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ABSTRACT. We obtain a necessary and sufficient condition for a positively ex-
pansive differentiable map to be expanding.

Let M be a C*® closed manifold, and let C'(M) be the space of C' maps
of M endowed with C! topology. We denote by d a Riemannian distance of
M, and let f € C1(M). We say that f is positively expansive if there exists a
constant ¢ > 0 such that for z,y € M, d(f”(a:),f"(y)) < ¢ (n > 0) implies
z = y. It is well known that the set of all periodic points of the positively expan-
sive map f, P(f), is dense in M (see [5; Lemma 2]). If there is a Riemannian
metric || - || on TM and X > 1 such that || D f*(v)|| > A*||v|| for v € TM and
n > 0, then f is called expanding.

Every expanding C! map is positively expansive (see [3; Theorem 2]), but
the converse is not true. Indeed, there is an example of a positively expansive
C! map f on the unit circle which has a fixed point p such that D,f=id (see
[1]). In this note, by using Mafié’s technique stated in [2], we prove the following
theorem.

THEOREM. Let f € C'(M) be positively expansive. Then the following two
conditions are equivalent:

(i) f is exzpanding,

(ii) there is a Riemannian metric |- || on TM and v > 1 such that
m(p)-1 HO)
peigff)[ g |Dfi(p)f| 27,
where |D, f| = min ||D, f(v)|l, and w(p) is the minimum period of

fivll=1
p€ P(f).
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Let M and d be as before, and let f: M — M be a continuous map. A
sequence {z; }32, of points is called a §-pseudo-orbit of f if d(f(z), ) ) <6
for £ > 0. Given ¢ > 0, {z,}%2, is said to be e-shadowed by = € M if
d(fk(a:),mk) < € for k > 0. We say that f has the shadowing property if for
€ > 0 there is § > 0 such that every §-pseudo-orbit of f can be e-shadowed by
some point of M. If f is positively expansive, then it is an open map (and so
f(M) = M) since f is locally one-to-one. Thus f has the shadowing property
(see [4]).

Denote by M(M) the set of all probabilities on the Borel o-algebra of M
endowed with its usual topology such that

un—wt¢$./£dmp*/fdﬂ

for every continuous function £: M — R. For a continuous map f: M — M,
we denote by M(f) the set of all f-invariant elements of M(M). Take z € M
and define a probability p _(z) € M(M) (n > 0) by

ln—l
B (T) = - Zo5ff(z) :
Jj=

Then it is easy to see that if u is an accumulation point of { un(z)}zozl, then
p € M(f).

To prove our theorem, we need the following two lemmas. The first one is
well known.

LEMMA 1. Let f be a continuous map of M onto itself. Then there is a Borel
set c(f)c{zeM: zew(x)} such that p(c(f)) =1 for every p € M(f).

LEMMA 2. If f is positively expansive and p € M(f) is ergodic, then
for every neighbourhood U(p) C M(M) of p, there is p € P(f) such that

P (py(P) € U(1).

Proof. For any neighbourhood U(x) of an ergodic measure u, there are
an a > 0 and a finite sequence of continuous functions {63‘}5:1 from M to R

such that if
/éj dﬂ‘/fj dv

then v € U(u). By Birkhoff’s ergodic theorem, there is a Borel set A (M(A) =1)
such that for all z € A, there is N(z) > 0 satisfying

<a  (veM(M)),

max
1<5<¢

n-1

Sy g0r@) - [ dul <

1=

max

e for n> N(z).

N R

480
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Fix z € ¢(f)N A, and let ¢ > 0 be an expansive constant for f. Then there
is 0 < € < ¢/2 such that d(z,y) < € (z,y € M) implies Jfgax 1€;(z) — &)l
<<
< oaf2. Let 0 < 6 =6(e) < e be as in the definition of the shadowing property
of f. Then, since = € w(z), there is n > N(z) such that {z, f(z), f*(z),..
LY z), z, f(z } is a cyclic §-pseudo-orbit of f. Thus we can ﬁnd

p € P(f) (f"(p ) = p) such that d(f*(z), fi(p)) < e for 0 < i < n—1.
Therefore we have

max
1<5<e

jlzs, F@) - = 6 () ‘ <2,

| [& - [¢, dun(p)|<a

Proof of Theorem. Let f € C*(M) be positively expansive. Then, to
get the conclusion, it is enough to show that if there exist a Riemannian metric
|-l on TM and 7 > 1 such that

and so

l<J<Z
O

m(p)—1
I IDpgy Fl27®  (peP()),
1=0

then f is expanding. Put ¢(z) = log|D, f| = log ”iﬂl_f_l |D, f(v)|| (z € M).

Then ¢: M — R is continuous. Thus we have [ ¢ du > 0 for every u € M(f).
Indeed, if there is u € M(f) such that [ ¢ du < 0, then by using the ergodic
decomposition theorem we can find an ergodic measure i € M(f) such that
Jedp < 0. Fix 0 < € < logy. Then, by Lemma 2, there are p € P(f)
(n=n(p)) and p,,(p) € M(f) such that [¢ du, (p) <e. Thus

7 <H| (p)fl<e

Therefore we have logy < e, which is a contradiction.

We claim that for every z € M there is m(z) > 0 such that | D, f™(®)| > 1.
If this is established, then it can be checked that there are constants m > 0 and
A > 1 such that || D f™(v)|| > A||v|| (v € TM). Thus, if we put X' = AV/™ > 1

and
m—1

ol = 3 sZIDF@I (veTn),

then f is expanding with respect to || - ||’ and X'.
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To prove the claim, we suppose that there exists z € M such that | D, f*| <1
for all n > 0. Then

~Z(pf(:c) Zlog| i) f1<0  for n>0.

n—1
Put p,(z) = 2 Z 6fi(z), and fix an accumulation point p € M(f) of

{un } Then we have [¢ du <0 and this is a contradiction. O
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