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ABSOLUTE COMPARISON THEOREMS
FOR DOUBLE WEIGHTED MEAN
AND DOUBLE CESARC MEANS

B. E. RHOADES
(Communicated by Lubica Hold )

ABSTRACT. In a recent paper [SARIGOL, M. A.—BOR, H.: On two summa-
bility methods, Math. Slovaca 43 (1993), 317-325] the authors showed that the
Cesaro means of order o are absolutely k-stronger than weighted means satisfy-
ing the condition P, = O(n%p,,), 0 < a < 1. It is the purpose of this paper to
extend this result to double summability.

Let {s,} denote a double sequence. The mn-term of the (N, p, ;) -transform
of the sequence {s;,} is defined by

1 m n
T = P Zzpijsiji

mn =0 j=0

where
n

m
P . = ZE Pyj-

i=0 j=0
The mn-term of the (C, a, 8)-transform of a sequence {sjk} is defined by

1 m n

— —1 A1
T = Fo BP 2D EnliEl sy,

m—n §=0 j=0

n+a
Eg‘::( N )

A double sequence {p,;} is factorable if there exist single sequences {p;} and
{qj} such that p,; = p;q;. We restrict our attention to weighted mean methods

where
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generated by factorable sequences, since it was shown in [1] that the condition

of being factorable is necessary in order to find the inverse of the transform. For
any double sequence {uij}, Amuij U Uy o Amu,-j U T U g and
Agy iy = Uy = Uy jgn ~ iy Ui

THEOREM 1. Let 0< o, < 1. If {pij} is factorable, nondecreasing, and

Pmn
Prn(m+1)%(n +1)8

=0(1), (1)

then |N, Pijle summability implies |C, a, B, summability, k> 1.

Proof. Since {p,; } is factorable, we shall assume that we may write p;;
in the form p;g;, where {p;} and {q } are positive nondecreasing sequences
satisfying the condltlons of the theorem Then

ZZP,QJ S (2)

"10}0

Let {s;;} be absolutely k-summable by the weighted mean method defined
by (2). This means that

Z Z(m")k 1|A11 |k
m=0n=0

We shall now use (1) to obtain explicit expressions for the a;; in terms of the
T;;. Using (2) with m = 0 we obtain

Z 95505 -

ﬂ.]O

QnTOn - Qn-—lTO,n—l =q,50n - (3)

Using (2) with m =1, n > 1, yields

T Z > pisy

"zO]O

1
Pl (QnTln - Qn—lTl,n—l) = Zpiqnsin .
i=0

Py(QuTyn = Qo Ty nmn) 3
— q . = = PoSon T P151n = (Po +P1)Sg, + P ZaOk'
- k=0

286



ABSOLUTE COMPARISON THEOREMS FOR DOUBLE WEIGHTED MEAN

Using (3),
P, ialk _ Pl(QnTln "an—1T1,n—1) . Pl(QnTOn _an—lTO,n—l)
k=0 n n
Q Q
= Pl |:_q_ﬂ(Tln - Tl,n——l) + Tl,n—l - q_n(TOn - To,n—l) - To,n—l
n n
=P @y AT, AL T
Il | q— 11t0,n—-1 ~ “10f0,n—-1] *
Thus
P [Q Q,_
n = p_l [q_nAuTo,n—l - A10To,n—1 - qn_lAnTo,n—z + A1oTo,n—2]
1 n n—1
= -Iﬁ [q_: llTO,n—l - ﬁAIITO,n—2 + AIITO,n—2] .
Similarly, for m > 1,
Q, [P P _
ml = = —‘"LAuTm—l,o - m—1A11Tm—2,o + A11Tm—2,0 . (5)
ql pm p'm—l

Using (2) for m,n > 1,

m n
PanTmn = Z Zpiqjsij s

i=0 j=0

n
PanTmn - Pm—lQnTm——-l,n = meqjsmj )
Jj=0

n—1
Pan—le,n—l - Pm—lQn—le—l‘n—l = meqjsmj )
j=0

and hence

PanTmn - Pm—lQnTm—l,n - Pan—le,n—l
+ Pm—lQn—le—l,n—l = pmqn'smn '

P P — - P
$ = an Tmn - ( = pm) QﬁTm—l n_ (Qn qn) _me n—1
mm P aq, ’ 4, P, ™

P — —_
+< T pm) (Qn qn)Tm—l n-1
D q, ’

P
T, -1,n—1" p_mAIOT —-1,n—1 + Tm—l,n—l‘

m
m
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P 1Qn_y Q
amn: ll(p:r;_lq: 1 A Tm 2,n— 2) nA Tm—2n 1
_Qny P
= AT, —2n-2 T Alle—l,n-—2
qn—l pm
P 1
P IA T -2,n— 2+A11Tm 2,n-2
m—
In a similar manner it can be shown that
P,
ay; = 1+QlA T
Phq

Let t2# denote the mn-term of the (C, o, §)-transform in terms of {mna
is expressed in terms of T,

where a,, .

be sufficient to show that

o0 e o] 1
>N 'm—nltfni k

m=1n=1

Using (4) -(7),

- ~1..
t?nﬁn = Ez Eﬂ ZZE;—11E£-J' tja;;
n =0 j=0
a—1 pB-1,
= 4 ZZE —iEn_jtja
EaE" i=1 j=1 " Y
- B—
-1,
- s S, + 33 e,
mbn | j= i=2 j=1
1 - 1 -1 a-1pB-
= T pp [E L\ES- a11+ZEa E} JGIJ+ZEm \ES " Lia,
+E:X:Eﬁ’1 ltEg_]lz]a ]
1=2 j=2
=w;, +w, + w3z +w,, say .
202 mlw " =0(1) > Y mn) -t = o).
m=2n=2 m=2n=2
_ 1 N~gaapge-i (B9 Qi
w, o 5P ;Em*l "_J](IH [qj ALTy i % AT -2
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= Wy + Wy, say .

Py Eplh | NS o1, 9 1. Q)1
Wy = ;l_Ea Eﬂ ZE —JJ_]AIITOJ 1 Z2E£"] qJJ AllTO)j_2
)=

P Ea 1 Qn 41 Q
= P BSEE [ g, BuiTonmt =2z AuThy
n—1 Q
+ Z(JE,L: -+ 1)EG—J 1) #A11T0,j—1]
= j
= Wyyy + Wayp + W3, say .

[e o] o0 1
k
Z Z ;n“;ﬂwzul

m=2n=2
= i iL P i n@np g I
m=2n=2 mn pl Ea Eﬂ qn u o,n—l

=0(1)

m™*= 1an 1( ) IAIITOn 1|

=0(1) ) _n* AT, ., 1F=0(1).

8 10

oo 00 00 00 Ea— Eﬁ 1 k
mzzzr;'ml‘wzlﬂ =0(1) Z—:z—:mi _ﬂl_""?A Too
"o o
= ZZmn)'k 1=-0Q).
m=2n=2

From [2; p. 320), jE;Zj — EnZj_1(j + 1) = jE;_; — ERZj_; . Write wy;; =

n—j—1-
W31 + Wor32-
Using Holder’s inequality and the results on the last line of page 322 and on
page 323 of [2],

oo 0 1
k
Z Z %|w21311

m=2n=2
o0 00 a—1 n—1 k
_ 1 B B— 2Qg
- );’;mn B 5P ]_:2313 7, Aoy
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1 n—1 52 iQ. k

- j k
57 21" ﬂ'(qT) Burtosl }

(a5

nJ2

—-O Z —k— 1Zn—1

> 7iQ. k i lE£—2I
=003 () s Gl 2 N
3 n

J n=j+1

_0(1)Z<JQ ) Ay Ty sy [} P02

J

_0(1)Z]k+ﬂ AT, ;4 lF =0(1).

m=2n=2
0o 00 a—1 n—1 k
_ 1| Emy p-1 9
=0(1) Z Z mn E;nEﬂ ZEn—j—l ?AIITO,J'—I
m=2n=2 men =2 J

n—1 k
_ . 1 (%
0(1) E m~k1 E n I[EI, ES_;_1(qj]) |A11To,j—1|k]><

m=2

Jj=2
00 Eﬁ_l X
—O(I)Z( ) 141, T -—llk Z _nl.—j]lT
n=j+1 n
=0(1)z:]ﬁk'AuTo,j—l|kj_1 =0(1).

j=2

o0 o] 1
k
Z Z %|w2132|

m=2n=2
a-—l n ﬂ 1
Ea Eﬁ Z] A TO J—2

—omy Enin

m=2n=2
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—o<1>\;m-k lzn—l[ E[,E;JkEf’_;muTo, ]
nj
k-1
1
[72 ]
B o

00 B—1

o0
-k k —J
DY 180Tl ) —5i
j=2 n=j "n

=0(1) ij_l |A11To,j—2|,c =0(1).

j=2

Since w, is w, with the roles of p, and g; interchanged, it follows that

From (6), we can write w, = wy; + Wy, + Wyg + Wyy + Wy + Wyg -

P,_,Q,
1 B-1 i-1%j5-—-1
§ :E jESTAERTIA <———pi_1qj_l AHT,._M_Z)

w
“- EaEﬁi =2 j=2
Qj
Eal Eﬂlllj AT, . .
EQE,ﬁ”X; [ZJ 191 114i-2,j—2
1@ N s B
"Z , A11Ti—2,j—l _Z]Eg—j pl,q_J AllTi—l,j—Z
D;_ j=2 idj—1

+ ZJEﬂ_] Pi; 11Ti—1,j—l]

nP,
ZZEG : [2E T AIITi—Z 0~ —LQnAIIT'i—Z,n—l

E"Eﬁi = 2 p;i14 ’ Di—19n
n—1 P Q
+Z ]+1)Eﬁ——] l_JEﬂ l)ﬁAII i—2,5—1
=2
L PQ nP,Q
- 2B, 1-(111 AT 10+—pz—q;ﬁA11 im1,n-1
n—1
. 1 1
- Z((] + 1)E5 —j-1" ]) D, q]A Tz— 1,j— 1]
Jj=2 v
1 8—1 = a—14i— 1Q1 - a—1 Ql
:Eo‘Eﬁ 2En—2(ZEmzp AT ZEm lpq A11110
mn i=2 i-19 i=2
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n—1 Q
+>_((G+ DB, - B (Z i ',1 LAnTig

=2
m
a— 1
ZzE' ) 11Ti—1,j—1

=2

= . Ho— Pi_lQn = s a— PiQn
—n(ZzEm_l,- Pird AT g n “Z’Em—li D.q AllT;—l,n—l)jl

i=2 t=l%n i=2 iin

— 1 B—1 1@ P Q
= Fe 5P [2En-2( Ef:;—z—"pl 11A11Too P.q :A 110
m—1
i W\ P,
+ z (G+1)Ep=,_ —iESTY) pfl AllTi-—l,O)
=2

S
|
—

+Y (G+ 1B, - 5B} x

Jj=2
PQ. P Q.
a—-1"1%j _m¥j
X (2Em-—2EA11TO,j-—1 md; AnThmij4
m—1
) o o1y i@
+ ; ((+1EZZ_, —iExTY) _piq“; AllTi—I,j—l)
P, P
(Ea ; Q A11TOn~—1 QnA Tm 1,n-1
p1 ’ pm n

m—1 ) P
+ Z((z+l)E,°,; 1: R i) p,SnAlsz 1,n— 1)]

= Wyt Wyyp + Wyyg + Wayy + Wyy5 + Wy + Wyyq + Wygg + Wyyg s

say.
00 00 oo o B—1 pra—1 |k
1 k 1 |En2En s
> Zm—nlwml =om> > mn| " Be BB
m=2n=2 m=2n=2 mn
0 0
=0(1) 3 3" (mn) ™' = 0(1)
m=2n=2
oo 00 1
Z Z ﬁ|w412|
m=2n=2
0o 0o B-1 k
_ 1 | B, P
_0(1)"12_:2,;"‘_ EaEﬁ pmAlle 1,0
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=0(1) Zn_k -1 f: m-l(

n=2 =2

) AT,y ol

=0(1) Z m AL T, olf = 0(1).

Using the identity (i + 1)E&7L ) — iES}
WIIte Wyy3 = Wyy3; + Wyy3p-

Using Hélder’s inequality and the results on the last line of page 322 and on
page 323 of [2],

Z Z mn|w4131|

—_ . a—2 a—1
= —iE; S+ E we may

m—i—1)

m=2n=2
oo 00 1 Eﬁ 1 m-1 ) P. k
“n-2
=O(1)ZZ% E“Eﬂ Z( iEnT3) fAnTi—l,o
m=2n=2 mTn =2

[o o] (o]
=0(1)Zn_k_1 m” [Ea Z |Em- 2( ) 1Ay, T, —1,o|k]><
n=2 m=2 m =2
k-1
N

0(1)2(’P ) ATt 3 B =
P; 11+4-1,0 ( z+1)k 1 e mE2
-0(1)sz+a 2|A Ty olF = 0(1).
1=2
o0 o0 1
Z Z m—|w4132|
m=2n=2
oo 0o B-1 m-—1 k
_ 1| En2 § pat
_O(l)n;n=2 mn E;Eg o Em ‘l—l llT 1,0

o) m-—1 k
_ P,
=0(1) E n~h1 E ,m” [Elv By i (5.‘) lAuTi—l,olk]x
— m - 1

n=2 =2
1 m—1 k-1
X [_E—a— Z E;—lz—l]

m =2
o0 Ea—-
“m—i-1
—0(1)2( )'Au 1o| Z‘H mE2
m=1
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=0(1) Y i AT, off = 0(1).

=2

Writing wy;4 = Wy 4; + w414, , we have

m=2n=2
oo 0o 1 a—12 n—1 9 Q k
=0(1)ZZ%EZIL_§‘[3 (_JEB ) ]A To; 1
m=2n=2 mn =2

—O(I)Zm‘k IZn_l [énzl E,,_,|(JQ ) 1ALT, 1|k]
TES =1

n j=2
00 4= 0o B2
iQ;\* 1 |En=j

=O(1) (—J) |A11T0 1lk _
; qJ I ( ]+l)k ! n=zj;-1 TI,ES

=0(1) Y _**P2|A, T, 1k = 0(1).
j=2

m=2n=2
0o 00 a—1 n-—1 k
1 | Eplh s-1 9
=0(1) Z Z — E;nEﬁ ZEn_j_l ?AllTo,j—l
m=2n=2 mTn o j=2 J

j n=j+1 n

oo Q k . 0o Eﬂ—‘; .
J Lo bt
-0(1)2(%) BTyt Y =22
=0(1) Z]kﬂ_llAnTo,j—llk =0(1).

j=2
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Writing wy, . = Wyy5; + Wyq50,

o0 o0 1
Z Z mn w4151|

0o 00 1
=0 Y > on
m=2n=2

(o] 00 n—1 Q
:O(l)ka 12” [EE |E'B 2|(] g ) 1811 1,5 1|kJ

j:
1 . 2 k—1
[Eﬂ S ]

3
)
3
Il
N

n—1
mP,_ Q. k
1 B 2
EaE Z( E mquAlle—l,j—l‘

m J

Jj=2
[e<] sl h-2
3 el iQ; k |Bnj |
—O(l)z Z( |A11 m—1,j— 1| ( )k 1 Z nEﬁ
m=2 j=2 Jj+1 n=j+1 n
o0 oo
=00) 3wt SN Tyl = 0().
m=2 j=2
o 00
23 malvasl
mn ' 4152
m=2n=2
0o 00 n—1 k
B 1|1 g1 MPnQ;
—on 3 Ll S N,
m=2n=2 mn j=2
n

0 ﬂ—
n

[e9) 1
=0(1) Y m*” IZ( ) A1 T I Z ]ﬁ_
m=2 n

Z]kﬁ 1|A11 -1,j— 1|k 0(1).

Q

Writing wy; = Wyy61 + Wyr62 + Wa163 T Wa64>
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1 o -2
E*EP > 2 B (<iED) ( )AuTz— 1,j-1
mon =2 j=
k

o0 m—1n-—1 .
1 1 a—1 g2, (IPQ; k
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m=2n=2 g‘r n =2 j=2 J
1 1n-1 k-1
EcTY |EP
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=0(1) Z m”*” 12"" llAllTOn 1| =0(1).
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= Z Z#[Ea 3 ZZEa 1Eﬁ-—glmuT 2]—2|k]

m=2n=2 m n =2 j=2

1 m n k-1
X Eo1 Eﬁ:!]
BepiLote
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There is no need to consider the comparison for either @ or # > 1, since
those cases come as consequences of the translativity of inclusion and the fact
that the well-known result of Flett comparing absolutely the Cesiro matrices of
orders v and § readily extends to double summability. O
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