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ABSTRACT. Three types of regularity, namely, L-regularity, G-regularity and
(L, G)-regularity, are introduced for an abelian Hausdorff group G-valued additive
or o-additive set function defined on a ring of sets R and some sufficient condi-
tions are given on £, G and R to ensure the equivalence of all these three types
of regularity. Also [9; Theorem 52.F] of Halmos is generalized to G-valued
o-additive set functions in this abstract set-up.

Fixing two classes of sets £ and G, we introduce the concepts of L-regularity,
G-regularity and (L, G)-regularity for an abelian Hausdorff group G-valued ad-
ditive or o-additive set function defined on a ring of sets R and study some
sufficient conditions on £, G and R to ensure the equivalence of these three
types of regularity. The main results are Theorems 4.3 and 4.6 and their corol-
laries on locally compact spaces and metric spaces. In the abstract set-up, these
theorems give generalizations of [9; Theorem 52.F] of Halmos to G-valued
measures.

Similar studies in abstract set-up in the study of topological measures have
been done by Bachman and Cohen in[l], Bachman and Sultan
in [2], [3], and in the study of regularity property of vector lattice-valued mea-
sures by Hrachovina in [10]. The advantage of this type of study is that
it gives a unified approach to problems which are of topological nature. The
strength of our study is brought out well by Corollaries 4.9 and 4.10 on locally
compact spaces and Corollary 4.11 on metric spaces.
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1. Preliminaries

In this section, we introduce the notation and terminology and state some
results from Drewnowski [7], [8].

G denotes an abelian Hausdorff topological group, whose binary operation is
denoted by +. € is a non-void set, in general. Sometimes 1 is considered as a
topological space with special properties. R is a ring of subsets of 2, A: R —» G
is additive, and p: R — G is o-additive.

We fix two classes of sets £ and G in P(Q), with respect to which we
introduce the concepts of regularity as in Definition 2.1. In general, £ and G
are not assumed to be lattices of sets. However, different properties are assumed
for £ and G explicitly whenever necessary.

DEFINITION 1.1. Let C;, Cy be classes of sets in 2. Then:
(i) C; is said to be Cy-complemented if Cy \ C; € Cy for Cy € Cy and
Cy €Cs.
(i1) C; is said to be Ca-bounded if for each Cy € C; there exists Cz € Cy
such that C7; C Cs.
(iii) Cp is said to be Cy-boundedly Cy-dominated if for each C; € Cy there
exists Cy € Co and Dy € Cq such that C; C Cy C Dq.
(iv) C; issaid to be 0Cs-bounded if for each Cy € C; there exists a sequence
(Cz,n)%ozl C Cy such that C; C U C2,n-
n=1
DEFINITION 1.2. Suppose L is closed under unions and G under intersections.
Let 0 € LNG. Let I(K,U) ={ACQ: KCAcCU} for K€ L and
Uegu{Q}. As {I(K,U): K€L, UeGu{Q}} is closed under intersections
and P(Q) = I(0,9), it follows that this collection is a basis for a unique topology
7(L£,G) on P(Q).

CONVENTION 1.3. Whenever the topology 7(£,G) is referred to, it is tacitly
assumed that £ is closed under unions, G under intersections and ) € LN G.

PROPOSITION 1.4. (Drewnowski [7; p. 271, 1.9]) Let A\: R — G be

additive and let B be a local base of symmetric closed neighbourhoods of 0 in
G. For each W € B, let

Rw(A) ={ECQ: XF) €W for each FCE,FeR}.

Then RNRw(A\) ={E€R: XF)EW foreach FCE, F¢€ R} is a local
base at O in R for the FN-topology T'(\) determined by A on R.

PROPOSITION 1.5. (Drewnowski [8; p. 440, 84]) If u: R — G is
o-additive a,nd En J, @ n R, then En — Q) m F('u,)-topology
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ABSTRACT REGULARITY ...

NOTATION 1.6. If ¢ is a quasi-normon G and € > 0, then B,(0,¢) = {m €qG:
q(z) < e}. Given W € B, there exists a finite family of continuous quasi-norms

k
(qi llc on G such that W, = ‘01 By, (0,e) € W. Then W¢/an denotes the set

k
N Bg:(0,/2™). For n € N, nW denotes W + --- + W (n times).
1=1

For a class of sets C, D(C) (resp. R(C), S(C)) denotes the é-ring (resp. ring,
o-ring) generated by C.

- 2. (£,G)-regularity of G-valued additive set functions

In this section, we introduce the notions of L-regularity, G-regularity and
(L,G)-regularity for a G-valued additive set function A on R and give some
sufficient conditions to ensure that A is (£, G)-regular whenever A is L-regular
or G-regular. As a concrete application, we give Theorem 2.6 which general-
izes the results in [4; §15] of Dinculeanu to G-valued set functions on
locally compact spaces. Moreover, the results of this section are needed in the
subsequent sections.

DEFINITION 2.1. Let A\: R — G be additive. For A € R, )\ is said to be
L-regular (resp. G-regular) in A, if for a given W € B there exists K € L
(resp. U € G) such that K € A and A\ K € Rw()\) (resp. A C U and
U\ A€ Rw(A)). If X is L-regular (resp. G-regular) in each A € C C R, then
A is said to be L-regular (resp. G-regular) in C. Moreover, X is said to be
(L,G)-regular in A € R (resp. in R) if A is both L-regular and G-regular in A
(resp. in R).

The following proposition is evident from the above definition and the addi-
tivity of A.

PROPOSITION 2.2. A G-valued additive set function X on R is (L, G)-regular
in R if and only if, for each E € R and W € B, there exists U € G and K € L
such that K CECU and U\ K € Rw(}).

THEOREM 2.3. Let \: R — G be additive, G be L-complemented and L
be R-bounded. If E € R is L-bounded and A is G-regular in R, then X\ is
(L, G)-regular in E. Consequently, if R is L-bounded, then X\ is (L,G)-regular
in R if and only if A is G-regular in R.

Proof. Suppose A is G-regular in R. By the hypothesis on E and L, there
exist K € L and F € R suchthat EC K CF.As F\E € R, given W € B,
there exists U € G such that F\ E C U and U\ (F \ E) € Rw()). Since G
is L-complemented, C = K \U € £ and C C KN (FNE') = E. Moreover,
E\C=EnNU=U\(U\E)CU\(F\E), and hence E\ C € Rw(A). Thus
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A is (£,G)-regular in E. If R is L-bounded, then, from the first part, it follows
that A is (£,G)-regular in R. The converse is obvious. a

THEOREM 2.4. Let \: R — G be additive and let L be G-complemented. If
E € R is such that there exists U € G and F € R such that EC U C F, and
if A is L-reqular in R, then X is (L£,G)-regular in E. Consequently, if R is
G-bounded and G is R-bounded, then A is (L,G)-regular in R if and only if A
is L-regular in R.

Proof. The proof is similar to that of Theorem 2.3. O

COROLLARY 2.5. Suppose L is G-complemented, R-bounded and L-boundedly
G-dominated. If E € R is L-bounded, then \ is (L,G)-regular in E whenever
A is L-regular in R. Consequently, if R is L-bounded, then X is (L,G)-regular
in R if and only if A is L-regular in R.

Proof. Suppose E € R is L-bounded. Then there exists K € L such that
E c K. Now, by the hypothesis on £ there exist U € G, C € L and F € R
such that K ¢ U ¢ C C F so that E C U C F. Thus the hypothesis of
Theorem 2.4 is satisfied by E, and the corollary is proved. a

As an application of the above results we give the following theorem on locally
compact spaces.

THEOREM 2.6. Let Q be a locally compact Hausdorff space. Suppose K (resp.
Ko) is the family of all compact (resp. compact Gg) subsets of Q and U, (resp.
Uy ) is that of all open sets in D(K) (resp. in D(Ky)). Let the ordered pair (L, G)
be either (K,U,) or (Ko,Up). Let R be a ring of relatively compact subsets of
Q and let \: R — G be additive. Then:
(i) R is L-bounded.
(i1) G is L-complemented and L is G-complemented.
(i) L is L-boundedly G-dominated.
(iv) £ and G are lattices of sets.
(v) Suppose one of the following conditions is satisfied:
(@) Ko is R-bounded.
(B) G CR.
Then L is R-bounded.
(vi) If anyone of conditions (a) or (B) of (v) holds, then the following are
equivalent:
(a) X is (L,G)-regular in R.
(b) A is G-regular in R.
(c) A is L-regular in R.
(vil) If R is 7(L,G)-dense in P(Q), then Ko is R-bounded (and hence (vi)
holds).
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Proof.

(i): By [4; §14, Proposition 11], R is Ko-bounded, and hence R is £-bounded.

(ii): Obviously, U, is K-complemented. For U € Uy and K € Ky, K\ U
is compact and K \ U € D(Ky). Consequently, by [4; §14, Proposition 13],
K\ U € Ky, and hence Uy is Ko-complemented. Thus G is L-complemented.
Trivially, £ is G-complemented.

(iii): Given K € L, by [4; §14, Proposition 11|, there exist U €eGand Ce Ll
such that K C U C C C Q, and hence (iii) holds.

(iv): Obvious.

(v): If (a) holds, then, by [4; §14, Proposition 11|, £ is clearly R-bounded.
Suppose (B3) holds. Let K € L. Then, again by the same proposition of [4],
there exists U € G C R such that K C U. Hence £ is R-bounded.

(vi): Suppose anyone of («) or (3) holds. Then, by (v), £ is R-bounded.
Therefore, by (i) and (ii) and Theorem 2.3, conditions (a) and (b) are equivalent,
while, by (i) - (v) and Corollary 2.5, conditions (a) and (c) are equivalent.

(vii): Suppose R is 7(L,G)-dense in P(2). Then, given Ky € Ko, there
exists F' € R with Ko C F C , since I(Ky,f?) is 7(L£,G)-open by definition
and Iy C L. Thus Kg is R-bounded. O

Remark 2.7. If G is a normed space, then Theorem 2.6 clearly subsumes
[4; §15, Proposition 6] as a very particular case.

3. (£,G)-regularity of G-valued o-additive set functions

When p: R — G is o-additive, we give a set of sufficient conditions to
extend Theorem 2.3 and Corollary 2.5 to o£-bounded sets in R. As a concrete
application of these, we obtain a theorem on locally compact spaces. The results
of this section will be used in the next section.

In the sequel, we shall assume £ to be closed under unions.
THEOREM 3.1. Let u: R — G be o-additive. Suppose L is L-boundedly
R-dominated and L-boundedly G-dominated. Let G be L-complemented. Then:

(i) If E € R is oL-bounded, then p is (L,G)-regular in E whenever p
is G-regular in R.

(ii) If R is oL-bounded, then p is (L£,G)-regular in R if and only if p is
G-regular in R.

Proof.
(i): Given W € B, choose W € B such that 2Wy C W. As E is 0£-bounded,

oo

there exists a sequence (K,)$° C L such that EC|J K, . Since £ is £-boundedly
1

G-dominated, for each n there exist U, € G and C,, € £ such that K, C U,
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C C,,. As L is L-boundedly R-dominated, for each C,, there exist F;, € R and
n
D, € L such that C, C F,, C D,,. Let E, = |J F). Then E, € R, E, is
k=1
L-bounded for each n, E, T and F C |JE,. Taking B, = EN E,, it follows
1

that B, € R, B, 1 E, and each B,, is L-bounded. As E\ B, | 0 and p is
o-additive, by Proposition 1.5, there exists ng such that E \ Bn, € Rw,(u).
Since p is G-regular and By, is L-bounded, by Theorem 2.3, p is (£, G)-regular
in By, . Thus there exists K € £ such that K C B,,, and B,, \ K € Rw,(u).
Consequently, K C E and E\ K € Ry (i) since p is additive and 2Wy C W.
Thus p is (£,G)-regular in E.

(ii): This follows from (i). O

COROLLARY 3.2. Let u: R — G be o-additive and let G be L-complemented.
Suppose L is L-boundedly G-dominated. If G C R, or if R is 7(L£,G)-dense in
P(Q), then L is L-boundedly R-dominated. Consequently, if E is oL-bounded
(resp. R is oL-bounded), then p is (L,G)-regular in E (resp.in R) if (resp. if
and only if) p is G-regular in R.

Proof. Given K € L, by the hypothesis on £, there exist U € G and
CeLsuchthat KCUCC.IfGCR,take F=U € R.If R is 7(L, G)-dense,
then there exists F' € R such that K C F' C U. In both cases, it follows that £
is L-boundedly R-dominated. The rest is immediate from Theorem 3.1. O

THEOREM 3.3. Let u: R — G be o-additive. Suppose G is closed under
countable unions and L is G-complemented. Let L be L-boundedly G-dominated
and G C R. Then:

(i) If E € R is oL-bounded, then p is (L,G)-regular in E whenever p
ts L-regular in R.

(ii) If R is oL-bounded, then p is (L,G)-regular in R if and only if p 1is
L-regular in R.

Proof.
(i): Given W € B, there exists a finite family of continuous quasi-norms
k
(g:)% on G and € > 0 such that W, = ﬂ B, (0,e) C W. By Corollary 3.2, L is

L-boundedly R-dominated. Thus, as iil the proof of Theorem 3.1, there exists
(Br)$° C R such that B,, T E and each B, is L£-bounded. For each C € L, by
hypothesis, there exists U € G C R such that C C U so that £ is R-bounded.
Consequently, by Corollary 2.5, u is (£, G)-regular in each B,,. Thus, for each
n there exists U, € G such that B, Cc U, and U, \ B, € RWE/2n+1 (). Since

o0 o
G is closed under countable unions, U = |JU,, € G. Moreover, E = |JB,, C
1 1
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U,=U€cTR.Let A€ R with ACU\E.If Hy, = Uy, \ By, then A4 C

(Un\ Bn) = U (H \ ( U H,)) , and hence

n=1 i<n

/A(A)=i{u(AﬂHn)—u<AﬂHnﬂ( ))}

since q; o u(AN Hy,) < €/2""! and ¢; o u(A NH,N ( U Hl)) < g/2"*! for

1=1,2,...,k. Thus p is (£,G)-regular in E.
(ii): This follows from (i). O

~C8~(C3

As a consequence of the above results, we can give the following theorem for
G-valued o-additive set functions on locally compact spaces.

THEOREM 3.4. Let Q be a locally compact Hausdorff space and let Ko and K
be as in Theorem 2.6. Suppose ¥ is a o-ring such that S(Ko) C £ C S(K). Let
pw: ¥ — G be o-additive. Let G be the family of all open sets in S(Ko) and let
L = Kqo. Then the following are equivalent:
(i) p is (£,G)-regular in X.
(ii) up is G-regular in 3.
(ili) p s L-regular in X.

Proof. Clearly, £ is G-complemented. By [4; §14, Proposition 13|, G is
L-complemented. By [4; §14, Proposition 11], £ is £-boundedly G-dominated.
Clearly, G C ¥ and G is closed under countable unions. Since ¥ is o£-bounded
by [4; §14, Proposition 11], the result is now immediate from Corollary 3.2 and
Theorem 3.3. O

Remark 3.5. When R coincides with anyone of D(L), S(L), D(G) or
8(G), under suitable conditions we can strengthen all the theorems in Sections 2
and 3 substantially. (See Theorems 4.3 and 4.6 and their corollaries.)

4. Generalizations of Theorem 52.F of Halmos ([9])

Let £ be closed under unions, G under intersections and § € LN G. Let
RM = D(L) and R?® = S(L£). Under additional hypothesis on £, R
and R(® | we shall prove Theorems 4.3 and 4.6, which state that a G-valued
o-additive set function p; on R is (£, G)-regular in R® if and only if pu; is
G-regular on L (resp. if and only if p; is L-regular on L-bounded sets in G).
Then, in the abstract set-up, the said theorems generalize [9; Theorem 52.F) of
Halmos to G-valued o-additive set functions. As a consequence, the classi-
cal results of Dinculeanu and Kluvdnek [5], Dinculeanu and
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Lewis [6] andof Khurana [11] on the regularity of vector- or group-valued
Baire measures on locally compact Hausdorff spaces are obtained as corollaries.
Moreover, the classical closed-open regularity of finite positive measures on the
Borel sets of a metric space also gets extended naturally to G-valued o-additive
set functions and this generalization is given in Corollary 4.11.

Hereafter we shall assume that £ is closed under unions, G is closed under
intersections and 0 € £ N G. We shall also assume that £ is G-bounded and
G-complemented and that G is L-complemented. We state the following two
conditions (x) and (k).

(o) [e o]
(*) 6 CD(L) and YU, € G whenever (U,);° C G and YU, € D(L).
1 1
(%) G C S(L) and G is closed under countable unions.

LEMMA 4.1.

(a) Suppose condition () holds for D(L). Then:
(i) G is a lattice of sets.
(ii) £ s closed under countable intersections and, in particular, L
s a lattice of sets.
(iii) D(L) ={E € S(L): E is L-bounded}.
(b) If condition (xx) holds for S(L), then S(L) is G-bounded. Moreover,

(i) and (ii) of (a) are also true.

Proof.
(a): (i): Obvious.

(ii): Let (Cn)$° C £ and let C = [ Cy. By the hypothesis on £ and
1
G, there exists U € G such that C; C U so that C;NCy =C; \ (U\C2) € L.
Moreover, U \ C,, € G for all n, and hence, by condition (x), J(U \ Cy) € G.
1
Then
C=0C\(C;1\C)=C1\(U\C) =0\ (U(U\C,J) eL.

1
(iii): Let R = {E € S(£) : E is L-bounded}. Clearly, R is a §-ring
and R D D(L). On the other hand, if E € R, then there exist (E,)7® C D(L)

o0 o0
and K € £ such that E=|JE, C K. Then E =J(E,NK) € D(L).
1 1

oo
(b): If B € 8§(L), then B =By, B, 1, B, € D(L) for all n, and for
1
each n there exist K,, € £ and U, € G such that B, Cc K,, C U,. Then
o0
B c U, € G by condition (*x). The last part is evident from the proof of (a).
1
O
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LEMMA 4.2. Let R®Y =D(L) and R® = S(L). Suppose condition (x) holds
for R and (xx) for R®. Let p;: RO — G be o-additive and let M;
{E e R . Wi is G-regular in E} for i =1,2. Then:

(i) If L C M;, then R(L) C M; fori=1,2.
(i) My isa monotone class with respect to R | and My is a monotone
class.

Proof.

(1): Let C1,C3 € £ and let W € B. As L C M,, there exists U € G such
that C; C U and U\ C; € R (1;). Then V. =U\Cy € G, C1\Co C V
and V'\ (Cy \ C7) C U\C'1 Thus Cy \ C; € M;. Let E € R(L). Then E
is of the form F = UE],E NEj =0 for j # j', and E; = C; \ D; with

Cj,Dj € L for j = 1 2 ,n. Choose Wy € B such that 2nWy Cc W. Smce
each E; € Mz, there exists UJ € G such that E; CU; and U; \ E; € ’R (i)

Put U = U U;. Then, by condition (x) (resp. by (x*)), U € G and G c R()
j=1

(resp. G C R®) sothat ECU € G CR®.For Ae RW with AcC U\ E, let

Hj =AN (UJ \ EJ) Then

pi(A) = (UH) ;{M(Hj)—m<Hjn (HH,»} € 2mWo C W

for 4 =1,2. Hence (i) holds.
(ii): Let W € B. Choose continuous quasi-norms (g;)¥ on G and ¢ > 0

k
such that W, = (| By, (0,e) C W. Let Wy € B such that 2Wo C W. Clearly,
j=1

0 e M;. Let E, 1 E, with (Ep){° C M;. For i =1, let E € R™M). Then for
each E, there exists U, € § such that E, C U, and U, \ E, € R%) W, i (1)

For i = 1, by Lemma 4.1 (a) (iii), there exists K € £ such that E C K. Since
L is G-bounded, there exists V € G such that K C V. Let V, =V NU,. Then

o0
by Lemma 4.1 (a) (i), V, € G, so that, by condition (), Vo =JV, € G and
1
E C Vy. For i = 2, take V,, = U, for p € N. Thus E C Vo € G C R® for
o0
i=1,2. For AeR® with AC Vo \ E, we have A=Am(U(v \E,,)). Let

= AN (V,\ E,). Then p;(A) = Z{u,(Hp) wi(Hy0 (U Hy))} Thus
i<p
q; ou,(A) <gfor j=1,2,...,k. Therefore, pi(A) € W, and hence E € M; for

i=1,2.Let E, | E, E, E’R(’) for p € N. Then E, \El(l)ln'f\’,() and hence,
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by Proposition 1.5, there exists po such that Ep, \ E € RS/)O (i). As Epy € M,
there exists U € G such that E,, CU and U \ Ep, € 'RS/)O (k). Consequently,

EcUeGand U\FEe€ ’Rg,)(ui). Thus E € M; for i =1,2. Hence (ii) holds.
O

THEOREM 4.3. Let R() = D(L) and R® = S(L). Suppose p;: R — G
is o-additive for i = 1,2. Let R() satisfy condition (x), and R@) condition
(*x). In the case of R suppose L is L-boundedly G-dominated. Then p; is
(L, G)-regular in R® if and only if p; is G-regular in £ for i =1,2.

Proof. Clearly, the condition is necessary. Conversely, let u; be G-regular
in £. By Lemma 4.2, R(L) C M;, M; is a monotone class with respect to
R, and M, is a monotone class. Thus by [4; §1, Proposition 1], M; = RW
and by [9; Theorem 6.B], My = R(?) . Thus y; is G-regular in R for i = 1,2.

For i = 1, RM = D(L) > L so that £ is RM-bounded and R is
L-bounded. By hypothesis, G is L-complemented. Therefore, by Theorem 2.3,
w1 is (£,G)-regular in R,

For i = 2, R® = S(L) D L so that £ is L-boundedly R(®-dominated.
Moreover, by the additional hypothesis on £, £ is £-boundedly G-dominated.
As G is L-complemented and R(? is o0 £-bounded, by Theorem 3.1, we conclude
that pg is (£, G)-regular in R(?), O

LEMMA 4.4. Let RV = D(L) and RP® = S(L). Suppose RMY) and R(?)
satisfy conditions (x) and (xx), respectively. Then L C R(G), RM) = D(G)
and R(?) = S(G).

Proof. Let K € L. As, by hypothesis, £ is G-bounded, there exists U € G
such that K C U. Since £ is G-complemented and K = U \ (U \ K), it
follows that K € R(G) so that £ C R(G). Consequently, R ¢ D(G) and
R2) c S§(G). On the other hand, by condition (), G C D(L), and by condition
(*+), G C S(L), whence D(G) = R™) and S(G) = R@. |

LEMMA 4.5. Let p: S(£) — G be o-additive and let condition (**) hold
for S(L). Suppose moreover that L is L-boundedly G-dominated. Then p is
G-regular in L if and only if u is L-regular in every L-bounded set U € G.

Proof. By Theorem 4.3, the condition is necessary. Conversely, let p be
L-regular in every L-bounded set in G. Let K € L. Since £ is L-boundedly
G-dominated, there exists U € G and K; € £ such that K C U C K;. As £
is G-complemented, V =U \ K € G and V is L-bounded. Consequently, given
W € B, by hypothesis, there exists C € £ such that C C V and V \ C €
S(L)w(u). Then K C (U\C) € G and (U\C)\K =V \C € S(L)w(u). Hence
p is G-regular in L. a
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THEOREM 4.6. Let RV = D(L) and R® = S(L). Suppose ROV gnd R
satisfy conditions (x) and (*x), respectively. In the case of R(2) let L be
L-boundedly G-dominated. Let p;: R — G be o-additive. Then:

(i) R® =D(G) and R? = S(G).
(i) ps is (£,G)-regular in RY) if and only if p; is L-regular in G for
i=1,2.
(iii) p; is (£,G)-regular in RY if and only if p; is L-regular in every
L-bounded set in G.

Proof. In the light of Lemmas 4.4 and 4.5, it suffices to prove that
L-regularity of u; in G implies (£,G)-regularity of y; in R®. Let N; =
{E e RM . p; is L-regular in E} and let p; be L-regular in G. Then G C N;,
so that, by Lemma 4.4 and by an argument similar to that in the proof of
Lemma 4.2 (i), R(G) C N;.

Given W € B, choose continuous quasi-norms (qJ) —; on G, € > O and
Wy € B such that W, ﬂ By, (0,e) C W and 2Wy C W. Let E, T E

j=
and F, | F with E,, F, in N; for all n. For i« = 1, let us assume that
E € RW, Then E\ E, | 0, and hence, by Prop051tlon 1.5, there exists ng

such that E \ E,, € Rg,)o(ui). As E,, € N, there exists C € L such that

C C Ep, and E,,\C € Rwo(ui). Consequently, C C E and (E\C) € Rg,)(ui).
Therefore, E € N; for i = 1,2. As F,, € N;, there exists C,, € L such that

[e o]
Cn C Fy and Fo\C, € RY)  (u;) for n € N. If C = (\C;j, then, by
1

/ an+1

[e o]
Lemma 4.1, C € £ and C C F. Since F\ C C |J(Fp \ Cy), for A € R with
1
[e ]
AC F\C we have A =J(AN(F,\Cy)). Then it follows that g; o p;(A4) <
1

> 2/2"t = ¢ for j = 1,2,...,k. Thus A € ’R(z)(ul), and hence F € Nj.

n=1

Then, as in the proof of Theorem 4.3, it follows that A; = R® for ¢ = 1,2.
Finally, by Theorem 2.4 (resp. by Theorem 3.3 (ii) ), p1 is (£, G)-regular on R(1)
(resp. pg is (£,G)-regular on R(?). O

DEFINITION 4.7. The lattice of sets £ is said to satisfy the Gs-property rela-
oo
tive to G if every C € L is of the form C = (U, with (U,){* C G. Similarly,

1
G is said to satisfy the Fi-property relative to L if every L-bounded member of
G is a countable union of members of L.
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COROLLARY 4.8. Suppose p;: R%Y — G is o-additive for i = 1,2, where
RM = D(L) and R® = S(L). Let RY) satisfy condition (x), and R? con-
dition (x*). In the case of R, let L be L-boundedly G-dominated. If L has
the Gs-property relative to G (resp. G has the Fy-property relative to L), then
pi is (£,G)-regular in R®) for i =1,2.

Proof. By Proposition 1.5, y; is G-regular in £ (resp. L-regular in every
L-bounded set in G). Consequently, the result is immediate from Theorem 4.6.
O

COROLLARY 4.9. Let Q be a locally compact Hausdorff space. Let K, Ko be
as in Theorem 2.6. Suppose L is a lattice of sets such that Ko C £ C K and such
that L is precisely the collection of all compact sets in D(L). Let G, and Gy be
the families of all open sets in D(L) and S(L), respectively. Let R™Y) = D(L)
and R® = S(L) and let p;: RY — G be o-additive for i = 1,2. Then the
following are equivalent:

() pi is (L,G;)-reqular in R

(i) pi is Gi-regular in L.

(iil) p; is L-regular in each L-bounded set of G;.

Proof. By hypothesis, G; is £-complemented and, clearly, £ is G;-com-
plemented. By [4; §14, Proposition 11}, £ is £-boundedly G;-dominated. Now
the corollary is immediate from Theorems 4.3 and 4.6. O

COROLLARY 4.10. Let Q and Ko be as in Corollary 4.9. Let G, = {U €
D(Ko): U open} and Gy = {U € SKo): U open}. Then every G-valued
o-additive set function on D(Ky) (resp. on S(Ko)) is (Ko, G1)-regular (resp.
(Ko, G2)-regular).

Proof. Use Corollary 4.8 and [4; §14, Proposition 11]. O

COROLLARY 4.11. Let Q be a metric space with L the family of all closed sub-
sets and G the family of all open subsets of 2. Then every G-valued o-additive
set function p on S(L) (= B(N)) is (L,G)-regular.

Remark 4.12. Corollary 4.9 extends [9; Theorem 52.F] of Halmos to
G-valued o-additive set functions when £ = Ky or K.

Remark 4.13. Theorem 4 of Dinculeanu and Kluvédnek [5]is
a particular case of Corollary 4.10. Dinculeanu and Lewis [6] give a
direct proof of [5; Theorem 4]. Corollary 4.10 is the same as the first part of [11;
Theorem 1 and Corollary 4] of Khurana . The method used here is quite
general, elegant and powerful.
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Remark 4.14. Corollary 4.11 generalizes the classical result known for fi-

nite positive measures on the Borel sets of a metric space. (See [9; Exercise 43.3].)

In the light of Corollaries 4.9, 4.10 and 4.11, our abstract approach has the

advantage of unifying results on locally compact spaces and metric spaces.
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