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ON THE EXISTENCE OF MONOTONE SOLUTIONS
OF A CERTAIN CLASS OF nTH ORDER
NONLINEAR DIFFERENTIAL EQUATIONS

OLEG PALUMBINY

(Communicated by Milan Medved’)

ABSTRACT. This paper deals with existence of monotone solutions of nth order
nonlinear differential equations with quasi-derivatives.
1. Introduction

The purpose of our paper is to study some conditions for the existence of
monotone solutions of the differential equation

L(y)=0, @
where
n—1
Ly)=Ly+ Y, PO)Ly+f(ty),
k=1

Loy(t) = y(t),

Lyy(t) = py (1) (Loy(®)) = py (8) dy(t)/ dt,

L y(t) = p,(t) (Lk_ly(t))l for k=2,3,...,n—1,
Loy(t) = (Ln_y3(®)) |

n is an arbitrary positive integer, n > 2. It is assumed throughout that P,(t),
k=1,...,n—1, p,(t), i=1,2,...,n — 1, are real-valued continuous functions
on an interval I, = [a,00), —00 < a < o0, and f(t,) is a real-valued function
continuous on I, x E,, where E; = (—00,00), a € E,.
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If n =1, then L(y) = Ly + f(t,y) = ¥ + f(t,y), where f(t,y) is a real-
valued contlnuous functionon I, x E,, a € E,.
The following condition will play important role in our considerations:
(A) P(t) <0, p(t)y>0foralltel,,k=1,...,n—-1,i=1,2,... ,n—1;
f(t,y) <0 for all (t,y) € I, x E;; n is an arbitrary positive integer,
n>2.If n=1, then f(t,y) <0 for all (t,y) € I, x E,.

Similar problems for third order ordinary differential equations with quasi-
derivatives have been studied in several papers ([4], [6], [9]). The equation (L),
where p,(t) =1, i = 1,2,3, (n = 4) has been studied, for example, in [5], [8],
(10], [11]. An equation of fourth order with quasi-derivatives has also been stu-
died, for instance, in (1], [3], [12]. nth order equation with (ordinary) derivatives
has been studied in [7]. Therefore some results achieved in the papers mentioned
above are special cases of ours.

Theorem 1 of our paper gives sufficient conditions for a solution of (L) on I,
to be monotone on I,. Theorem 2 gives sufficient conditions for the existence as
well as monotony of a solution of (L) on I,. Theorem 3 deals with the existence
of a monotone solution for the nth order linear differential equation on I,.

DEFINITION 1. A nontrivial solution y(t) of a differential equation of the nth
order is called monotone on the interval [t,, o0) if and only if L y(t) > 0 for all
t>ty, k=1,...,n—1, and y(t) >0 on [to,oo).

DEFINITION 2. Let J be an arbitrary type of interval with bounds t,, t,,
where —oo < t; < t, < oco. The interval J is called the mazimal interval of
ezistence of u: J — ET, where u(t) is a solution of the differential system
u’ = F(t,u) if and only if u(t) can be continued neither to the right nor to the
left of J.

DEFINITION 3. Let y' = U(t,y) be a scalar differential equation. Then y°(t)
is called the mazimal solution of the Cauchy problem

y=Ulty), ylt) =y, (%)
if and only if y¥°(t) is a solution of (*) on the maximal interval of existence, and

if y(t) is another solution of (*), then y(t) < y°(t) for all ¢ belonging to the
common interval of existence of y(¢) and y°(t).

We introduce some preliminary results.

LEMMA 1. Let A(t,s) be a nonnegative and continuous function for t; <
s<t.If g(t), ¢(t) are continuous functions in the interval [t,,c0) and

o(t) < g(t /A(t s)p(s) ds, for t e[ty ),
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then every solution y(t) of the integral equation

u(t) = o(t) + / A(t, s)y(s) ds

satisfies the inequality y(t) > ¢(t) in [ty, o0).
Proof. See [5; p. 331]. O

LEMMA 2. (Wintner) Let U(t,u) be a continuous function on a domain t, <
t<ty+a, a>0, u>0, and let u(t) be a mazimal solution of the Cauchy
problem u' = U(t,u), u(ty) = u, > 0, (v = U(t,u) is a scalar differential
equation) ezisting on [ty,t, + a]; for example, let U(t,u) = (u), where 1(u)
1s a continuous and positive function for u > 0 such that
[e.e]
du

v

Let us assume f(t,y) is continuous on t, <t <ty +a, y € E}, where y is
arbitrary and satisfies a condition

f& IS UR Y] -
Then the mazimal interval of eristence of the solution of the Cauchy problem
y' = f(t,9),9(to) = Yo
where |yo| < ug, s [ty t, + .

Proof. See [2; Theorem IIL5.1] a

2. Results

LEMMA 3. Let (A) hold, and let there ezist real nonnegative functions a,(t),
a,(t) such that |f(t,y)| < a;(t)ly| + ay(t) for all (t,y) € I, x E;. Let initial
values Liy(a) = by, be given for k =0,1,...,n—1. Then there ezists a solution
y(t) of (L) on [a,00) which fulfils these initial conditions.

Proof. Let n > 2. The equation (L) is equivalent to the following system

up (1) = up 1 (£)/pi(2) for k=12,...,n-1, (S)

W(0) = = 3 Pty () — F(6uy(8)),
k=1
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where u,(t) = L,_,y(t) for k = 1,2,...,n. Let us denote f, = f,(t,u,,u,,

yu,) for k=1,2,...,n, where
szuk+1/pk, k=1,2,...,n—1,
n-—1
fo= _Zpkuk+1 = f(tuy),
k=1

Fxtﬂﬂ'_(flh&, af y
u=u(t) = (ul(t ) uo(t), .. un(t)) ,
u' =/ (t) = (uy(t), up(t), ... ul(t).

It is obvious that the f, are continuous on a set M,, where M, = [a,b] x ET,
a<b<oo. Let

(t,u) = (t,uy,uy,...,u,),
where (t,u) is an arbitrary pair from M,, and let

lul = lul, |G = ) Ifd-
k=1 k=1

Then

n—1 n—1
Pt u)l = Y T /ol + | = D Pt = £t
k=1 k=1
n—1 n—1
< Z [pepr/Pel = Z Pylug | — f(tuy)

—Z( P+ 1/pe_Dlu = £ty uy)

k=2

<K, Zlukl +a1|u1| +a,y
k=2

<Ky lul+ay KL+ ul),
k=1
where K, K,, K are the following constants:
K, =max{—P,_,(t) + 1/p;_,(t), t€[a,b], k=2,3,...,n},
K, = max{Kl,al(t), t € [a,b]},
K =max{1,K,,a,(t), t€ [a,b]}.
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Let ¥ (y) = K(1 +y). Then Cauchy problem y' = 4(y), y(a) = y, = 0 admits

[e o]
the unique solution y(¢) = (1+y,) exp(K (t—a))—1 on [a,b], [(1/4(s)) ds = oo
|F(t,u)] < U(t,|u]) = ¥(Ju|). Then, according to Lemma 2, the system (S) ad-
mits a solution u(t) on [a,b], which satisfies the initial conditions u,_,(a) = b,
k=0,1,...,n — 1. Because b > a, b is an arbitrary real number, we obtain
the assertion of the lemma for n > 2 by going from (S) to (L). If n = 1, the
system (S) is generated by the unique equation y’ = —f(¢,y), and in this case,
the proof is analogous to that one for n > 2. So it is omitted. QO

LEMMA 4. Let y(t) be a solution of (L) on I, and let (A) hold. Let t, € I,
and Lyy(ty) >0 for k=0,1,...,n—1. Then L, y(t) > 0 on the interval [ty,c0)
for k=0,1,...,n—1.

Proof. Let n > 2. Integration of the relationship L,y = (L,,_,y)" over
[to,t], ty < t, yields

L= Lo lt9) -5 [ POt s [ 1000 as

k1,0

=Ln_1y(t0)+/(—f(s,y(s))) ds+/ Z_: P, (s)L,_,y(s)) ds.
@ o k=1

t :

Let us denote L, _,y(ty) + [(=f(s,y(s))) ds by K(t). This notation is correct
to

because the function y(t) is fixed. It is obvious that K(t) > 0. We have

n-—1
L) = KO + / > (~Puk () Lit(s) ds. )
k=1

It can be proved that (s, = s)
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L) =
Ln ky( )+Ln k+ly(t0)/ (
'n.—-k+1 sl)
ds ds
Lo pssu(ts) / 1 / 2y
krasto g pn—k+1(31)t Pr_rs2(82)
8 d 81 d Sk—-3 d
s s s
Ln_y(t)/ 1 / 2 /—H’—-
o e pn—k+1(sl)t Pn-—k+2(32) : Pp_o(Sk_2)

8 81 82 Sk—

2
ds, ds, dsz L,_1y(sx_y)
+ CEEY -_— dSk_l
; pn~k+1(51)t Pr—k42(52) ; Pr_k+3(53) ; Pr_1(5k_1)

0

for £ = 2,3,...,n — 1. Denoting the last (k — 1)-dimensional integral by
I;(s), and the previous sum by G.(s), G,(s) = 0, I,(s) = L,_,y(s) for
k=2,3,...,n—1 we have (s, =s)

L, 1y(s) = Gi(s) + Ii(s)

for k=1,2,...,n—1. Hence
Loy® = K@ + [ 3 (~Par)[Gu(e) + 1)) ds
to k=1

=K(t)+/ z::  —k(8)GL(9)) ds—l—/ ki k() (s)) ds.

Denoting K(t) + f ;( x(5)G.(s)) ds by g(t) and tj(—P _k(8)I(s)) ds
by J,.(t), we have B

L ()=o) + 3 J4(0).
k=1

It is obvious that
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t 8 81
ds ds
J(t)=/—Pn_ (s) ds/ 1 / 2
* 2 ( k ) 2 Pn-k+1(31)to Pn—k+2(32)
Sk—2
/ L, 1y(s;_y) ds
Pr_1(Sk_1) k=12

0
t

J(t) = / (=P, _,(s)L,_,y(s)) ds

to
for k=2,3,...,n— 1. By a change of notation, we get

t Sk—1 d Sk—2 g
s s
J (t)=/ —P._,(si_,)) ds,_ / k=2 o=
* ( (5-)) doey Pn_k41(8k—2) Pr_k+2(5k-3)
to to to
81
“./____Ln_ly(s) ds
Pr_1(8)
to
for k = 2,3,...,n — 1. Changing the order of the variables s,s;,s,,...,8,_,
yields:
t t 4 t q t P )
S S n—k\Sk—1
J(t)=/Ln~ y(s)ds/ 1 / 2 /(——————) ds,_,.
* ! pn~2(31) pn—3(32) pn—l(s) k=1
to 3 31 Sk—2

The last integral can be rewritten in the form
t
Jk(t)=/Mk(t,s)Ln_ly(s) ds, k=1,2,...,n—1,
to
where

Mt9) = | pd<>/ iy | (‘55&('('“—)“)) A1

8 Sk—2

M,(t,s) = —P,_(s)
for k=2,3,...,n—1. Hence

Ly =90)+Y / M,(t,5)L,_y(s) ds

k=1 to
t

n—1
= g(t) + / S My (t,5)L,_yy(s) ds
to k=1
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and
() = gt / A(t,s)L,_y(s) ds, )
where .
A(t,s) = "2‘: M,(t,s).
k=1

Because t, <'s, t, < s, s <t, s, <t,wehave g(t) >0, A(t,s) > 0. It is
obvious that

0< / A(t, 5)g(s) ds,

ot) < gt / A(t, s)g(s) ds.

Because
t

Lnat® =90+ [ A(t,5)L,_yy() ds,
to
according to Lemma 1, we have

L, y(t) >g(t)=¢(t) >0 on [t;,00).
Because

L,_oy(t) = L,_,y(t,) + / _L;’ﬁ:—%‘;_)_ ds > L, _,y(to),

we have L,_,y(t) > 0 on [t;,o0). By using a similar procedure, we will get
L,y(t) > L,y(ty) >0 on [ty,00) for k=0,1,...,n—3.
We note that if n = 2, then the expressions (1) and (2) are the same. If
n = 1, then the assertion of the lemma follows from the fact that
y'(t)=—f(t,y(t)) =0  for t>t,.
The lemma is proved. O

0

Now let us consider the linear differential equation (L’) and the condition
(A’), where

(L) Ly + Z P (t)Lyy =0,

(A”) P.(t) < 0 p,(t) >0 for all t € I, P, p, are continuous functions on
I, for k=0,1...,n—-1,i=1 2,...,n —1; n is an arbitrary positive
integer.
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LEMMA 5. Let (A’) hold, and let the initial values L y(a) = b, be given for
k=0,1,...,n— 1. Then there ezists a solution y(t) of (I’) on I which fulfils
these initial conditions.

Proof. The proof of this lemma is similar to the proof of Lemma 3, and
so it is omitted. O

LEMMA 6. Let (A’) hold, and let y(t) be a solution of the linear differential
equation (L’) on the interval I, which satisfies the following initial conditions
Lyy(ty) 20, ty €1, for k=0,1,...,n—1. Then L y(t) > 0 on [to,oo) for
k=0,1,...,n—1.

Proof. The proof of this lemma is similar to the proof of Lemma 4, and
so it is omitted. O

THEOREM 1. Let (A) hold. If the equation (L) has a solution y(t) on [a,0),
and if Lyy(a) > 0 for k = 1,2,...,n—1, y(a) > 0, then y(t) is monotone
on [a,00). '

Proof. Thisis an immediate corollary of Lemma 4 for t, = a, and the fact
that y(t) > y(a) forall teI,. O

Remark. If L;y(a) >0 for k=1,2,...,n—1 in Theorem 1, then L, y(t) > 0
fort >a, k=0,1,...,n—1. This follows from the proof of Lemma 4 for ¢, = a
because L,y(a) >0, and L,y(t) > L,y(a) on [a,00) for k=0,1,...,n—1.

THEOREM 2. Let (A) hold, and let there exist nonnegative real functions a,(t),
a,(t), such that |f(t,y)| < ay(t)|y|+a,(t) for all (t,y) € I, x E, . Let the initial
values Lyy(a) = y(a) > 0, Lyy(a) > 0 be given for k = 1,2,...,n—1. Then
there ezists a solution y(t) of (L) on [a,00) which fulfils these initial conditions,
and this solution is monotone on [a,00).

P roof. The existence of this solution follows from Lemma 3. The monotony
of this solution follows from Lemma 4 and the fact y(t) > y(a) for all ¢t > a.
0

THEOREM 3. Let (A’) hold, and let the initial conditions y(a) >0, L,y(a) >0,
k = 1,2,...,n — 1, be given. Then there exists a solution y(t) of (L’) on
a, oo) which satisfies these initial conditions, and this solution y(t) is monotone
on [a,00).

Proof. The existence of the solution satisfying the above initial conditions
follows from Lemma 5. This solution is monotone according to Lemma 6 and
the fact y(t) > y(a) for all t > a. |
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3. Examples

EXAMPLE 1. The equation (L), where n =5, p,(t) =t', i = 1,2,3,4, P,(t) =
—5t5, Py(t) = —10t*, P,(t) = —3t%, P,(t) = —1/t, f(t,y) = —334t3y? admits a
solution y(t) = ¢? on [1,00) such that L,y(1) > 0 for k = 0,1,2,3,4. According
to Theorem 1, this solution y(t) is monotone on [1,00) . We note that Theorem 2
cannot be used because of the form of f(t,y).

EXAMPLE 2. Let n = 5 in (L), p(t) = et for k = 1,2,3,4, P,(t) = —2¢%,
Py(t) = —2¢€™, Py(t) = —6€*, Py(t) = ~10, f(t,y) = —e'% (/3e? 44?2,
Loy(1) = e, Lyy(1) = e, Lyy(1) = 264, Lyy(1) = 8¢7, Lyy(1) = 56¢7. It
is obvious that |f(t,y)| < e'%(vV3e +|y|) = e'%|y| + v3el!* for all (t,y) €
I, x E; . According to Theorem 2, the equation (L) admits a monotone solution
y(t) on [1,00), where L,y(t) >0 for t > 1, k=0,1,2,3,4. This solution y(t)
is the function ef.

EXAMPLE 3. Let n be an arbitrary number from {1,2,...}, let p,(¢) = t¥,
k=1,2,...,n—1, P(t)=—e*, k=0,1,...,n-1, f(t,y) = —e~t /1 +y2.v
Then |£(t,5)] < e~t(1+lyl) = e~ lyl +e~* for all (t,y) € I, x By, Lyy(1) = 1
for k=0,1,...,n—1 in the equation (L). According to Theorem 2, then there
exists a solution y(t) of (L) which is monotone on [1,00).

EXAMPLE 4. Every solution of the linear differential equation (L’) on [a, oo),
where p;(t) = 1+t%, P (t)=—e*,i=1,2,...,n—1,k=0,1,...,n—1, n is
an arbitrary fixed positive integer which fulfils the initial conditions y(a) > 0,
L,y(a) >0 for k=1,2,...,n—1, a € E,, is monotone on [a,c0) according to
Theorem 3.
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