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ABSTRACT. Symmetric differences and a binary operation very close to sym­
metric differences on orthomodu lar lattices and relations between them are stud­
ied. In addition, associativity, invertibility and regularity of symme tr ic differences 
are investigated and the connection with the Boolean structure of the correspond­
ing orthomodu lar lattice is presented. 

1. Introduc t ion 

The symmetric difference A A B of two subsets A and B of a non-void base 
set i} of a measurable space (fl,<S) is defined in different equivalent forms, e.g., 

A A B := (AUB)\(AH B) 

AAB:= (A \B)U(B\A) 

and it plays an important role in classical measure theory. The congruence ~ 
on S induced by the symmetric difference A and a measure \i on S via A~ B 
if and only if fi(AAB) = 0 converts S into a complete metric space S/~ ([Hal; 
*}40], [DuSc; Part III.7]), and it enables to use methods of functional analysis 
to obtain such important results of measure theory as the Vitali-Hahn-Saks 
theorem ([DuSc; Theorem III.7.2]), Nikodym's convergence theorem ([DuSc; 
Gorollary I]1.7.4]), Nikodym's boundedness theorem ([DuSc; Theorem TV.9.8]), 
etc. Original proofs of these results are based on the Baire category theorem 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Primary 03G12, 81P10. 
K e y w o r d s : orthomodu lar lattice, symmetric difference, commutator, Boolean algebra. 
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([DuSc; Theorem 1.6.9]) and on the fact that any <r-algebra S is d is t r ibu t ive . 
The Baire ca tegory theorem, however, has an in t ima te connec t ion to a weaker 
form of the axiom of choice ([Bla]), bu t nowadays there exist e lemen tary me th­
ods no t using the Baire resul t [AnSw] to ob ta in all of the above and o ther results 
of measure theory. 

In connec t ion wi th ma thema t i ca l foundations of q u a n t u m mechanics ([Kal], 
[Var]), o r thomodula r la t t ices (OMLs for shor t) are s tudied. In general, OMLs 
are no t dis tr ibu t ive, and s ta tes ( = probabil i ty measures) on OMLs need not 

be subaddi t ive . Therefore, any a t t e m p t to generalize classical resul ts of measure 
theory to o r thomodula r la t t ices mee ts serious problems. However, today there 
are some me thods which enable us to do this in special cases, where the use of 
o ther me thods , e.g., topological me thods ([SAKC], [Rie]), is impor tan t . 

In the presen t no te, we shall s tudy different types of symme t r ic differences 

and a binary operat ion between them, and we prove some inequalit ies closely 

related to them. Moreover, associativity, invertibility and regulari ty of the op­

erat ion of symmetr ic difference and connections to the Boolean s t ruc tu re of the 

corresponding o r thomodula r latt ice are investigated . 

2. Operations closely related to symmetric differences 

An orthomodular lattice is an algebra ( L , V , A / , 0 , 1 ) of t ype ( 2 , 2 , 1 , 0 , 0 ) 

such t h a t (L, V, A. 0,1) is a bounded lat t ice (which induces a par t ia l ordering 

< on L via a < b if and only if a = a A b, a , b G L ) and ' is a unary opera t ion 

on L such t h a t for all a, b G L 

(i) a" = a; 

(ii) if a < b, t hen b' < a': 

(in) a V a' -= 1; 

(iv) if a < b, then b -= a V b A a' (o r thomodular law). 

(Here and in the following, we assume t h a t the opera t ion A has higher priori ty 

than the operat ions V, A , V a n ( 1 + • ) For more details on OMLs . see, e.g.. [Kal]. 

In the sequel, let L denote a,n arbi t rary, fixed OML. 

Let a, b G L. a , b are said to be orthogonal to each other , in signs a J_ b, if 
a < b'. a , b are said to be compatible wi th each o ther, in signs a C h. if there 
exist three mu tual ly or thogonal elements avbA.c G L such that a = a{ V c and 
b -- bl V c. It is possible to show tha t for a, b G L the following condit ions are 
equivalen t : 

(i) aCb-

(ii) a = a Ab V a A / / ; 
(iii) b = b A a V b A a' 

i;ui 
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(cf. [Var; Lemma 6.7]). Moreover, it is well known that a,b £ L are compatible 
if and only if there exists a Boolean subalgebra B of L with a, b E B. 

For a € L, put a1 := a and a~l := a!. Let n > 1 be an integer and put 
N := { 1 , . . . , n} . For a x , . . . , an E L let 

c o m ( a 1 , . . . , a n ) := \ / /\ ajl 

j1,...,jne{-i,i} iEN 

denote the commutator of a 1 ? . . . , a . It is well known that the elements a 1 ? . . . 
. . . , an mutually commute if and only if their commutcitor equals 1. 

We define two types of symmetric differences: 

a A 6 := (a V b) A (a A 6) ' , 

a\? b:= aAb' VbAa' 

(a,b E L) . Then A and V a r e commutative binary operations on L which are 
closely related to each other via 

a A b = (a V b')', 

a y 6 = (« A &')' 

(a,b E L). Moreover, it holds 

(a A 6) A c = ( ( a v - ' l v c ) ' , 

a A ( 6 A c ) = ( a y ^ ' v c ) ) ' 

for all a,b, c E L. By [SAKC; p. 19, Proposition 3], we have 

a A b = a A (a A b)' V 6 A (a A b)', 

a A c < (a A 6) V (6 A c) , 

(a V 6) A (c V d) < (a A c) V (a A d) V (b A c) V (b A d) 

for every a, b,c,d E L. It is simple to see that 

for any a, 6 E L, and it is easy to give an example that this inequality may 
be proper. For this purpose, consider the OML L(R2) of all (closed) linear 
subspaces of the real plane R2 . Let a, b be any two one-dimensional subspaces 
of IK2 which are not compatible. Then a A b = R2 and a v b = {(0, 0)} . 

For a — (a j , . . . , a??) E L n put 

V(a) \/ A af 
J i . - . j n e { - i , i } ieTV 

| U - £ / V | . , A . = l } | odd 
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a n d 

A(a) A V af • 
.71 jn€{-l,l} iGTV 

|{fc€IV|j fc = - l } | even 

Then v ( ^ c ) — ° V c a n ( l A(b , c ) = b A c for all b, c E F. For every binary 
opera t ion o o n i , every positive integer k and a rb i t ra ry elements a. ah E I 

let aL o • • • o ak denote the element (. . . (al o a2) . . .) o ak . 

T H E O R E M 2 . 1 . Let + be a biaary operation on L such that 

a v b < a + b < a A b 

for all a, b E L. P/IeII /Or arbitrary c— ( c . , . . . , cn) E 2+ ive /?aEe 

V(c) < 5(c) < A(O) , (1) 

where S(c) := c} + • • • + c ̂  . 

P r o o f . We use induct ion on II. According to the assumpt ion , (1) holds for 
n == 2 . Now assume n > 2 and suppose t ha t (1) holds. Let Ot

 a
n + i ^ ^ 

and j 1 , . . . , j / / _ f l E { - 1 , 1 } . First assume | {fc E { 1 , . . . , n + 1} | j k . = 1 [| to be 

odd. If 7, . , = 1, then 

a i + • ' • + a „ + i = («! + • • • + a„ ) + o„+i > (O] + • • • + "„), ' A «„ + I 

> ( \ /«rJ ' ) Aan+1= / \ a + 
S'ejv ' i=i 

If 7 n + 1 = - 1 , t hen 

«!+••• + %+i = («i + ' • ' + O + % + i > («i + • • ' + O A aUi 
u + i 

> A «*'•A <+i = Aa. -1 • 
z+Ar i=l 

Now assume | {k E { 1 , . .. , n + 1} | j A , = — l } | to be even. If j„ + 1 
1. then 

«! + • • • + « I 1 + 1 = («.+••• + «,,) + «?1 + 1 < (a. + • • • + "» I V "» -

71+1 

< V a " ' v " " + i = V " " -
,ЄЛ 

If j l l + 1 = - l , t . h c n 

« , + • • • + «„ + 1 = ( « І + • • • + «„) + « r l + 1 < («, + • • • + O ' V " » + i 

(Л«г^V+i = V"i'-< 

i-ЄІ 
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The rest of the proof is trivial. • 

Remark 2.2. 

(i) Since the lower and upper bound occurring in Theorem 2.1 are symmetric 
in a 1 ? . . . , an, this theorem remains valid if a1 + • • • + an is replaced by a^m + 
• • • + a , x, where TT is an arbitrary permutation of 1V. 

(ii) For a G Ln and b G L we have 

1. corn(o) = v ( a ) V ( A ( a ) ) ' , 
2. v ( a ) — A(a) A com(a), 

3. A(a) = v ( a ) V (com(a))', 
4. v ( a ) — A(a) if and only if com (a) = 1, 
5. b + 0 = b, b+ 1 = b', b + b' = 1 and b + b = 0. 

THEOREM 2.3. Assume that the conditions of Theorem 2.1 are satisfied, and 
Id a = ( a p . . . , an) G Ln . Then com(O) C S(a) and 

S(a) A com(O) = O. A com(O) + • • • + an A com(O) 

= a < i ) A com(O) + • • • + aMn) A com(O) 

= A (a) A com(O) , 

ivlicrc TT is an arbitrary permutation of N. 

P r o o f . Because of v ( a ) < ^ ( a ) < A(O), we have S(a) C \j(a) and 

S(a.) C A(O), and hence S(a) C ( v ( a ) v (A(O)) ) , which means 6r(O) C com(O) 

(d. 1. of Remark 2.2). 

On the other hand, we have a- C /\ a{* for any ( k ^ . . . , / ^ ) E { —1, l } n 

zGiV 

so that, by [Var; Lemma 6.10], a- C com(a) for every j G jV. Consequently, 
bfYcom(a) for any element b of the orthomodular sublattice of L generated by 
a, an . Put a • := a • Acom(a) for all j E N, and O := (a 1 , . . ., a n ) . It is easy 

to see that com(O) = 1. Hence, in view of 4. of Remark 2.2, V ( a ) — S(d) = A(O). 

Without loss of generality, wre can verify 

/// n m n 

f\ a'j A y\ a. = l\ (aj A com(a))' A / \ (aj A com(a)) 
j = \ j=m+\ j = l j—m+l 

= ( Д ( a ; . V ( c o m ( a ) ) 0 ) л ( Д a. 

Л a y л Л a))л c ° m ( a ) 
^-=1 .y==rп + l 

A com(a) 
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for all m = 0,. . . , n . Hence v ( a ) = V ( a ) A com(a). Since v ( a ) — $(a) — A (a) 
(by Theorem 2+) and v ( a ) " A(a) A com(a) (according to 2. of Remark 2.2), 
we have 

V( a ) = V( a ) A com(a) = S(a) A com(a) = A(a) A com(a). 

Therefore we obtain 

V ( a ) = V( a ) = S(a) = A(a) 

= v ( a ) ^ com(a) = S(a) A com(a) = A(a) A com(a) . 

A mapping m: L —> [0,1] satisfying the two conditions 

m( l ) = l , 

m(a V b) = m(a.) + m(b) for all a,b G L with a Lb 

is said to be a state on L. 

THEOREM 2.4. Assume that the conditions of Theorem 2.1 are satisfied, let 
m be a state on L, let a = ( a 1 , . . . , a n ) G L77', and assume m(com(a)) = 1. 
Then 

m(ax + • • • + a n) = m f c ^ + • • • + o^,^) = m(A(a) ) , 

where n is an arbitrary permutation of N. 

P r o o f . By Theorem 2.3, com(a) C S(a). Therefore 

m(S(a)) = m(S(a) A com(a)) + m(S(a) A (com(a)) /) = m(S(a) A com(a)) 

= m(al A com(a) + • • • + an A com(a)) 

= m(A(a) A com(a)) = m(A(a)) , 

where we have used the fact that A (a) C com(a). • 

3. Associativity, invertibility and 
regularity of symmetric differences 

In the present section, we investigate associativity, invertibility and regularity 
of A , and we show that each single one of these properties forces L to be a 
Boolean algebra. Since we have the simple relation a \/ b = (a A b')1. results 
analogous to those obtained here also hold for v instead of A . 
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In order to simplify proofs, in the following, we make frequent use of a me thod 

of N a v a r a (cf. [Nav]) concerning the calcula t ions wi thin the free OML F wi th 

two free genera tors a and b. P u t c := com(a , b). Then the following hold: 

1. T h e a toms of F are a A 6, a A b', a' A 6, a' Ab', a A c ' , a ' A c ' , 6 A c/ 
and 6' A c ' . 

2. T h e mappings a; ^ (xAc, xAc') and (x, H) i—>• x V H are mu tual ly inverse 

isomorphisms be tween F and [0, c] x [0, c'}. 

3. [0,c] is the Boolean algebra wi th the a toms a A o, a A b', a/ A 6 and 

a/ A 6'. 

•1. [0,c7] = {0, aAc7, a'Ac7, bAc7, 6'Ac7, c7} =* M 0 2 . 

5. a = a A 6 V a A cV V a A c 7 . 

6. b = a Ab Va 7 A 6 V b A c 7 . 

L E M M A 3 . 1 . Lel a ,b G L. Taen l/ie following conditions are equivalent: 

1. a (7 6. 
2. (a A 6) A 6 = a . 
3. (a A 6) A (a V 6) = a A (6 A (a V b)) . 

P r o o f . T h e equivalence of 1. and 2. follows from 

(a A 6) A b = a A b V a A 67 V 67 A (com(a, &)) ' , 

a = a A b V a A b7 V a A (com(a, 6)) , 

and the equivalence of 1. and 3. follows from 

(a A 6) A (a V 6) = a A 6, 

a A (6 A (a V 6)) = a A 6 V (com(a, &))' . 

D 

L E M M A 3 .2 . For a,b e L we have 

1. (aV&) A a Ao = a A b , 
2. (a A 6) A (a V 6) = a A 6, 
3. (a A 6) A a Ab = a V b . 

1. is obvious. For a, b G L we have a V b C a A b1 and hence, by 1. and 
Lemma 3.1. (a A b) A (a V 6) = (a A 6 A (a V 6)) A (a V 6) = a A 6. 3. follows in 
an analogous way. • 

Let (i J) G L. a, b are said to be complemented to each o ther (one is said to 
be a complemen t of the o ther) if a V b — 1 and a Ab = 0. This is obviously 
equivalen t to the fact that a A b — 1. a, b are called perspective to each o ther, 
in signs a ~ 6, if they have a common complemen t in L , i.e., if there exists 
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an element c of L wi th a V c = b V c = l and a A c = b A c = 0. Hence, 

perspect ivi ty of a and b is equivalent to t he existence of an element c of I 

satisfying a A c = 6 A c = 1. 

PROPOS IT ION 3 . 3 . Let a, b G L . and let ({a,b}) denote the orthomodular 

sublattice of L generated by a and b. Then 1. - 5 . hold: 

1. a A 6 = 0 if and only if a = b. 
2 . a A b = 1 if and only if a ~ b' holds in ({a, b}), 
3. a Ab = aV b if and only if a A b = 0 , 

4. a Ab = a /\b if and only if a V b = 0 , 

5. a Ab = b A a! if and only if a < b. 

P r o o f . 1. follows from 2. or 3. of L e m m a 3.2, 2. follows from the fact tha t 
for a, b E L t he condit ion t h a t a ~ b' in ({a, 6}) is equivalent to a A b = a' A b' 

= 0. 3. and 4. follow from 2. and 3. of L e m m a 3.2, respectively. For a ,b E L it 
holds aAb = a/\b'Va' /\bV (com(a, b)) , which implies 5. D 

PROPOS IT ION 3 . 4 . Two elem.ents a, b of L are perspective to each other if 

and only if there exists an element c of L with a A c = b A c. 

P r o o f . A calculation shows t h a t a A ((a A b)' A b) = 1 for all a. b E L. 

Now, let a, b be arbi t rary, fixed elements of L. If there exists an element c of L 

with a A c = b A c, t hen 

a A ((a A c) ' A c) = 1 = b A ((6 A c)' A c) = 6 A ((a A c) ' A c) , 

and hence a ~ 6. (The element (a A c j ' A c is a common complement of a and 

b in L.) T h e rest of the proof is trivial. D 

LEMMA 3 . 5 . For a, 6 E L we have aC a AbCb. 

P r o o f . It is clear. D 

LEMMA 3 . 6 . Two elements a,b of L commute if and only if there exists an 
element c of L with a A c = b. 

P r o o f . Let a, b <G L. If aCb, then a A (a A b ) = b according to Lemma 3.1. 
T h e rest follows from L e m m a 3.5. D 

A binary opera t ion o on L is called invertible (regular) if for a rb i t ra ry 
a J) G L each one of the equat ions a o x = b and y o a = b has at least (at 
most) one solution in L. 
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THEOREM 3.7. The following statements are equivalent: 

1. L is a Boolean algebra. 
2. The binary (n-ary) operations A and V coincide. 
3. A is associative. 
4. A is invertible. 
5. A is regular. 
6. A is distributive with respect to A . 

P r o o f . The equivalence of 1. and 2. follows from 4. of Remark 2.2. It 
is well known that 1. implies 3 . -6 . If 3., respectively 4., holds, then the fact 
that any two elements of L commute follows from Lemma 3.1, respectively 
Lemma 3.6, and hence L is a Boolean algebra. Proposition 3.4 together with 
[Kal; Proposition 1.3.7] shows that 5. implies 1. Finally, assume that 6. holds. 
Then for ad a, b G L we have a! A (a A b) = a' A a A a' A b, which is equivalent 
to a' A (a V b) = a' A b, hence a C b, and L is a Boolean algebra. • 

THEOREM 3.8. In the variety of OMLs, there does not exist a binary term 
inducing a regular, respectively invertible, binary operation on every OML. 

P r o o f . Let t be a binary term (in the variety of all OMLs), let {0,a,a7 , 
O, //, 1} denote the OML MO2, and let t also denote the term function on MO2 
induced by t. Then the transpositions (a a') and (b b') are automorphisms of 
MO2. If t(a,b) i {a,a'}, then t(a,b) = (a a')t(a,b) = t((a a')a, (a a')b) = 
f{a\b), and if t(a,b) £ {b,b'}, then t(a,b) = (b b')t(a,b) = t((b b')a, (b b')b) = 
/(a, b'). Hence, in any case, the binary operation on MO2 induced by t is neither 
regular nor, since MO2 is finite, invertible. • 
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