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ABSTRACT. Let X be a space of elements X with a measure dX , w = (zn)52
be an infinite sequence of points zn, € Y, wy = (zn)ﬁzl be the initial segment of
w. Furthermore, let A(X,wpy) be a general counting function (i.e. any mapping
X x YN - R), X* C X, and g be a real-valued function defined on X. In this
paper we derive

2
lim (M—g()()> dX =0 <> ¥ lim AGwn)

=g(X
N—oc N XeX* N—oo N 9(X)

in terms of certain relations between the above objects and additional structures
on X (measure, topology, and partial ordering). A general method of comput-

2
ing L2 discrepancy /(A—(X;(]LN) — g(X)) dX is presented. Under certain
X

conditions, we show the expression

/(&N‘UN_) —g(X))2 ax = L i Fay (@)
X

myn=1

where a symmetric function FA'_q(rm,x”) is determined uniquely. These re-
sults are applied calculating the L2 discrepancy for special counting functions
A(X,wpn). This yields many old and new results.

Motivated by the above expression we study a generalized L2 discrepancy
Dy defined as

]\Y
DF(;I'l,...,Z‘N)::% Z F(l'maz'n,\-

m,n=1

for any F: Y? — R. We also discuss necessary conditions for classes of sequences
having discrepancy Dy . We obtain, for such a class, that all distribution functions
of w beloug to a corresponding fixed set. Some result on the Baire properties is
added.

AMS Subject Classification (1991): Primary 11K06. Secondary 60E05.

Key words: Sequences, Distribution, Discrepancy, Measures, Topology, Order.
I This research was supported by the Slovak Academy of Sciences Grant 363.
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OTO STRAUCH

I. Introduction

This paper is concerned with discrepancies of a class of sequences. We give a
brief review.

1. Definitions and basic results.

Let wy = (x,))_, be a given finite sequence of real numbers from the
unit interval [0,1]. For a subinterval [0,z) of [0,1], let the counting function
A([O,x),wN) be defined as the number z,,, 1 <n < N, for which z, € [0,z).
The infinite sequence w = (z,)5%; in [0,1] is said to be uniformly distributed
if for every z € [0,1] we have

Jim SR <
where wy = (z,)"_;, N =1,2,.... The sequence of numbers
A([Ov Z‘)’(")N)
Dy = sup |——F—= —
z€[0,1] N

is called the discrepancy of w.

Systematic studies of uniformly distributed sequences were initiated by
H. Wey!l [14]. He proved the following qualitative result.

The sequence w 1is uniformly distributed if and only if for every continuous
function f:[0,1] — R we have

In the theory of uniform distribution, discrepancy is used to quantify the
distribution behaviour of a given point sequence. For example J. F.Koksma
[19] proved

Let f:[0,1] — R be a function of bounded variation V(f). Then

{ <V(f)Dy -

1
¥ s - [ fo) s

n=1

Thus the quantity of the approximation of the integral by arithmetic means
is linked directly to the discrepancy of the sequence w. But first of all the per-
tinence of the concept of discrepancy Dy is revealed by the following criterion:
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L? DISCREPANCY
The sequence w is uniformly distributed if and only if J\;im Dy =0,
—00

which also comes from H. W e y 1 [14]. In this paper, we study discrepancy from
this purely qualitative point of view.

Note that the first extensive study of discrepancy was undertaken by v an
der Corput and Pisot [15]. A detailed survey of the results on dis-
crepancy can be found in the classical monograph by L. Kuipers and
H.Niederreiter [2].

2. Generalization.

Strictly speaking, we have to deal not only with one, but with several concepts
of discrepancy (cf. [2; Chapter 2]). To unify various definitions of discrepancy,
we start from the following general concept:

Let Y be a set of elements z. Suppose we are given a class £ of se-
quences w = (x,)72, of elements in Y, viewed as a subset of Y*. A sequence
D(x1,...,zn) of real-valued functions defined on YV, N =1,2,..., is said to
be a discrepancy!) of the given class €2 if

weR < lim D(zy,...,zn)=0

— 00

for all w € Y, where z1,...,zy are the first N terms of w.?

For our present purpose (in main part) we restrict the attention to the case
where the class © of sequences is defined with respect to a counting function:
Let X be a space® of objects X . For a positive integer N and an object X .
the counting function A(X,wy) be any real-valued mapping 4: X x YV — R.
In most cases A(X.wy) = #{n < N; XRuz,}, where R is a relation on
X xY and wy = (.1:,,)7]:’:1 € Y/~ . Now consider the class Q4,4 of all sequences
w € Y™ for which

. A(X,wn)
m ———e s

i ————= = g(X) (1)

for X € X*. Here ¢ is a given real-valued function defined on X, X* is a given
subset of X, and wy is the initial segment of w formed by the first N terms of
w. This function g may be called the asymptotic distribution function or limit
law of w. Sequences w having this property are called g-distributed on X. This
definition is a generalization of the familiar definition of the g-distribution [6]
as extended to X.

1) More adequate Q-testing sequence of functions. An interesting more general notion of a
test selecting certain class € of sequences was introduced by R. Winkler [10].

2) The first and most natural question to ask is of course whether discrepancy exists at all
for an arbitrary class £2. A negative answer is due to M. Goldstern [12].

3) set, class of sets, etc.
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OTO STRAUCH

The discrepancy test for w € {24 4 does not require determining the counting
function A(X,wy) at all objects X . To obtain an explicit representation of a
discrepancy of the class §24 4, the object X must be eliminated from the given
definition (1).

One elimination technique of getting a discrepancy of €24 4 is to evaluate the

following supremum %)

A(X,w
sup __(_]_V_ﬁl —g(X)
Xex-+

We shall present here other method whose result is known as the L? discrep-

5)
[(2%e _gx)) ax, @)
X

The L? discrepancy has ben studied in some detail by H. Niederreiter
(18].

Of course, to compute (2) we first need an integration theory on X. On
account of the known results we see that the study of the L? discrepancy also
depends on the definition of a topology and an ordering on the space X. The
main purpose of this article is to establish a relation between these structures
which shows that L? discrepancy (2) is a discrepancy of 2,4 4. Our results are
further applied to obtain discrepancies for special classes.

ancy

We disregard a question whether Q4.4 # 0.

3. Outline of paper.

Thus, when applying the method of L? discrepancy presented here we pro-
ceed from the definition of a suitable topology, measure and partial ordering
on given X . By analyzing all classical L? discrepancies it will even be possible
to prove, in Part II (Theorem 1), that under additional assumptions for these
structures on X, (2) is really a discrepancy of Q4 ,. From the metrical point
of view (Theorem 2), when L? discrepancy (2) ranges to zero, by selecting a
suitable sequence of indices N, one can only guarantee the existence of the limit
of (1) almost everywhere.

The rule (Theorem 3) for computing the L? discrepancy is extremely simple,
it expresses (2) in the form

2 N
A()(, wN) 1
/( N - Q(X) dX = N2 Z FA,g(:I;rn,y 1’71;) y
X myn=1
4) This supremum norm is sometimes referred to as the extreme discrepancy.

5) The integral (2) is said to be the L? discrepancy of given wy and g, with respect to
A(X, uJN) .
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L? DISCREPANCY

for a general counting function A(X,wy).

In accordance with this expression, the notion of L? discrepancy can be
viewed as a special case of the following discrepancy. Define

N
1
Dp(zy,...,2Nn) = N2 Z F(zm,xn),

m,n=1

where F(z,y) is any real-valued function on Y?2.

In Part III, we shall describe characteristic properties of a class €2 with such
a discrepancy. We shall see (Remark 3), under additional assumptions on X and
F', there is a fixed set S of distribution functions on X such that

weN = Gw)CS,

for all w € Y>. Here G(w) is the set of all distribution functions of w.

We shall note (Theorem 5), for continuous and bounded F, that Dp(wy)
tends to zero independently on finitely many terms of a given sequence w. This
condition indicates when the class €2 with discrepancy Dp is a F,s-set of the
first Baire category (Theorem 6).

In Part IV, we have applied Theorems 1 and 3 to lists of L? discrepancies
available to us. Our results contain those already known for the usual notion of
counting functions and give new ones for a general A(X,wy).

Let us begin with the exact formulation of Theorems 1-7.

II. Main results

In connection with measure theory we can consider essentially four conver-
A(‘¥7 wN)
N
convergence a.c., L?-norm convergence, and stochastic convergence. Our next
aim is to formulate conditions that the L2-norm convergence and pointwise con-
vergence are equivalent. The idea is to start from a proof known for uniformly
distributed sequences and reformulate it into the language of measure theory,

topology and ordering.

gence concepts for the limit — g(X), so far: pointwise convergence,

THEOREM 1. Let X be a space of objects X with a topology and a finite
o-measure dX with the Lebesque integral,® partially ordered by <. Further-
more, let w = (x,)7%, be a fired infinite sequence of points x,, € Y, with an

%) In the sequel, if we speak of the Lebesgue integration theory, it will be tacitly assumed

that the classical theorems of the Lebesgue integral in the n-dimensional Euclidean space are
satisfied. For reference, see K. Jacobs [1].
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initial segment wy = (z,)N_, . Finally, let A(X,wy) be a given counting func-
tion, g a real valued function defined on X, and X* C X. Suppose that the
following assumptions are satisfied:

() Mfi/’w —-9(X), N=1,2,..., are square-integrable and uniformly
bounded functions a.e. on X;

.. ¥ A(X,wN) .

(ii) for every X € X*, the sequence —N N =1,2,..., is bounded;

(ili) X* is a subset of the set of points of continuity of g;

(iv) X —X* is a null set;

(v) for any Xo € X*, every open neighbourhood O of Xy has measurable
intersections ON{X € X; X < Xo} and ON{X € X; Xy < X} of
positive measure;

(vi) (monotonicity) X < X' = A(X,wy) < A(X',wy) for X, X' € X
and wy € YN,

Then )
. A(X, wN) _ .
M <_‘7v** - 9<X>> dX =0 (3)
X
if and only if
A(X
Nlim __(__];_TW_NZ =g(X) for each X € X*. (4)

Proof. The implication (4) = (3) follows by using (i) and applying
Lebesgue’s theorem on dominated convergence.
In order to show the implication (3) == (4), consider

1. A(X07WN)
m —

R N # g(Xo) for some X, € X",

and put 8 = g(Xg). Selecting a suitable subsequence (Nk)j=, of positive inte-
gers, one can guarantee the existence of a limit

lim ————A(XO’ W)

k— 00 Nk :a#ﬁ

We consider only the case o > (3, the case o < (3 being analogous. Then
“choosing a neighbourhood O of X, and a positive integer ko such that

a—p
4

g(X) < B+ for Xe€O,
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L? DISCREPANCY

and
A(XO7ka) > o a“ﬁ for k>k(),

Np - 4

we conclude, from the monotonicity (vi), that

(A o) = (o5

for k> ky and X € ON{X € X; Xy < X}. Thus, by (v), one concludes that

limsup/<L)i<[wN—)— -—g(X)) dX >0.
N —oc

O

Remark 1. The equivalence (4) <= (3) remains valid if X* is extended
to a large set X** of elements X, € X which can be described by the following:
(vii) X is a point of continuity of g;
(viii) there exist two sequences (X,,)°%, and (X})5%; in X* such that™
X, <Xy <X for n=12,..., and lim X,, = lim X] = Xj.
n—oc n-—0oo
Thus the class of sequences w € Y defined by the limit of (1) for X € X** is
the same as the class ©,1, and hence, L? discrepancy (2) is a discrepancy of
this class, assuming (i) - (vi) .
Remark2 It should be noted that Theorem 1 works also in the case if we
replace the assumptions (v) and (vi) by the following

(v’) for any Xy € X*, every open neighbourhood O of Xo has a positive

measure,;

.. A X.w‘\/ . .
(vi) ~(—[—V—) . N =1,2...., are uniformly continuous on X*;

without requiring the partial ordering <. By wuntform continuity we mean that
given any Xy € X* and any ¢ > 0 there is an open neighbourhood O € X of
Xy such that for all X € O and N =1,2,... the inequality

AX,wy) A(Xo,wn)

N - N <e

I g(Xo) = {;lil)l( g(X), then (viii) may be replaced by the following conditions: g(Xq) <
Ne

. A(Xo,wn) . e . . .
lim inf N , Xo <X/, for n=1,2,...,and lim X/ = Xg; similarly for maximum.

N -+ o0 1= 00
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is fulfilled. Here wy = (z,))_; and the infinite sequence w = (z,)3, € Y™ is
fixed. ®)

If we cannot find an ordering and a topology on X for which both of the
assumptions (v) and (vi) of Theorem 1 (or alternatively (v’) and (vi’) of
Remark 2) would be satisfied, then we have only the following weak theorem:

THEOREM 2. Let X, dX, Y, w, wy, A(X,wn), g be defined as above, and
suppose that

bounded functions a.e. on X.

—g(X), N=1,2,..., are square-integrable and uniformly

Then, from the zero-limit of L* discrepancy

2

it follows the eristence of an increasing sequence (Ni)pe, of natural numbers
such that

X
lim AX ww) g(X) for almost all X € X, (x%)
k—o0 Ny,

and vice-versa, almost convergence (xx) implies L*-norm convergence (*) for
the index set (Nk)ie, -

Proof. L2-norm convergence implies stochastic convergence, and [1; p. 143,
12.7. Corollary| every stochastically convergent sequence has a subsequence that
converges a.e. to the same limit. Conversely, Lebesgue’s theorem on dominated
convergence can be applied. O

There is a still simpler method of determining the L? discrepancy.

THEOREM 3. Let wy = (z,)N_, be a finite sequence in Y. For 1 <n < N,
let (z,) be a sequence of one-elements from wy, and put X, = {X € X,

8) Assuming (v') and (vi’), in an alternative proof of (3) == (4), one uses a neigh-

A(X,
bourhood O of X with a positive measure for which g(X) < 8+ @ ) B and ( NMN"') >
k
& ; B holds for X € O and k > ko. (4) == (3) follows as in the previous proof of

Theorem 1.
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A(X, (J:n)) = 1}. Suppose the counting function A(X,wyn) and an o-measure
dX satisfy the following conditions:

(i) (the additivity) A(X,wy) = g: A(X, (zn)), and A(X, (zn)) =0 or

1 for1<n<N,
(ii) the set X, is dX-measurable for1<n<N.

Then the L? discrepancy of wy with respect to A(X,wn) satisfies

(52 ) o
X

:/f()()dX—%i::/g( dX+N2 Z /1dX. (5)

X nlxn m,n= lx nX.,,

The above expressing of the L? discrepancy immediately yields the following
alternative expression

9 N
/(A(X;V“’N) _g(X)> AX = =5 3 Faglemza), (6)
X

m,n=1

where

FA,g(.z,,l,x”):!gz(X) dX —x[ g(X)dX — /g(X ) dX + / 1-dX. (7)

XmNXn

Moreover, if the L* discrepancy can be expanded into the sum
1 &
‘]‘V—Q Z G((Em,l'")
m,n=1

and G(z,y) = G(y,x) for all x,y, then G is uniquely determined as G = Fy4 4.

Proof. Let ¢x,(X) be a characteristic function of the set X,,. Here it is
sufficient to express the counting functions A(X,wy) as

XwN

Eﬁz

ii
L
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and, when calculated the L? discrepancy of wy , the desired equality (5) follows
immediately. To obtain the uniqueness of Fy 4, we can look for the values N =
1,2 in (6). O

As we have already initiated in our Introduction, consider now the new con-
cept of L? discrepancy putting:

N
1
Dp(zy,...,zN) = N2 Z F(a,,x,),

m,n=1

where F(z,y) is any given real-valued function on Y?.

We will prove certain necessary conditions for the existence of discrepancy
Dp for a given class €.

I1I. Necessary conditions

To obtain a characterization of a class € with the discrepancy D we
shall need a theorv of distribution functions. On multidimensional unit cube
Y = [0.1]° we know such a theory. and thus any class € < ([0.1]*) " with
discrepancy Dp with bounded continuous F can be characterized by the set-
inclusion (which we shall prove in Theorem 4)

weN = Glw)GF)

for w € ([0, 1“) . Here G(w) denotes the set of all distribution functions of «.
and G(F) is the set of all distribution functions ¢ for which

/ / (x,y) dg(x)dg(x) = 0.

[0.17 [o.1]¢

Especially, any class Q4 C ([0, 1]"')X with L? discrepancy has this property.
The set of distribution functions on Y = [0.1]¥ may be defined in the fol-
lowing manner (cf. [22; pp. xi—xiv]):

Starting with an auxiliary %pace X = {[0,x): x € [0.1]"} and an auxil-

iary counting function A([O X) {n < '; X, € [Ox)} and for any
probability measure PP dehnul on Bore sets in [0,11%, ’([0,x)) is said to be
a distribution function on X. For a given sequence w = (X,,)>_, in [0, 1],

P([0.x)) is said to be a distribution function of w if

lim -———————A([O7 x), ka)

— P \
Jim N, = P(]0,x))
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for a suitable sequence of indices N and for all continuity intervals of P. In the
end, we transmit distribution functions P([0,x)) from X to Y by P([0,x)) =
9(x).

In the general case, we shall copy this method, with the following differences:
We shall not transmit distribution functions from auxiliary space X to Y, but
we shall transmit F(z,y) from Y? to X? using partial ordering < on X,
assuming the existence of X(x) := inf{X € X; A(X,(z)) = 1} and putting
F(X(2). X(y)) = Pla,y).

For various auxiliary spaces X and A(X,wy) we have various meanings of
the following definitions, and thus we have various characterizations of a given
fixed class € with discrepancy Dpg.

1. Distribution functions.

Let Y be a given set with a topology, and Y be a space of sequences
w with the product topology. Furthermore. let F(z,y) be a given real-valued
function continuons and bounded on Y?. Assume that we have an auxiliary
topological space X with measure dX and a counting function A(X,wy) and
partially ordered by <.

A distribution function in X will be any ¢: X — R satisfving

X.w;
lim -&NWV) = g(X)

AN — X

for some w € Y™ and selected N and for all continuity points X of g.

Two distribution functions are identified if they have the same points of
continuity and their values coincide over all such points.

By (; we mean the set of all distribution functions on X.

For the following, we suppose that we are given, for every distribution func-
tion g € G.a Lebesgue-Stieltjes measure dg(X), and we assume the validity of
the following versions of theorems of Helly.

“F1RST THEOREM OF HELLY”. Given a sequence ¢, € G, then there exists
,of natural numbers and g € G such that

lim ge, (X) = g(X)

(A Ende &

a subscquence (k).
for all points X of continuity of g.

“SECOND THEOREM OF HELLY”. Given a sequcnce g, € G which con-
verges to g € G for all continuily points X of g, we have

lim / / H(X,Y) dg,(X)dg,(Y) = / /H(_\ZY) dg(X) dg(Y)
X X X X

1=
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for any bounded continuous function H: X2 — R.

Now, let g: X — R be a given distribution function, and let w = (z,)5%,
be a fixed infinite sequence of points z, € Y, with an initial segment wy =
(z,)D_, . If there exists a subsequence (N,)%, of the natural numbers such
that the relation

: A(X7 wN'n.)
lim ——=
n—>00 N,
holds for every point X € X of continuity of g, then g(X) is called a distribution
function of the sequence w.

= g(X)

The set of all distribution functions of the sequence w will be denoted by
G(w).

Let us consider the moment problem
[ [ Fecy) agdgry <o
X X

in distribution functions g: X — R, where F(X,Y) is continuous and bounded
on X.

We denote G(F) the set of all solutions g € G of this moment problem.

For any z € Y we put X(z) = {X € X; A(X,(z)) =1} and assume that
X(z) is measurable and has an infimum X(z) in X with regard to the partial
ordering <. To a given real-valued function F(z,y) defined on Y? we shall
define F(X,Y) on X? by F(X(z),X(y)) = F(z,y).

There is a close connection between G(w), G(F), and a zero limit of
Dp(wn). We now establish the required connection.

THEOREM 4. Let Y, F(z,y), w, wy, X, dX, A(X,wy), <, G, Gw),
G(F), X(z), and X(z) have the same meaning as in the above definitions.
Suppose we are given the Lebesgue-Stieltjes integration theory on X for any
g € G. Moreover suppose that the following assumptions are satisfied:
(i) With the above notation, the First and Second Theorems of Helly hold
mn é’;
(ii) for every z € Y, the set X(z) is measurable and has an infimum X (zr)
in X with regard to the partial ordering < ;
(iii) assume that the mapping * — X(z) is onto and for any (X(x), X (y))
= (X(a), X(y") let F(z,y) = F(a',y");
(iv) for every =,y € Y and every bounded continuous H: X? — R the
following Lebesgue-Stieltjes integral becomes

// H(X, Y) dCX(I)(X) dCx(y)(Y) = H(X(I‘) X(y)) N
X X

612




L? DISCREPANCY

(v) for every wy € YN and X € X the counting function A(X,wn)
N

satisfies the additivity A(X,wn) = Y A(X,(zn)), and A(X, (z)) =
n=1

0orl.
Then

N
. 1
Gw) CG(F) &= lim = anzl F(zm,zn) =0.

Proof. We write
A(X,(.UN)

Fn(X) = N

in the proof. Using the assumptions (iv) and (v), for the Riemann-Stieltjes
integral, we have

m,n=1

N
//F(X,Y) dFN(X)dFN(Y)zﬁ > F(m, ).
X X

Suppose that klimkFN,C(X) = g(X) for all continuity points X of g. Then,
applying the Second Theorem of Helly, we find

Jim // (X,Y) dFy, (X)dFy, (Y // (X,Y) dg(X)dg(Y),

and the implication “<=="7 follows immediately.

In order to show the implication “==", consider

Tn)=0F>0.

},‘_wx, I
m,n=1

By the First Theorem of Helly, there exists a subsequence (N})2; of (Ny)52,
such that lim Fn;(X) = g(X) € G(w). Again, by the Second Theorem we find

[ [ F(X, Y) dq(X)dg( ") = . We conclude g ¢ G(F). O
X X

In the following, the independence of w € €2 on finitely many terms of w is
deduced for € having discrepancy Dp.
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THEOREM 5. Let Q be a class of sequences with discrepancy Dp , and suppose
that F is continuous and bounded on Y?. Then, for every w = (zn)22, €Y>®,

(1, s Tny Trt1,---) €EQX = (Y1,--,Yn, Tnt1,--.) €

for arbitrary n =1,2,... and any (y1,...,yn) € Y*.?

P roof. This immediately follows from

JJEHOO(DF(mls o) — De(@pst, - Tman)) =0

for M =1,2,...,and w=(z,)5%; € Y. 0
The continuity of F leads to the following result on the Baire properties. 19)

THEOREM 6. Suppose F is continuous and bounded on Y2, and Y- # (.
Then the class 2 with discrepancy Dp is a Fys-set of the first category in Y.

Proof. Dp(zy,...,zN) is continuous on YV, N =1,2,..., and we can
extend Dp(z1,...,zn5) on Y® by Dy(w) = Dp(z1,...,2N), where z1,...,zyN
is the initial segment of w. Putting

Qi = {w EY®: Dp(w) < %}

o0
we shall show that the intersection [ €2, % is a nowhere dense set for k > kg

m=n
and n=1,2,.... This will prove our theorem, since ')
o0 oo oo
a= (U A 2
k=1n=1m=n

oo
For the proof of nowhere-density of () €, we require that
m=n

w® = (z{)” eY™ -0,

n=1

9) © is called terminal. This notation is from R. Winkler [10].
10) Compare with [10; Theorem 8], [2; p. 184, Theorem 2.3, and [12; 1.3. Fact].
11) The F,s-property of € is implied by a similar expression of € employing the closure

of Qm,k .
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and Dy (w(o)) > kL for infinitely many N . We shall additionally suppose that
0

oo
w(l) — (x;l)):zl e GnN ﬂ an,k»

m=n

where G is an open set in Y* having the form
G X+ XGgxY X - xYX....

Then, there exists N with N + s > n such that

1) ©0) (0 1
DN+S ((.’El ,...,gjgl)’xl ,,’Lg ),)> > k0+1 .

Because of the continuity of Dy4s the last inequality can be extended over an

oo
open GV C G, and consequently G° N N k=0 for k> ko. O

m=n

Finally, based on our concept of discrepancy Dy, we give a generalization of
[2: Exercise 2.11].

THEOREM 7. Let Q@ be a class of sequences w € Y™ with the discrepancy
Dy. Let Y be a metric space with the metric d and let F satisfies

|F(x,y) — F(a',y")] < - (d(z,2") + d(y,y"))

for xoy, 'y € Y. where ¢ > 0 is a constant. If w = (2,)02, € Q and
@ = (yn) =) € Y™ salisfies

LN
Jim = () =0,
n=l1
then w € Q2.
Proof. The proof is obvious. O

Our elementary method presented by Theorems 1 and 3 can be applied to
the following concrete examples of counting functions A(X,wx) and spaces X.
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IV. Applications

We begin by giving a few basic facts about the usual counting functions. In the
following paragraphs in most cases the space X will be formed by intervals from
one-dimensional or multidimensional unit square and for such X the measure
and topology we shall identify with Lebesgue’s measure and Euclidean topology

n [0,1}*. The ordering < on X will be the set-inclusion, and ¢g: X — R will
be a distribution function defined by Part IIT (which coincide with a classical
definition in [22; pp. xi-xiii]).

We shall first establish the L? discrepancy of uniformly distributed sequences

(abbreviated u.d. sequences).

1. One-dimensional uniform distribution.

We give here four results.
1°. Let us take X = [0,z) C [0,1] and Y = [0,1]. The usual notion of
A([0,z),wn) of a finite sequence wy = (x,,)A_; in [0,1] is given by

A({O,x),wN) = #{n <N; z,€ [O,x)} ,

and for the classical one-dimensional L? discrepancy, the following are known
[1; pp. 144-145]:

Je -y

N
5 II)I 171 .

where

1 22492
F(w,y):§+ 5 — max(z,y)

1

~ (=D (v-3)+ [(r0-3) (v +1-5) a

0

Here {z} denotes the fractional part of x. Theorems 1 and 3 also work in this
case and give the same results.

2°. Note that the L? discrepancy can also be expressed by [1; p. 110)

N

1
A([0,z),wN) 2 1
/(——-]—\—/,——— — :l}) dx = ']Vg 21 G(.’I),,,,,III”),

0
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where
Gy = (z-5)(v-5)+3 Z% 2mih(a=y)

In this case the function G(z,y) is asymmetrical, but

Gla,y) +Gly,a)

F(.’L‘,y)z 2

3°. An expression other than above can be obtained for the L? discrepancy,
namely (cf. [18])

1
A([0,2), wn) S| 1 & 2n — 1?2
/( N _x) dm—12N2+NZ(”C"” 2N )

0 m,n=1

provided that z; <z, <--- < zpN.

4° . There is another counting function A(X,wy) for obtaining the L? discrep-
ancy for the class of u.d. sequences. Let us consider the space X of all contin-
uous functions f: [0,1] — R satisfying f(0) = 0. For a given finite sequence
wy = (,)N_, in [0,1] and f € X we define the counting function

N 1
Aon) = D fa). andlet g(7) = [ 1(5) az
n=1 0
Under the norm [[f]| = sup [f(z)| and with the usual Wiener measure df,
z€(0,1]

the set X forms a space satisfying the conditions of Theorem 1 in the version
of Remark 2. Then the following L? discrepancy

J (At —/lf(-'v) w) ds
X 0

again characterizes the class of u.d. sequences.'?) But it is known (cf. [21; p. 80])
that
min(Zm, Tn)

[ st af = B
X
12) The restriction f(0) = 0 is insignificant, since

1 1
A_(f_%)),_w_;v)_ — /(f(z) — f(())) dr = A(’f]’\,iw‘)“ - /f(T) dx
0

0
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and consequently

/(f(rn)o/lf(a:)dx) ar=2 -t )[(O/Iﬂx)dm)Qdf:%,

X

and then such the L? discrepancy is equal to one-half of the classical L? dis-
crepancy described in 1°. o

2. g-distributed sequences.

1°. Let us apply the method of Theorem 3 to the same counting function
A([0,2),wn) . We find,'® by formulas (6) and (7).

mn=1

1 ,
A(lo. ’ 2 1 N
/( ([ f\f) wN) —g(.r)) dr = N2 Z Fag(xm,ay),
0

where

1 1 1

Fypg(z,y) = /gz(t) dt — /g(t) dt — / g(t) dt +1 — max(r,y).

0 x Yy

Using Theorem 1, one can show that the L? discrepancy is a discrepancy of the
class of all sequences with limit law g(x).

2°. It should be noted that if ¢ is continuous on [0,1] and F' is the same
function as in Paragraph 1 (1°), then

N
1 Z .
DI‘"'II("I:% Lo, 'rx\') = Nz F (,(](-1'7,, )' .(/('/'.II))
m,n=1

is again a discrepancy for the class of sequences having g as their limit law. This
follows from the following fact (cf. [2; p. 68, Exercise 7.19)):

> in [001), then the
18 u.d. 0

If g is the continuous limit law of the sequence w = (x,,)
>
n=1

sequence g(w) = (g(z,))

13) Compare with [8; Theorem 1].
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3. Statistically convergent sequences.

1°. Let w = (x,)52, be a sequence of real numbers. The w is said to be
statistically convergent to the number « provided that for each € > 0,

1
Jim G#{n <N g —al 2 e} =0.

The definition of statistical convergence was given by H. Fast [16] and
I.J. Schoenberg [17], independently. As in Schoenberg [17] we
see that

For o € [0.1] let co(x) be the one-jump function which has a jump of size 1 at
a. The sequence w = (x,,)0<, C [0,1] is statistically convergent to the number
« if and only if the sequence w admits the limiting distribution cq(z).

Choose g(r) = co(x) in the above function Fy4 4. Then, we get

’ r-a y— T —y
f‘-w(;lz;u)=1 5 | 5 | . |

We thus have the L? discrepancy

N N
1 1
D(ry.xo.....0on) = N Z |Ty —af — INE Z |Tm — Tn
n=1 m,n=1
for the class of sequences statistically convergent to «.
2°. To illustrate Theorem 4, we consider F(x,y) = |z — y| and every distri-

bution function defined on X = {[0.2); « € [0.1]} we shall identify with a
nondecreasing ¢: [0.1] — [0, 1]. For any such g we have

11

/ / lr —yl dg(x)dg(y) =0 <= g =c, for some «a € [0.1].

0 0
Thus, the discrepancy

N

1
l,)[n(.l'l Yoy .I'N) = NQ Z \;l'm - JT,,,}

myn=1

characterizes the class of all sequences w satisfyving G(w) C {(*ﬂ(:c); a € [0, 1]} .
g
The following example demonstrates that the notion of diaphony can be

. . > 2 .
viewed as a special case of the L= discrepancy.
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4. Diaphony.
Let us consider the case X = [z,y), Y = [0,1], and

A([xvy)awN) = #{n <Nj zp € [iE,y)}.

Applying Theorem 3 once again,

[ () ) seay- S Faglom o).

0<a<y<1 man=1
where
T 1
Faog(tm,zn) = /g2(x,y) dzdy — /dx/ g(x,y) dy
0<r<y<l1 0 Tm
Tn 1
/dx / g(z,y) dy + min(a,,, 1) = & dy
0z

The function g(z,y) is supposed to be continuous on 0 < o <y < 1 and
g(0,1) = 1 for this moment. Theorem 1 shows that the L? norm convergence
and the pointwise convergence of A([z, y).,wN)/N — g(r.y) are equivalent for
X" = {[a:,y), Ol<z<y< 1}. Since

A, 0n) | Al L= 2)wn) | AllL=eD)wn)
N N N

<1

and g(g,1 —2) — 1 as £ — 0, we obtain small A([(). 5).w,\~)/N for sufficiently
small £ and large N. This clearly shows that the equivalence of convergences
can be extended to X** = {[r,y), 0 <z <y< 1}. Therefore, g(r,y) =
9(0,y) — g(0,z) and Q4 42y = LA g0.), - the above described L* discrep-
ancy is also a discrepancy of the class g(0, z)-distributed sequences other than
in Paragraph 2. Furthermore, for any measurable ¢ (x,y) = ¥(0.y) - (0, ).
we have

1 1
Vi (z, Y) drdy—%// 1’() y) — (0, l)) drdy
< <y<1 00
1 1 2
= /1/)2((),:1:) do - ( /'w(()‘:r) (l.'r)
0 0
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and hence the L? discrepancy is representable in the form

7 w 2
f{ﬁL;%%&_;Xl —-g(x,y)> dedy

0<r<y<1

::j<éQ¥%ﬁﬁl—gmmozdm—(/(égigﬁﬁl—gm@0<u>z

According to Zinterhof [11], this L? discrepancy may be called a diaphony.
In Kuipers [3] the following expression is given

/(———A([o’i,)'w) —9(0.:1')>2 dz — (/1<——————A([O’fv)’“w) —g(O,x)) d:n)z

0 0
(N / 2
_ —2mihx, —2mihx
_‘27r‘32ﬁ NZe —/e dg(0,z)| .,
h=1 n=1 0
which. in the case ¢(0,7) =z, was given by W.J.LeVeque [4]. O

We arrive now at the multidimensional case in which Theorems 1 and 3 are
usually applied.

5. Multidimensional uniform distribution.

Let us take
N
WN = <('T7I~1‘ ey .’I,",LS))n:l C [0’ ]_:l‘ ,

and

A0 0y X0, cwn) = {0 < N5 (@, @) € ia1)x - x[0,24)}

Then
A0 ) x - x [0,0rg),wn 2
/ < ([ ) N [0,.r+) }\)—g(a'l,...,;rs)> dz;...dx,
[njl]v‘:
1 N
= m Z Fz&.g]((417111.1~ s 3]:77).8)7 (-rn,la R :CH,S)) )
m,n=1
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where

FA,g((xm,la ey :I:m,s)a (In,la .. 71777..3))

1 1
= / g*(z1,...,xs) dzy ... dog — / dzy ... / g(x1,...,z5) dzg
[0,1]¢ Tm,1 Tom,s
1 1 N
_ / dz; ... / g(zy,...,zs) dzs + H(l — max(z,, a:,,,‘j)) .
Tna Tos j=1

For g(zy,...,z5) = z1...25 we mention the following known result (see [13]):

<A([0,ml) TR, [O,:cs),wN) N ) >2 Ny N
— ... T4 L.

N

[0,1]

N s
—+— Z H 1—rnax xm]‘InJ —ﬁz H(l_il'i,._j)-
m,n=1 j=1 n=1 j=1
[

There are some interesting counting functions for which the conditions of
Theorems 1 and 3 are not satisfied, among them, another variant of discrepancy
of the class of u.d. sequences is the following.

6. A variant of the L? discrepancy for u.d. sequences.

1°. Let X = ([0,2),y), where [0,z) C [0,1], y € [0,1], and wy = (r,))_, €
[0, 1]V, Let the counting function A(([0,z),y),wn) on the space X ={([0,2).y);
0<y<z< 1} be defined by the equality

A(([O,x),y).,wjv) = #{(m,n); m,n <N, z,,z, €[0,2), |z, —u1,] < y} )
It can be shown as in [7] that the limit

lim A<({O’ 2), y)ﬁwN)

N e = 2zy —y? for 0<y<a<1,
IN —0OC N

again determines the class of all uniformly distributed sequences in [0,1]. In
this example the additivity condition (i) of A(([0,2),y),wn) of Theorem 3 is
violated. On the other hand, for wy: = ((max(z,,,x,), [z, — :17,,,|))::’ e WE

have

A(([(),;L'),y),wN) = A([U,:I;) X [(),y),wNz),

622



L? DISCREPANCY

where the right-hand side is defined in the preceding paragraph. It can be easily
seen that A([0,z) x [0,y),wn2) is satisfying (i). Thus, from Theorems 1 and 3
we can infer the following variant of the L? discrepancy for the class of uniformly
distributed sequences other than in Paragraph 1.

/ A([0,z) x [0,y),wn2) — (2zy — y2)>2 dz dy

N2

O0<y<e<l

N
= E FA,2my—y2 (J:TTL;Z’Il?xT‘)IS) .

m,n,s,r=1

A straightforward calculation shows that in this case

23
FA.Z;ry-y2 (17777,1 Iy Ty, xs) = 90 + A(ul’ Ul) + A(UQ’ U2) + B(ulv U1, U2, ’Uz) )
where
2 3 4 2.2 3
v v U usv ULV
Alwy o) = LV 4w i
( 1 l) 2 3 6 9 3 )
max?(uy, us)
B(uy, vy, u, v2) = — max(vy, va) — — + max(uy, up) max(vy, va),
and
uy = max(xy, ,), v =|Tm — x|, U =max(z,,zs), v =T, — 4.

2°. Note that in [7] we have proved the following result:

Let w = (2,)7, be a given infinite sequence in [0,1], and let & be the sequence

consisting of all the distances |v,, — x|, m,n = 1,2,..., ordered so that the
N

mmn=1"

first N2 terms are wy2 = (|x,,,, - 17n|) Then w is u.d. if and only if ©

has the limit law 22 — 22.

This and the L? discrepancy in Paragraph 2 (2°) also implies that w is u.d.
sequence if and only if

N
1 5 .
; § . . 2 . > V2) —
le; m F(ZIJ'm - -rnl - (Im, - xn) ’ 2I$r - 133‘ - (-Lr - Zs) ) - Oa
myn,r.s=1

where F' is the same as in Paragraph 1. O

There is an example of counting function for which the monotonicity condi-
tion (iv) of Theorem 1 (or uniform continuity (vi’) of Remark 2) is not satisfied.
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7. Diophantine approximations.

For a given finite sequence wy = ((mn, Zﬁ)):ﬂ in [0,1)%, a point = € [0, 1],
let us find the L? discrepancy of the counting function A(z,wy) defined by the
equality

Alz,wy) = #{n <N, jz—z,| < z”}.

This A(z,wn) satisfies the additivity requirement (i) imposed in Theorem 3,
thus we can again set

L e ; N
O/( v) g(w)) i3 Z o(Tom Tn) |

where
1

Fag(xm,xy) /g2 dz — /g(m) dr — /g(a) dx

0 (Tm—=2m @m+2m)N[0,1]  (Tn—2u,@n+2n)0[0,1]
+ ‘(xnl — Zm,Tm + an) N (J:n — Zp, Ty + :n) N [0~ 1” )

N
Putting g(z) = (2 > zn)/N we arrive at

n=1
1 2
/( z,wn) - 1) dz
2 2 Z Zn
9 N
=1- — Z[(wn—zn,xn—{—zn)ﬁ[(),lﬂ (8)
2 Z Zn n=1
n:li
1 N

+——— Z (Zm = zm, Tm + 2m) N (@ — 2, @0 + 2,) N[0, 1]
(2 > Zn) m,n=1

n=1
Since this counting function does not satisfy the monotonicity conditions (vi)
and (vi’), we cannot apply Theorem 1. Therefore, for the given A(r,wy)
we may use only the weak Theorem 2. Applying this theorem, assuming
(p, — Zn, Tn + 2n) C [0,1] for all n, we have the implication: From

N

. 1
hm 2 g |($'m, — Zm, Lm + Zm,) n (:1;11, — Zny I + Z’n)| =1 ’
N—c N

(2 Z Zn) m,n=1

n=1
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it follows the existence of a sequence (Nj)g2; for which

A
klim w =1 for almost all =z € [0,1].
2 > Zn
n=1

oo
The right-hand side implies the divergence > z, = +oc, and immediately

n=1
A}im A(z,wn) = 400 for almost all z € [0,1]. The sequence w = (z,)p%; C

[0,1] for which Nlim A(z,wy) = oo for almost all z € [0,1] and every
nonincreasing (z,,)n=, with Y z, = +oo is called eutazic [5]. The sequence
n=1
A
w = (z,)n2, C [0,1] for which Nlim M =1 for almost all z € [0,1] and
e 2 Z Z”L

o0
every nonincreasing (z,)ne; with 3 z, = 400 is called strongly eutazic [5].
n=1

An interesting consequence of (8) is that

N 2 N
(2 Z Zn> S Z 1(1’177 — ZmyTm + Zm) N (In — Zn, Tn —+ zn)l B}

n=1 m.n=1

provided that (x, — z,,2, + z,) C [0,1] for n=1,2,...,N.
There is an alternative representation of the measure of intersection

(-I'm = Zms Ly + 3711) N (-'Z"‘n, — Zn,Tn + Zn)

as
miu(2min(:m, 2n), max(0, z,,,,+z,,,—|;1:m—m,,v1)) )
Od

The most interesting problem that could not be solved in this paper is whether
there exists the L? discrepancy of a so called uniformly quick sequence. This
class of sequences has a role in the still unproved Duffin-Schaeffere conjecture.

In the following paragraph we shall find a point of difficulty in this problem.'?)

8. Uniformly quick sequences.

An important space X of objects X is formed by the open sets X C [0, 1].
Each set X can be represented by an infinite union of pairwise disjoint open

1) The definition may be found in O . Strauch [9].
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[e.o]
subintervals (possibly empty) of [0,1], say X = |J I,,. The Lebesgue measure

n=1

o

of any open set X is denoted by |X|, i.e. | X|= Y |I,|. For wy = (z,))_, C
n=1

[0, 1], define the counting function

A(X,wn) =#{i=1,2,...; there exists an n < N such that x, € I}
+#{n < N; z,¢ X}.

An infinite sequence w = (z,)5%,; C [0,1] is said to be uniformly quick if
A(X,wn)

lim =1-|X|,

N—oc
for every open set X C [0, 1]. In this case, A(X,wyn) does not have the additivity
properties (i) from Theorem 3. One possibility to find the L? discrepancy is
to express the counting function in terms of another counting function (see

Paragraph 6) which at once satisfies (i), and then to use Theorem 3.
Indeed, let Qn = (J,)N

n—, be a finite sequence of closed (not necessarily
disjoint) subintervals J,, C [0, 1]. For given X C [0, 1], we introduce the counting
function

AX,Qn)=#{n<N; J, C X}.

It follows immediately from the definition that A(X, Q) is satisfying (i).

We turn now to the case A(X,wpy). We shall order the munbers of wy
according to their magnitude

wy =(zy << <y
In the new ordering, define for n = 1,2,... . N—1, J, = [, xpy(],and Qn_| =
(J,)N-!. Directly from the definition we have
AX,wy)=N— A(X,Qn-1).

In order to compute the L? discrepancy of A(X.Qx_;). we must know a mea-
sure on X with the property (ii) required by Theorem 3. Bearing this in mind.

the L? discrepancy of A(X,wy) with respect to g(X) = 1~ |X]| can be written

‘A AX,LU;‘ 2 ,
/<m( ) ~|X))) ax

X

_ '/'<_~WA()‘"]$N“) _ iX{>2 dx
X

N-1
' 2 1
:/IXIQdX-NZ O/|X|dX+wN~5 > / Idy,
Xn

X n=1 =1 X, X,
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where X,, = {X € X; J, C X}. By making use of the L? discrepancy, we
want to use Theorem 1 to characterize the class of uniformly quick sequences.
To this end, we again have to describe a suitable topology, ordering and measure
on the space X. The topology can be constructed by the pseudometric

dX, X" =|(X -X"Yu (X" -X)|,
and for the ordering we again can make use of the set-inclusion

X <X < X>X'.

Note that one does not know whether or not the suitable measure on X
under the requirement (v) imposed in Theorem 1 is possible. a

To illustrate Theorem 4, we determine, for special functions F', the set G(F').

9. Transformation of sequences.
Let w = (r,);<,; be a sequence in [0,1]. For a continuous function f:

(0.1} = [0,1]. let us take f(w):= (f(a"”))“ ,» and for any distribution function
g:[0.1] — [0.1] we define

gr(x) = /1-dg(r)-
~1([0.2))

Since j"‘([() r)) is Jordan-measurable, distribution function gg(z) is de-

fined a.e.!™ Clearly. for the counting function 4( 0,x), N) defined in Para-
graph 1 (1°). we lm\e

A([0.20), f(w)n) = A(f(o, ) wn)

and applving Theorem 3. for a given distribution function go: [0,1] — [0.1],
once again

1 2 N
A(fH]0,0) wn
/( 4 “N ). on) —go(.r)> dr = Z 1@, Tn),

0

15) Consider e.g. f(r) = 4x(1 — 2). Then we have
gr(e) =g(fi ")) +1-g(f5 ' (0),

where f| Yx) = (1= VT—2)/2 and f.;l(r) = (1+ /1 —x )/2 are the inverse functions
to f.
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where Fy(z,y) = Fag (f(ac), f(y)) and Fy g, is defined as in Paragraph 2.

Similarly, for continuous function h: [0,1] — [0, 1], we have

b7 A0, 7)), w AR=1([0, 2)), wn ) \ 2 X
/( ( N) Al 0. N)> do =<5 D Falam, o),

N

mn=1
where

Fy(z,y)= max(f(x), h(y))+max(f(y), h(a:))—max(f(zr), f(y))-max(h(.r), h(y)).

Limiting the above identities, we find

11 1
2
[ [ £ ds@dst) = [(o0le) - g5@)” .
00 0
and
11 1
2
/F2 z,y) dg(x /gf(l —gn(z))” da
0 0 0
for any distribution function g. O

Analogously to the A(X,wpy) we can study a counting function A(X,wr)
with a continuous parameter T .

10. Continuously distributed functions.

Let w: [0,+0c) — [0,1] be a Lebesgue-measurable function. For T° > 0 we
denote the partial function wr := w/[0,T). For X = [0,) C [0,1], we define
the counting function A([O,LE),W’[) by

A([0,z),wr) = [w™([0,2)) N [0,T]],
where | | is Lebesgue’s measure in [0,1]. If for all continuity points z € [0, 1]
of a given distribution function g: [0,1] — [0,1] we have
. A([O’ I)) UJT)
Jim ————= = g(a),

then the function w is said to be g-continuously distributed (cf. [2; p. 78]). Along
the same lines as Theorems 1, 3 it can be shown that

. A([Oa I)v wT) ° . . C
TIH.I; ——N————g(x) dz =0 <= w(t) is g-continuously distributed,

0
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and
1 A([O ) wr) 9 T T
y L), WT 1
J(2©00 0w L[ [ puyfottnot anaes
0 0 0
where F4 4 is the same function as in Paragraph 2. O

In our final paragraph, we shall discuss a result from a joint paper by
P.J.Grabner and R. F. Tichy [20], in the way of Theorem 1. They
show that an adequate quantitative measure for statistical independence of se-
quences is the L? discrepancy, whereas the usual extremal is not suitable for
this purpose.

11. Statistically independent sequences.

Two sequences (z,,)0—;, (yn)ne; in the unit interval [0,1] are called statis-
tically independent if

N
A}L’};( Zf xn yn - Z Zg Yn > =

n=1 n=1 n=1

for all continuous real functions f, g.
Let the class € be defined as the set of all two-dimensional sequences in the
unit square for which the sequences of the first and second coordinates are statis-
. . N ~ N
tically independent. For wy = ((:r,,,,y,,‘))“:l, denote wy2 = ((xm,yn))

m,n=1"
and define

A([O,:c) x [0,y), (I)Nz)
N )

1*([0.2) x [0,y), wn) = A([0,2) x [0,y), wn) —

where the counting function A have the same meaning as in Paragraph 5.
Using this notation we shall reformulate the results of [20] in the following
way:
1°. The class Q4+ defined by (1) is a proper subclass of €2
2°. The L? discrepancy associated with the counting function A* and the
function g(x,y) = 0 by formula (2) is a discrepancy of €2.
The first result is a consequence of the fact that Theorem 1 is inapplicable
to A*, since we cannot find an ordering on X = {[0,z) x [0,y): 2,y € [0,1)}
satisfying the monotonicity condition (vi).
To obtain an alternative proof of 2° we compute the associated L? discrep-
ancy. To do this, we denote X, , = {[(), z) x [0,y); z,y € [0,1], (@m,yn) €
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[0,2)x[0,y)} and the measure and topology on X = {[0,2)x[0,y); z,y € [0,1]}

we identify with the Lebesgue measure and Euclidean topology on the unit
square. With the help of the expression

A*([O,w) x [0,y), wn)

N
N 1 N
gl 0 x) X [0 y)) N ZZlcxvvl,vl ([07 ‘T‘.) X [O’ y)) )

we find

//< x[0.4). an) _O)Qdmdy

1 2
NQZ}Xmmannl_*‘ N4 Z lenkal"m Z \Xrn mmxl\11
m.n,k,l=1 m,kl=1

We complete the expression by
X N Xpi| = (1 — max(Tm, zx)) (1 — max(y,,y1)) -

In a similar way as in Paragraph 1 (4°), we define the counting function
N 1N N
((f g Z yn - 'Jv Z f(xy) Z .‘/(yn)

n=1 n=1

on the cartesian product X x X of X = {f: 0,1] = R; f(0) =0, [ is
continuous}, and we compute the L? discrepancy

[ e

N : : ;
min(Tm, Tn) Min(Ym, yn) 1 min(z,,, z,, ) min(yx, yr)
=5 Z

2 2 + N4 2 2
m,n,k,l=1
i min .I‘,,,, o) min(y,, yr)
5 )
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L? DISCREPANCY

Then we apply Theorem 1 with Remark 2 and we obtain that this L? discrepancy
is a discrepancy of the class €. Finally, it can be verified

/1/1<A*([0,1')>;\£0,y), wN) _0>2dxdy:4!!(,4((f,]g<]),w) _0>2dfdg,

0 0

which leads to 2°. ]
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