
Mathematica Slovaca

Klaus-Dieter Denecke; Kazimierz Głazek
M -solid varieties and Q-free clones

Mathematica Slovaca, Vol. 46 (1996), No. 5, 515--524

Persistent URL: http://dml.cz/dmlcz/136688

Terms of use:
© Mathematical Institute of the Slovak Academy of Sciences, 1996

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz

http://dml.cz/dmlcz/136688
http://project.dml.cz


Mathematica 
Slovaca 

© 1 9 9 6 
. . . _ . . r ,~r>~á,\ », _. _-„_- _._.. M a t h e m a t i c a l I n s t i t u t e 
Math. Slovaca, 46 (1996), No. 5, 515-524 Slovák Academy of Science* 

Dcdicated to the memory 
of Professor Milan Kolibiar 

A/-SOLID VARIETIES AND Q-FREE CLONES 

K. D E N E C K E * — K. GLAZEK** 

(Communicated by Tibor Katrindk ) 

ABSTRACT. A variety of algebras is called solid if every identity is satisfied as 
a hyperidentity. The clone of a solid variety is free with respect to itself. M-solid 
varieties generalize the concept of solidity In this paper, we describe the clone of 
an arbitrary M-solid variety. 

Introduction 

An identity t ~ t' is called a hyperidentity in a variety V if whenever the 
operation symbols occurring in t and t' are replaced by any terms of the appro­
priate arity, the identity which results holds in V. Hyperidentities are particular 
sentences in a second order language and were considered at first by B e l o u s o v 
([2]), A c z e l ([1]), and T a y l o r ([19]). For a survey on these topics, see [17] 
and [5]. 

An easy example is the identity 

(x + x) + (y + y) « (x + y) + (x + y) 

satisfied in any abelian group. Replacing the group operation by a binary oper­
ation symbol F we get 

F(F(x, x), F(y, y)) « F(F(x, y), F(x, y)) . 

If we substitute for F any binary term / ( x , y) = ax + by (a , b integers) of the 
variety of all abelian groups, we get identities. The commutative law F(x, y) ~ 

A MS S u b j e c t C l a s s i f i c a t i o n (1991): Pr imary 08B20, 08A40. 
K e y w o r d s : hyperidentity, solid variety, Ai-solid variety, clone. 

The research of the second author was partially supported by a DAAD grant. 
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F(y,x) shows that the concept of a hyperidentity is very strong since we have 
to take into account any mapping which assigns to the binary operation symbol 
F a binary term. Under these mappings, there is also the mapping with F H— x. 
The resulting identity x ~ y is only satisfied in a trivial variely. Therefore, in 
[10], we generalized hyperidentities to so called M-hyperid entities, where M is 
a submonoid of the monoid of all such substitutions. If every identity in the 
variety V is an M-hyperidentity, then the variety V is called M -solid, or ,sOl/J 
if M consists of all possible substitutions of n-ary terms for O-ary operation 
symbols. 

Clones are sets of operations defined on the same set. closed under superposi­
tion, and containing all projections. Hyperidentities in the variety V correspond 
to identities in the clone of V ([18], [16]). By clone (V), the clone of a variety 
U, we mean a heterogeneous algebra with carrier sets J~V(X) (the sets of all 
n-ary term operations of the V-free algebra freely generated by the //-element 
alphabet X ) with operations describing the superposition of term operations 
and containing all projections e'V If {/7 | i £ / } are the operation symbols of 
V, then the family {fi | i £ / } of all fundamental operations of the free 
algebra TV(X) forms a generating system of clone(V). In [9], we proved that 
the variety V is solid if and only if the heterogeneous algebra clone(U) is free 
relative to itself. In this paper, we will generalize this result to jA/-solid varieties. 

Preliminaries 

Hyperidentities can be defined more precisely using the concept of a hyper-
substitution ([7]). We fix a type r = {n,i | i £ / } , ni > 1 for all i £ / . and 
operation symbols {/• | i £ 7} , where f% is n?-ary. Let WT(X) be the set of all 
terms of type r over some fixed alphabet X = {x : , x 9 , . . . } . Terms in \\\_(Xn ) 
with Xn = {x 1 , x 2 , . . . , x n } , n > 1, are called ri-ary. Let Alg(T) be the class of 
all algebras of type T. 

A mapping 

a:{f,\ i<El}^WT(X) 

which assigns to every O-ary operation symbol f% an n -a ry term of type T 
will be called a hyper substitution of type T (for short, a hypersubstitution). The 
mapping a can be extended to all terms in W (X). The result of applying 
a hypersubstitution a to a term t £ WT(X) will be denoted by cr[t\. More 
precisely, a[t] can be defined inductively by: 

(i) a[x] :— x for any variable x in the alphabet X. and 
(ii) a[fi(tl,...,tj]:=a(fi)^

x){a[tl\,...,a[tni\j. 
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Here, c(fj)'
FT<,X on the right h a n d side of (ii) denotes the t e rm opera t ion in­

duced by the t e rm a(fi) on t h e t e rm algebra FT(X) = (WT(X); {f?AX))i€l) , 

ffAX)--(^...,tni)^fi(tl,...,tni)._ 
Let / , t' be t e rms of type r. T h e ident i ty t ~ t' is called a hyperidentity of 

type T (for short , a hyper ident i ty) in an a lgebra A E Alg(T) if alt] ~ a[tf] are 

identit ies in A for every hypersubs t i tu t ion a. In this case, we say A hypersatis-

jics the equat ion t ~ t'. For two hypersubs t i tu t ions ax, o~2 of type T the produc t 

O! o^ (j.y defined by a1 on a2 :== a{ o <r2 is again a hypersubs t i tu t ion of type T. 

It is easy to show ([10]) t h a t all hypersubs t i tu t ions of type T form a monoid 

( l lyp(T) ; o / p r / i d ) , where a[d is defined by ^ ( / - X ^ , . . . , xn%) = j\(xx,. . . , x n < ) 

for all / E I . Let M be a submonoid of (Hyp(T) ; o^, <ricl). T h e elements of M 

are called M-hypersubstitutions. Then an equat ion s ~ t, s,t E r V X K ) , is an 

M -hyperidentity of type r in an algebra *4 E Alg(T) if O-[,s] ~ a[t] is an identity 

in A for every M-hypersubstitution O". If every identi ty of a variety V is an 

/ \ / -hyperident i ty in any a lgebra of V , t hen V is said to be M-solid. 

Q-free clones 

A clone as a set of opera t ions defined on the same set, closed under superposi­
tion, and containing all project ions can be equipped wi th an algebraic s t ruc tu re 
which gives a heterogeneous (many-sorted, multibased) a lgebra ([12], [3]) 

^ : = ( ( ^ )nGN+5 ( ^ m ) m , n G N + ' (e?: 1nEN+,l<i<n) ( ^ : = { - > 2 > - - - } X 

where C^ is a set of n-ary opera t ions defined on the set A, and where Sni are 

the operat ions defined by 

Sn -— C^ x (c^^X1 —> C^m^ 

with 
Sn\(f>9v->9n) '•= f[9^---,9n]^ 

a n < 1 /[.«i, • • - . 9 J K , - - - , a m ) ~ f(9l(a1^-^ajn),...,gn(a1,...,am)) for all 
a, a E -4. T h e en, 1 < i < n , are the n-ary project ions wi th 

c" (a . ,an) := a2 for all a1,. .. , a n E A. 

To every one-based algebra A = (A; (ft)iej) of type r it belongs a clone, the 
(n) 

clone of all term operations of A. Let O ^ be the set of all n-ary opera t ions 

fA: A" -» 4 , and pu t OA := | J 0 ^ n ) . We set F ^ := {f?
A \ i E I} and 

n = l 

/M(") ._ F / A n O ^ . Let OA be the heterogeneous clone where the carrier sets are 

the sets O ][' for every n E N + . Then the clone T(A) of all t e rm operat ions of A 
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is t he subclone of OA generated by (FA{n))neN+ : T(A) := < ( ^ 4 ( ' ° ) n G N + ) G A • 

The carrier sets of T(A) are the sets T{n\A) of all n-ary t e rm opera t ions of 

A (n > 1) . For A = TT(X) ( the absolutely free algebra of type r , for short 

wr i t t en as TT), instead of T(A), we will wri te c l o n e ( r ) , and if TV(X) is the 

free algebra with respect to V, wre wri te clone(V) instead of T[Ty(X)) . 

We remark further t h a t all clones are elements of the variety K0 of hetero­

geneous algebras which is defined by the following identi t ies ([18]). 

( C l ) Sn\(z,S„\(y1,x1,...,xn),...,S-(yp,x1,...,xn)) 

*S!n{S?l(z,yv...,yp),x1,...,xn) ( m , n , p G N + ) , 

(C2) 5 " (e», xv ..., xn) « x% (m € N+ , 1 < i < n), 

(C3) S»(y,e1,...,el)ny ( n G N+ ) 

(here Sn
n, en are operat ion symbols corresponding to the type of c l o n e ( r ) ) . 

An a rb i t ra ry element of the variety K0 is called an abstract clone. It should 

be pointed out t h a t every abs t rac t clone is isomorphic to a clone of operat ions , 

i.e., to a concrete one. Note t ha t a concrete clone is the dual category of an 

algebraic theory in the sense of F. W. L a w v e r e ([14]). 

D E F I N I T I O N 3 . 1 . Let C := ( ( C ( n ) ) n e N + ; (Sn
n)^neN+ , (en)?|€^ -.<,.< J be a 

clone, and let (Xn)neN+ , Xn C C ( n ) , be a generat ing sys tem of the clone C. 

Then a system ip = ((fn)neN+ of mappings ipn: Xn -» C{n) with y J O : = (," • 

7i E N + , for project ions is called a clone substitution. By S u b s t ( ( V „ ) 4 \ - w e 

denote the set of all clone subs t i tu t ions . 

D E F I N I T I O N 3 .2 . ([15]) A set I := (ln)neN+ , In Q C{n) for every n G N 

U' '/ .Є^V said t o be independent with respect to a family Q of m a p p i n g s r 

il>n : In -> C ( n ) , (Q-independent) if every ^ can be ex tended t o a h o m o m o r p h i s m 

t[j of t h e subclone (I)c of C generated by I into C, i.e., V;: (7)<; "^ 

P r o p e r t i e s of Q-independent sets are discussed in [11]. 

D E F I N I T I O N 3 . 3 . Let C be a clone, let Q C S u b s t < ( X t t ) ^ : + ) , wliere (A',, ) / J G > - . 

is a generat ing system of C. T h e n C is called Q-/ree with respect to itself if 

(Xn)nem i s Q-independent (i.e., ( A . J n G „ + is a Q-basis, see [11]). 

If O = Subst ,/v ^ \ , w e have t h e usual concept of freeness with respect 

to itself. 
T h e extensions $ of e lements ^ e S u b s t ( ( X t i ) r i e : ! + > t o a r b i t r a r y e lements of 

(C(n)) N + are defined in t h e usual inductive way. If <PV-P2 e Subst < ( A n } ^ ,. 

we define a p r o d u c t ^ °. y>2 of subs t i tu t ions by £ , o ^ . T ins is again a sub­

s t i tu t ion from S u b s t ( ( X „ ) „ e , f > - S i n c e t h i s p r ° d u C t i s a s K O C l a t l v e - ™ d s m c e l h c 

identi ty <pid belongs to Subst ( (x„)„€K + ) 
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P R O P O S I T I O N 3.4. 

(i) There is a bisection between the set Hyp(T) of all hyper substitutions of 

type T, and the set Subst//F^x ( r i )N v of all clone substitutions of c lone(T ) . 

(ii) For every variety V of type T every hyper substitution of type r defines 

a clone homomorphism clone (T) —> clone (V). 

P r o o f . 

(i): Let a: {f%\ i G 1} —> WT(X) be a hypersubs t i tu t ion of type T. 
We put F := {fi | i 6 / } , and let F ( n ) be the set of all n-ary opera t ion 
symbols from F. T h e n a defines a family a := (o~n)neN+ of mappings such t h a t 

a . F{n) -+W (X ) . 
11 T\ 71/ 

Note t h a t clone (T) is genera ted by ( F ^ ( n ) ) . 

For every a := (OvJ n z G N + we define a family ip := (fnt)n^m o f map ­

pings (pjh : F-^(n*) —> clone (n*)(T) (here clone (n*)(T) is t he n - th carrier set of 

clone (T)) by 

<pni(fr
Ax))=*n.(frr(x))-

Note t h a t ^ ( / J * 7 ^ ^ is the t e r m opera t ion of TT(X) induced by the t e rm 

O-(//), i.e., c r n i ( / i )
J r r ( X ) is an element of c l o n e ( n t ) ( T ) . Remember t h a t any n-ary 

t e rm of WT(Xn) induces an n-ary element of clone ( n )(T) in the following in­

duct ive way: 

(1) if x% is an element of Xn, (an n-ary variable), t hen x{
 x ( := e n ' G 

clone ( n ) ( T ) , 

(2) if fi(t1,..., tn ) is a composed t e rm, and if ti
 rV , i = 1 , . . . , ni are the 

n-ary t e rm opera t ions induced by ti, t h en we define 

Therefore p: FTT^X^ —> clone(T) is really a clone subs t i tu t ion . By definition, a 

defines p uniquely. 

Conversely, assume t h a t p: F-^MA) —> clone(T) is a clone subs t i tu t ion . T h e n 

for each f% we choose a t e r m a(ft) G WT(X) such t h a t O-(/,)^(X) = p(ffAX)) . 

It is clear t h a t a: {fi \ i G 1} —• W T ( K ) is a hypersubs t i tu t ion , and the image of 

this hypersubs t i tu t ion is t he clone subs t i tu t ion p. Clearly, p defines a uniquely. 

(ii): We are going to show t h a t t he mapp ing <p: clone(T) —+ c l o n e ( F ) de­

fined by l^(A) h-> O-[l]J"v(A) j s a n homomorph i sm <p of c lone(T ) . Because of 

the bijection t \-+ tTv(<x>i for every t G WT(X) ment ioned above the m a p p i n g p 

is well-defined. 

Since c
r;^AX) = l^W for t = xi G VV r (X n ) , we have 

p(e>rTAX)) = pn(xfAX)) = O-(x?;)^
(X) = xf^(X) = ef^,n) . 
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Thus projec t ions are mapped to projec t ions. Now, for t E WT(Xn), r . tn £ 

I V r ( N r n ) , it is easy to prove by induc t ion on the complexi ty of term definition 
of t and by the axioms (CI ) and (C2), that 

^u^ r ( x^*fT ( X^••• .ew)) = ̂ (v(^w)^(*^ (A' ,) jtfrlX)))-

No te that Proposi t ion 3.4. (i) expresses the well-known fact that hypersub-

s t i tu t ions of type r and clone subs t i tu t ions of c lone( r ) are essentially the same 

th ing if the genera t ing family of c lone( r ) consists of the basic opera t ions of 

the free algebra J- (X). The reason for that is the na tura l bijection between 

te rms of type r and the term opera t ions of the absolu tely free algebra J~T{X) 

on coun tably many genera tors . 

Since clone (K) is the quo t ien t a lgebra c l o n e ( r ) / Id V , where Id V has to be 

regarded as a he terogeneous fully invarian t congruence on c l o n e ( r ) . there is a 

na tura l homomorphism 

n a t y : c lone( r ) —> clone(V) . 

The homomorphisms from Proposi t ion 3.4. (ii) are composi t ions of the extension^ 
of clone subs t i tu t ions corresponding to hypersubs t i tu t ions (which exist since 
c lone( r ) is free wi th ( F - ^ W ^ ' ) ) as free genera t ing sys tem) and nat r . 

As a consequence of Proposi t ion 3.4, we have: 

COROLLARY 3 . 5 . The monoid ( H y p ( r ) ; o/?, a[d) is isomorphic to the monoid 

(Subst// / /^T(, l )N \5 °s> V^a) • where os is defined by (pl os ^., := ^{ o s ^2, and 

where (p[d is the identical clone substitution of clone ( r ) . 

P r o o f . By L e m m a 2.3. (i), we have a bijection be tween H y p ( r ) and 

Subs t ( ( F ^ T ( ? l ) ) ^ + ) . Fur ther we have ^ i d ( / f r ( X ) ) = ff^' 

then / / ( x - 1 , . . . , x ? J ^ ^ ) = Old(/-)^
(X), and if aya2 e H y p ( r ) . 

(- oha2)UdTAX) = &d°2(fi)fTiX) = ^K(/,0^(X)) = *AMtfr{X))) = 
(<Pl°s<P2){ffAX))- D 

If ilI C H y p ( r ) is a submonoid of the monoid of all hypersubs t i tu t ions of type 

r , then by Proposi t ion 3.4, there is a subse t Q C Subs t c l o m , . corresponding to 

M. Now we are asking whe ther a similar proposi t ion is true for clone(V) if \' 

is an M-solid variety of type r . 

L E M M A 3 .6 . Let V be an M-solid variety of type r , and Jet clone(V) In 
the clone of all term operations of the V-free algebra, Jr

x-(X). Then to M it 
corresponds a set of clone substitutions of c l o n e ( V ) . 
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P r o o f . {f{
 v^ ' | i G I} is a generating system of clone(V). For any 

a E 111 we define a mapping 

< - : { / f v ( X ) | .e/}^clone(V) 

In- ^ r ( / f V ' ( A ) ) = cr(/,;)JC 'v(A ') (<r(/ .r*V ( X ) is the term induced by a(ft) on 
I lie K-free algebra TV(X)). We show that tpv is well-defined: Assume that 

ffv(X) = ffv{X\ then £ > , . . . . , * „ , ) « /,.(:-,, . . . , x n . ) G Id(V) (here \d(V) 
denotes the set of all identities satisfied in V.) Since V is AI-holid for every 
a G J\I, we have 

^[/ f:K.-.\)]^[/3(^... ,^)]eW(V), 
and by definition of the extension <J, we have 

^( / j^^H^^ < v ( j r ) ) = ^(/,-):F'-(JC)(-'fv(J,f> < V ( A : ) ) . 
and thus 

S7(*(fdrv(X)AMX\---,elf^) 
=s:Ha(fjr^\e^vix),...,e:f^). 

By axiom (C3), it follows O-(/z)^
v(X) = cr{fJ)

:Fv{x), and by definition of pa
v , we 

have ^ v ' ( / f v W ) = ^ ( f f v { X ) ) • Since ^ ( / J ^ W i s a n n . _ a r y operation from 

clone(Vr), the mapping (py can be regarded as a family py = (((Pv)n)neN+ . 

For projections in {/• v \ i G I} we have 

^(e^^)=a(erf^=a(e^(Xl,...,xjfvW 

= a(xif
vW=x?vW=e?':FvlX). 

This shows that (py is a clone substitution of clone(V). If, conversely, cpy is 
a clone substitution of clone (Vr), then it defines a hypersubstitution a wTith 

^(//) ,Fr(x) = ^ ( / f v ( x ) ) f o r e v e r y i^1- D 

To prove that (py is well-defined, we needed that if two operation symbols 
induce the same term operations of JFV(X), then their images under a hyper­
substitution a also have these properties. We define: 

DEFINITION 3.7. A hypersubstitution a of type T is called meaningful for 

the variety V of type T from ffv(X) = ffv(X), it follows that O-(/,)^(X) = 
< 7 ( / . ) ^ m 

Now let Q M be the set of clone substitutions of clone (V) corresponding 
to the submonoid 1\I of Hyp(T) by Proposition 3.4. (i). Then we obtain the 
following characterization of M-solidity: 
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T H E O R E M 3 .8 . FOT a submonoid M C Hyp(T) the variety V of type T is 
M-solid if and only if each a G M is meaningful for V , and for Q AI = {pv I 
O" G M} the algebra c lone(V) is QM-free with respect to itself with Q u - b a s i s 
FTV(X) _ 

P r o o f . Assume t h a t V is M-solid. By L e m m a 3.6, every a G M is mean­

ingful for V . Let p: {/fv (X) | i E / } -> clone(V) be an element of Q A / ( the 

set of all clone subs t i tu t ions of c lone(V) corresponding by Lemma 3.6 to M). 

By definition of (D, there is a hypersubs t i tu t ion a G M such t h a t for every 

i G I we have ^ ( / ^ ) — ^(fi)^ - We are going to show t h a t p can be 

extended to a clone endomorphism of c lone (V) . Clearly, {/j v | t G / } is a 

generat ing system of c lone (V) . T h e mapping clone(T) —» c lone (V) : f i—> f^r^A ' 

is obviously a surjective homomorph ism with the kernel I d ( V ) . For any a G i \ / , 

rr [Id (V)] is the kernel of the homomorphism clone (T) —* clone (V7): t^a\t]J'v{X] 

considered in Proposi t ion 3.4. (ii). Since V is M-solid, every identi ty of V is 

an Af-hyperidentity, t h a t means , I d ( V ) C O-[ld(V)] . By the general homomor­

phism theorem, there exists an homomorphism clone(V) —> c l o n e ( V ) : tJviX ) i — > 

a[t]:Fv^x\ and this homomorph ism extends (p. So, c lone(V) is QA /-free with 

respect to itself, and ( P ^ v ( X ^ n ) ) n G N + is a Q M - f ree independent generat ing 

system. 

Conversely, we assume t h a t clone (V) is Q M - f ree freely genera ted by the 

Q M - i n d e p e n d e n t set (F'Fv(<x^n^)n£N+ • T h a t means , every p G QM can be 

extended to a clone endomorphism of clone ( V ) . Since every a G M is mean­

ingful for V from ffv{X) = ffv(X\ we obta in p(ffv{X)) = O-(/,)-Fv'X) = 
v(f.)rv(X)=^f*vmy 

If t « t' G I d ( V ) , then ^ ( X ) = ^ ( x ^ a n d a p p l y i n g t h e e x t e n s i o n o f ^ 

we get (p(tTv^) =p(t,Tv{X)), and thus a [ t / ] : F v ( X ) , i.e., <r[t] « <T[*'] G l d ( V ) . 
This is t rue for any a G M and t ̂  t' is an Af-hyperidenti ty. • 

Examples 

In [8], all clones generated by a single unary opera t ion fA which are free 
wi th respect to itself, i.e., Q-free with respect to itself for Q = H y p ( l ) were 
de termined. By Theorem 3.8, these clones can be regarded as clones of te rm 
opera t ions of algebras of type r = (1) which generate solid varieties. An algebra 
A — (A\ f ) of type r = (1) is called a mono-unary algebra (or \-avoid). 
Instead of / ^ , we will wri te / . As usual, we define powers fk of / by f{){x) := .r 
and fk(x) = f(fk~~1(x)) . k > 1. Every variety of mono-unary algebras is defined 

522 



M-SOLID VARIETIES AND Q-FREE CLONES 

either by an identity of the form 

f\x)^fl(x) ( f c , . G { 0 , l , 2 , . . . } ) 

or by an identity of the form 

fk(*)*fk(v) (k>l) (see, e.g., [13]). 

Identities of the second form cannot be hyperidentities since, by the substitution 
/ y-^ \dA , we get x « y (idA denotes the identity function on A). 

For f:A->A let I m / := {/(a) | a e A} be the image of / , and let A(/) 
denote the least non-negative integer rn such that I m / m = Im/7"4"1 . 

In [8], it was proved: 

LEMMA 4 . 1 . ([8]) The clone (f)0 generated by a single unary function de­

fined on A is free with respect to itself if and only if | I m / A ( ^ | > 1 (i.e., if 

(f)o contains no constant operation). 

Let CJX be the hypersubstitution ax : / H-> X . Then every hypersubstitution 
different from ax is called a pre-hypersubstitution of type r — (1). All pre-
hypersubstitutions of type r — (1) form a monoid M , and we can consider 
pre-hyperidentities and presolid varieties ([4]). By Theorem 3.8, the clone of 
a presolid variety is QM-free with the set {/} consisting of the only (unary) 
fundamental operation / as QM-mdependent generating set. In this case, we 
will speak of pre-free clones and pre-independent sets. Now we have: 

PROPOSITION 4.2. Every clone (f)a generated by a single unary operation 
defined, on A is pre-free relative to itself with {/} as pre-independent generating 
set. 

P r o o f . We show that every algebra A = (A; fA) with one unary funda­
mental operation is presolid (generates a presolid variety). Obviously, (A] id ) 
is solid and thus, presolid. Assume that fA ^ id . If A satisfies an identity of 
the form fk(x) ^ fl(x), then by the hypersubstitution / i—• / m , m > 1, we 
obtain (fin)k « (f171)1 e Id A, and if A satisfies an identity fk(x) ^ fk(y), we 
get LDk(x)^(fm)k(y)eMA. • 
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