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REQUIEM FOR IVAN DOBRAKOV

On September 18, 1997, Ivan Dobrakov passed away in Bratislava. On September 26,
a church funeral at the town crematorium took place in a small circle of relatives and members
of the mathematical community.!

Introitus: Requiem and Kyrie. In the series of seven papers on integration, Ivan Dobrakov
built up a Lebesgue type theory of linear integration in Banach spaces.?

Sequence: Dies Irae, Tuba Mirum, Rex Tremendae, Recordare, Confutatis, Lacrimosa. Then
there are seven papers on multilinear integration in Banach spaces, a natural generalization of
the linear theory. Note that there is no “classical scalar theory” of multilinear integration. This
theory is much more complicated than the linear, and it was developed using new treatments
and techniques from linear integration.

The whole integration theory of 1. Dobrakov is selfcontainin; it is not a set of individual
papers about integration. From this viewpoint, his life project was completed.

Dobrakov’s theory starts from a given operator valued measure m: P — L(X,Y), where
P is a §-ring of subsets of the set T, X and Y are two Banach spaces, L(X,Y") is the space
of all bounded linear operators countably additive in the strong operator topology with finite
semivariation 7 on P. There is a bijection between the measures m and the elementary
integrals I: S(P,X) x o(P) — Y, I(f,E) = [ fdm, where S(P,X) is the space of all

E

P-simple function f: T — X, and o(P) is the o-ring generated by P such that
(1) for every f € S(P,X) and every E € o(P), I(f,E)=I(f,En{teT; f(t) #0});
(2) for fixed f € S(P,X), I(f,): o(P) = Y is a countably additive vector measure;
(3) for fixed E € P,I(-,E): (S(P,X),||-|lz) — Y is a continuous linear operator with
the norm m(E) (|| - ||l is the supremum norm).

The definition of the Dobrakov integral is based on the following result.

THEOREM *. Let foi: T — X, n=12,..., be P-simple functions. Let f: T — X be
a P-measurable function which is a pointwise limit of a sequence of P-simple functions. Let
fn(t) = f(t) for m-almost every t € T'. Then the following three conditions are mutually
equivalent:

(1) lim [f,dm=v(E)€Y exists for every E € o(P);

(2) the integrals [ f, dm:o(P)—>Y, n=1,2,..., are uniformly o -additive;

3) nlimoo [ fnodm=v(E) €Y ezists uniformly with respect to E € o(P).
—®E

ITvan Dobrakov, born on Nov. 30, 1940, Senec, Slovakia. He died suddenly on Sept. 18,
1997.

2He read nuclear physics and mathematics at the Faculty of Technical and Nuclear Physics
of the Czech Technical University, Prague, 1958-1964. Since 1964, he worked at the Mathe-
matical Institute of the Slovak Academy of Sciences, Bratislava. He was a PhD-student of
Prof. RNDr. L. Misik, DrSc., and measure theory was his main research field. He received his
CSc. degree in 1969 and DrSc. degree in 1991.

587



REQUIEM FOR IVAN DOBRAKOV

If the conditions (1), (2), (3) hold, then [ f dm = v(E) € Y is unambiguously defined for
E
every f, E, m, and the function f is called to be (Dobrakov) integrable.

Denote by Z(m) the space of all Dobrakov integrable functions. The principal trick of the
theory is that Theorem * also holds if we replace P-simple f, with integrable f,, .
Denote by (g, E) the L, -seminorm of a P-measurable function g: T — X on E € ¢(P),

where (g, E) = sup{|ffdm|; feSPX), |Ifllr L 1}. The set of all g: T — X such
E

that 7(g,-): o(P) — [0,00) is continuous (i.e.,, E, | # = (g, E) — 0) is a complete
seminormed space £,(m). In £,(m), strong convergence theorems hold, the analogues of the
classical ones, namely the Lebesgue Dominated Convergence Theorem, Vitali Theorem and
Monotone Convergence Theorem.

So, we have two types of spaces of integrable functions, Z(m) and £,(m), Z(m) D L,(m).
The space Z(m) is a very large space with a group of “nice properties”. The strong convergence
theorems from £, (m) are applied via functional techniques to proofs in Z(m). In other words,
while the classical Lebesgue theory is based on the absolute convergence of series, the theory
of I(m) can be rewritten in the language of unconditional convergence of series in Banach
spaces.

Offertorium: Domine Jesu, Hostias. H. B. Maynard proved the general Radon-Nikodym
Theorem for Dobrakov integral. C. Schwartz showed that the indefinite integral of a measurable
weakly integrable function ranks in the second dual of Y . If those values are in the image of Y’
(under the canonical embedding), then the function is Dobrakov integrable. P. Morales proved
a Mean Value Theorem for the Dobrakov integral. J. K. Brooks and N. Dinculeanu introduced
and considered the space £, (N) for a general system of nonnegative measures N and applied
their results to the situation when N is the system measures induced with the measure m.

Sanctus. Benedictus. Agnus Dei. There are articles of M. Duchon, C. Schwartz,
R. Chivukula Rao, and A. S. Sastry using the Bartle’s integral in the context of locally
convex spaces (the spaces of all Bartle and Dobrakov integrable functions coincide in the case
of continuous semivariation and considering the same set systems).

S. K. Mitter and S. K. Young showed that without the assumption of the finiteness
or o-finiteness of semivariation, Dobrakov’s integral can be extended from the space of all
P-simple function to the completion of the tensor product of the space of scalar simple func-
tions and the space X in the projective tensor norm.

Papers of C. Debieve, S. K. Roy with N. D. Charkaborty, W. V. Smith, D. H. Tucker
provide some generalizations of some parts of the Dobrakov theory to general locally convex
spaces.3

Communio: Lux Aeterna. We may observe a specific sequence of careers based on inte-
gration in function spaces in the Mathematical Institute of the Slovak Academy of Sciences:
I. Dobrakov, I. Kluvdnek, L. Misik (in the alphabetical order).

Concerning the present situation, if a renowned composer of music dies suddenly and his
work is unfinished, then the difficulties of Siissmayr’s situation become clear. Was it his duty as
a composer and Mozart’s pupil to seek to emulate him? Or should he follow his own subjective
taste? Mozart wanted to train not just copies of himself but individuals who would stand on
their own feet.

Jdn Haluska

3In Sept. 1990 - Mar. 1991 he was a visiting professor at the University of California,
Riverside, USA, and in the autumn 1992 at Universidad de los Andes, Mrida, Venezuela.
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LIST OF PUBLICATIONS BY IVAN DOBRAKOV

Scientific papers

On integration in Banach spaces I, Czechoslovak Math. J. 20(95) (1970), 511-536.
On integration in Banach spaces II, Czechoslovak Math. J. 20(95) (1970), 680-695.
A representation theorem for unconditionally converging operators on Cy(T, X), Stu-
dia Math. 38 (1970), 460-461.

On representation of linear operators on Cy(T, X), Czechoslovak Math. J. 21 (96)
(1971), 13-30.

On subadditive operators on Cy(T,X), Bull Acad. Polon. Sci. Math. Astr. Phys. 20
(1972), 561-562.

On submeasures I, Dissertationess Math. (Warszawa) 112 (1974), 1-35.

An elementary proof of the Fubini-Stone theorem, Math. Slovaca 27 (1977), 239-241.
A concept of measurability for the Daniel integral, Math. Slovaca 28 (1978), 361-378.
On integration in Banach spaces III, Czechoslovak Math. J. 29(104) (1979), 478-499.
On integration in Banach spaces IV, Czechoslovak Math. J. 30(105) (1980), 259-279.
On integration in Banach spaces V, Czechoslovak Math. J. 30(105) (1980), 610-628.
On submeasures II, Math. Slovaca 30 (1980), 65-81.

On Lebesgue pseudonorms on Cy(T'), Math. Slovaca 32 (1982), 327-335.

On eztension of submeasures, Math. Slovaca 34 (1984), 265-271.

Uniform boundedness principle for ezhausting set functions, Comment. Math. 24
(1984), 201-205.

On extension of Baire submeasures, Math. Slovaca 35 (1985), 37-42.

On integration in Banach spaces VI (with Morales, P.), Czechoslovak Math. J.
35(110) (1985), 173-187.

Remarks on the integrability in Banach spaces, Math. Slovaca 36 (1986), 323-327.
On integration in Banach spaces VIII (Polymeasures), Czechoslovak Math. J. 37(112)
(1987), 487-506.

On extension of vector polymeasures, Czechoslovak Math. J. 38(113) (1988), 88-94.
On integration in Banach spaces VII, Czechoslovak Math. J. 38(113) (1988), 434—
449.

On integration in Banach spaces IX (Integration with respect to polymeasures),
Czechoslovak Math. J. 38(113) (1988), 581-601.

On integration in Banach spaces X (Integration with respect to polymeasures),
Czechoslovak Math. J. 38(113) (1988), 713-725.

Representation of multilinear operators on X Cy(T;), Czechoslovak Math. J. 39(114)
(1989), 288-302.

Representation of multilinear operators on xCy(T;, X;), Atti Sem. Mat. Fis. Univ.
Modena 39 (1991), 131-138.

On integration in Banach spaces XI (Integration with respect to polymeasures),
Czechoslovak Math. J. 40(115) (1990), 8-24.

On integration in Banach spaces XII (Integration with respect to polymeasures),
Czechoslovak Math. J. 40(115) (1990), 566-582.

On integration in Banach spaces XIII (Integration with respect to polymeasures),
Czechoslovak Math. J. 40(115) (1990), 566-582.

Feynman type integrals as multilinear integrals I. In: Mesaure theory (Oberwolfach,
1990). Rend. Circ. Mat. Palermo (2) Suppl. No. 28 (1992), 169-180.
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[30] Representation of multilinear operators on xCo(T;, X;) II, Atti Sem. Mat. Fis. Univ.
Modena 42 (1994), 11-18.

{31) (with Dobrakovovd, J.) Daniel type extensions of L,-gauges and integrals, Math.
Slovaca 47 (1997), 267-281.
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