) > 2, 53
(p7p—— )'— (_1)(;}—1)/2’ p(odd) 217 ( . )
Apo) = (1 72) A -1,0) - Ap-2,0-2),  2<v<p-2.

p—1 (2.4)
From (2.1)—(2.4) we obtain
A(p,v) =0, 1<wv(odd) <p-1, (2.5)
. .
2
7
3 2
__p T  62p
4 3
_p _p 3509 o 127 ,
AP,8) = 1947 ~ 1620 T 3402007 ~ 1m000? P = (2.9)

For a fixed even integer v > 2, A(p,v) (p > v+1)is a polynomial in p of degree

1)
v/2 with no constant term. The coefficient of p? is %L),— From (2.1)-(2.9)

we obtain the following table of values of A(p,v) (1 <p <10, 0<v<p-—1):

p\v| 01 2 3 4 5 6 7 8 9
1 1

2 10

3 10 -1

4 10 -3 0

5 10 -2 0 1

6 10 -2 0 2 0

7 10 -2 0 20 -1

8 10 -2 0% 0 -5 o

9 10 -3 0 & 0 -3 ¢ |
10 10 -2 o0 £ 0 -1 0 38 0

We are now ready to determine the infinite partial fraction expansion of cot? x
for p a positive integer.
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PROPOSITION. Let p be a positive integer. Set

) { 0, p odd,
€ =
P (=1)P/2,  p even.

Then, for  # jm (j =0,%+1,%2,...), we have
-1

cot’ z = e(p) + Z Z (z:l—(f;r)” ~ (2.10)

j=—oo v=0

where the prime () indicates that in the summation the terms for j (> 1) and
—Jj are taken together.

Proof. We prove (2.10) by induction on p. First

by [1; p. 75, formula 4.3.91], proving (2.10) for p = 1. Secondly

1

_A(2,v)
£(2) + Z Z @+ =-1+ Z (m+]7r)2 = —1 + cosec
j=—o00 v=0 j=—o00

2
T =cot’zx

by [1; p. 75, formula 4.3.92], proving (2.10) for p = 2.

Now we make the inductive hypothesis that (2.10) holds for p=1,2,... k-1,
where k> 3. As

cothz——%—%——(c th=1g) —

cotF—2 ¢

bl
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the inductive hypothesis gives

N o Ak
s (E(k +ZZ(x+jﬂk1u)

j=—o0 v=0

(e 3y A2

j=—00 v= 0

2 K2k —1-v) Ak - 1,0) Ak~ 2,0 - 2)
:Z:oovg (k=1) (z+ jm)k? +elk) - j:_om; (x4 jm)k—v
oc k-2
. ‘N (k1) Ak — 9y 1
=+ 5 (Ut - o - a0
—/[A(k=1,0) k-2 A(k—1,1) A(k—2k-3)
+j;oo{ tinlF | E=1(z+m) (z +j7) }
oo k-2
=e(k) + Z A(k,v’Z "

' [ _A(k,0) Ak, Ak k- 1)
+j;oo<(x+j7f)k + (J,’—’rjﬁ)k_l l’+j7r )
X Ak,
=e(k) + Z G +(]7r)’2 .

This completes the inductive step and (2.10) follows by the principle of mathe-

matical induction. O
m—1 m—1
3. Evaluation of ) sin Zkam cot™ ﬁ and Z oS 2kam cot™ km
k=1 m =1 m m

Making use of the Proposition, we prove the following Theorem.
THEOREM. Let m, n, a be integers with m>2, n>1, 0 <a <m. Then

m—l

2kam n km
n ——cot"” —
m
k
if n=2p,
— l)p 11(2m)2p 2v—1
Z (2p — 2v —1)!

A(2p — 1,20)Bap—p1 <%) ifn=2p—1,
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and

m—1
Z cos Zkam o opn kT

m m
k=1

0 fn=2p—1,
p v+1 2m)2p—21)
p+1 %) -
_ + Z 2= 20! A(2p, 2v) .
v=0 ’Lf n = 2p

- [B2p—2v<%> -]

Proof. The transformation k¥ — m — k shows that for any positive integer
p we have

m—1 m—1

Z sin 2KOT cop2p KT _ Z cos 2RAT o2p-1 kKT _ 0,
it m m m m

so that it suffices to evaluate

m—1 m—1

. : oap—1 k7 kr
E sin 2kam cot?P~1 L and E cos 2kam cot?? £
m m m m
k=1 k=1

From the Proposition, we obtain

m—1

. 2kam 1 kmw
g sin 2kam cot?P~1 2T
m

k=1 m
m—1 (e8] 2? 2
2ka7r Z Z A(2p - 1,v)
= sin
Z 2p—v—
k=1 j=—00 v=0 (—+J7T>
. . 2k
= p— 1,V ( ) . \2p—v—1
v=0 e j=—cc k=1 (k +mj)
p—1 i\ 2P=20— oo, m—1 sin 2];%
= ZA(QP -1, 2”)(‘;) Z Z (k + nlj)zp—f%—l
v=0 j=—o0 k=1
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o m-1 S 2/:7(117r
j;oc = (k+myj)r—27!
J#0
o | mzl sin 21:377 m—1 sin QI:TOLW
- ;{ P (k +m])2p—2v—l + — (k _ mj>2p—217—1
oo [ m-1 sin 2kom me1 sin 2(m :nk)(,wr
oo m-1 sin 2&% oo m-1 sin 21;4
N ; ; (k 4+ my)?—2v-1 * ]; 1 (k +m(j — 1))27)_2”_l
m—1 sin 2]?% m—1 sin 2kam

o
7
+ y b
(k+m]‘)2p—2v—1 Z (k+mj)27’_2““1

so that

. 2kam
m—1 sin =———

(k 4+ my)?r—2v-1

1 i 2kam

o)
=9 m _
Z ‘ (k + ,rnj)vaz'n~1

_ (—])P—1’(27r)2p—211—1 .
- (2p—-2v-1)! 2p—20—1 (ﬁ)

by [1; p. 805, formula 23.1.17]. Hence
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-1

3

sin 2RQT (op2p-1 kT

=

-

=

(_l)p—v(2m)2p—2v-—1 3 o
(2p — v — 1)| A(2p 1a 2U)B2p—2v—1 <m> .

v=0

Again from the Proposition, we have

m—1

k=1 j=—o0c v=0 (—‘+j7r>
k=1 v=0 ’ 7T b =1 (k 4+ mj)2r—
“ m\2P—2v co m—1  cos QkTSW
= (—1)r*! +‘Z:;)A(2p 2 )<_> j;oo LZZI R =

2kam
p-] 2p—2v xn COs

m—1
B 1 m m
— (1) +ZZA 2p, 2v) ( ) ZZ (k +mj) 2” v

v=0 =0 k=1
p—1 m op—20 o m cos 2k'(Y7T
_(__1\pt1 90 90, m
- +2ZA(2P’21)(W) Z k+n7J)°P 7o
v=0 J=0 k=1
oC
Z (m +m])21’“ 2v }
73=0
P! ) o 21’(17r -
! D m)32P2v 1 i
= (-1t 23 A(2p, 20) ( ) {Z m - 3 62}’—21}
v=0 = —
= 2p—2v (—1)]7_l'+1(2ﬂ)2}7—21v
p+1 m ’ - (g)
( l) +ZZ /1 21)7 )(7'() { 2(2})__ 21')! B—P—Z( m

v=0

(_1);)~1'+l (27.[.)2;;»'21' 1921)-21'
2(2p - 21,‘)! m2p—2v
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by [1; p. 805, formulae

m—1

cos 2kam 2ka7r

k=1

23.1.18 and 23.1.20]. Hence

cot?P km
m

”“+Z( 1P 2m)Pr A2p, 20)

From the Theorem
obtain

m—1

. 2kam km
sin ———— cot —
m m
k=1
= 2k k
gin 2kam 43 kT
m m
k=1
. 2% k
sin 22QT ¢ot5 £
m m
k=1
= . 2% k
si AT cot” £X
m
k=1
and
m—1 Qk k
cos an ot2—7r
k=1
m—1
2kam 4 km
cos cot
k=1
2% k
cos an cot® s
k=1
= %k k
cos 2ROT (8 BT
m
k=1
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() -

B2p—2v :I

(2p — 2v)! m?2p—2v

O
and the values of A(p,v) given in the table in §2, we

— —2mBy (&),
B (2) +2mBy (2).

_ _4mPp (a) _20m’p (a) _ o
15 5(m) 9 B3<m) 2mB1(m)’
_8m” 28m° o 392m3 «
=SB () + 55 B () + i Bi‘(%)
+ 2m31<%) ,
:2m232<2> +2
3
(=) () -2
T3 Y\m 3 *\m/) 45’
_ 4mS o 4m a 46m? 502
m 45 BG(E) + 3 B4(m) + 15 BZ(Tr))+§Z§’
__2m8 o 32mS o 88m* o
- 315 Bg(")_ 135 B‘%(E)' 45 B4<?ﬁ>
_ 352m23 (g) 7102
105 m 14175 °
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The first of these trigonometric identities was discovered by Eisenstein [2]
in 1844 and used by him to prove the law of quadratic reciprocity.
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