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ON FUZZY TOPOLOGICAL d-ALGEBRAS
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(Communicated by Anatolij Dvureéenskij )

ABSTRACT. In this paper we introduce the concept of fuzzy topological d-al-
gebras and apply some of Foster’s results on homomorphic images and inverse
images to fuzzy topological d-algebras.

1. Introduction

Y. Imai and K. Iséki [4] and K. Iséki [5] introduced two classes of
abstract algebras: BCK -algebras and BCI-algebras. It is known that the
class of BCIS -algebras is a proper subclass of the class of BCI-algebras.
In 2], 3], Q. P. Hu and X. Li introduced a wide class of abstract al-
gebras: BCH -algebras. They showed that the class of BCT-algebras is a
proper subclass of the class of BCH -algebras. J. Neggers and H. S. Kim
[11] introduced a new notion, called a d-algebra, which is another general-
ization of BCK -algebras, and investigated relations between d-algebras and
BCK-algebras. In [7], Y. B. Jun, J. Neggers and H. S. Kim intro-
duced the notions of fuzzy d-subalgebra, fuzzy d-ideal, fuzzy d*-ideal and fuzzy
d*-ideal, and investigated relations among them. The concept of a fuzzy set,
which was introduced in [13], provides a natural framework for generalizing
many of the concepts of general topology to what might be called fuzzy topolog-
ical spaces. D. H. Foster (cf. [1]) combined the structure of a fuzzy topological
spaces with that of a fuzzy group, introduced by A. Rosenfeld (cf. [12]),
to formulate the elements of a theory of fuzzy topological groups. In 1993,
Y. B. Jun [6] combined the structure of a fuzzy topological spaces with that of
a fuzzy BCK-algebras to formulate the elements of a theory of fuzzy topological
BCK-algebras. In the present paper, we introduce the concept of fuzzy topolog-
ical d-algebras and apply some of Foster’s results on homomorphic images
and inverse images to fuzzy topological d-algebras.
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2. Preliminaries

A d-algebra ([11]) is a non-empty set X with a constant 0 and a binary

operation * satisfying the following axioms:
(I) zxxz =0,

(I1) 0xz =0,

(III) z*y=0and y*xz=0 imply z =y
forall z, y, z in X.

A non-empty subset IV of a d-algebra X is called a d-subalgebra of X if
zxy € N for any z,y € N.

A mapping a: X — Y of d-algebras is called a d-homomorphism if a(zxy) =
a(z) xa(y) for all z,y € X.

We now review some fuzzy logic concepts (see [1] and [13]). Let X be a set.

A fuzzy set A in X is characterized by a membership function pu ,:
X — [0,1]. Let a be a mapping from the set X to the set Y and let B
be a fuzzy set in ¥ with membership function pp.

The inverse image of B, denoted a~1(B), is the fuzzy set in X with mem-
bership function p,-1(p) defined by u,_i(p)(z) = pp(a(z)) for all z € X.
Conversely, let A be a fuzzy set in X with membership function y,. Then the
image of A, denoted by a(A), is the fuzzy set in Y such that

sup 1,(2) i a”M(y) = {o 1 ale) =y} £0,
Bo(a)(y) = § €7@
0 otherwise.

A fuzzy topology on a set X is a family 7 of fuzzy sets in X which satisfies
the following conditions:

(i) for all c €[0,1], k, € T, where k, has a constant membership function,

(ii) if A, B€ T,then ANBE€eT,

(iii) if A; € T forall j € J, then UJAj eT.

JE
The pair (X, T) is called a fuzzy topological space and members of 7 are called
open fuzzy sets.

Let A be a fuzzy set in X and T a fuzzy topology on X . Then the induced
fuzzy topology on A is the family of fuzzy subsets of A which are the intersection
with A of T-open fuzzy sets in X . The induced fuzzy topology is denoted by
T4, and the pair (A, T,) is called a fuzzy subspace of (X, T).

Let (X,7) and (Y,U) be two fuzzy topological spaces. A mapping a of
(X,T) into (Y,U) is fuzzy continuous if for each open fuzzy set U in U the
inverse image a~}(U) isin T . Conversely, a is fuzzy open if for each open fuzzy
set V in T, the image a(V) isin Y.
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Let (A,T,) and (B,Ug) be fuzzy subspaces of fuzzy topological spaces
(X,T) and (Y,U) respectively, and let @ be a mapping from (X, T) to (Y,U).
Then a is a mapping of (4,7,) into (B,Uy) if a(A) C B. Furthermore « is
relatively fuzzy continuous if for each open fuzzy set V' in Uy, the intersection
a (V)N A is in T,. Conversely, a is relatively fuzzy open if for each open
fuzzy set U’ in T, the image a(U’) isin Uy.

LEMMA 2.1. ([1]) Let (A, T,), (B,Ug) be fuzzy subspaces of fuzzy topological
spaces (X, T), (Y,U) respectively, and let a be a fuzzy continuous mapping of
(X,T) into (Y,U) such that a(A) C B. Then a is a relatively fuzzy continuous
mapping of (A, T,) into (B,Uy).

3. Fuzzy topological d-algebras

DEFINITION 3.1. ([7]) A fuzzy set D in a d-algebra X with mémbership
function p, is called a fuzzy d-algebra of X if

pp(x *y) > min{pp(z), pp)} forall z,ye X.

EXAMPLE 3.2. ([7]) Let X = {0, a,b, c} be a set with the following Cayley table
(Table 1) as follows:

*x10la|b|c
0j010(010
ala|0j{0fa
bjb|b|0|O0
clclec|a|O
Table 1.

Then (X,*,0) is a d-algebra. Define a fuzzy set D in X with membership
function pp, by pp(0) = pp(a) = pp(c) =t, and pp(b) =t, for t; > t,. Then
D is a fuzzy d-algebra of X .

ExAMPLE 3.3. ([7]) Let X = {0, a,b,c} be a set with the following Cayley table
(Table 2) as follows:
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x10|a|b]c
ojo|ofofo
afal|0f0]d
bib|lb]0O]|O
cjciecic|O
Table 2.

Then (X,%,0) is a d-algebra. Define a fuzzy set D in X with membership
function pp, by pp(0) = pp(a) =t >ty = pp(b) = pp(c), where ¢, t, € [0,1].
Then D is a fuzzy d-algebra of X.

PROPOSITION 3.4. Let o be a d-homomorphism of a d-algebra X into a
d-algebra Y and G a fuzzy d-algebra of Y with membership function p. Then
the inverse image a~'(G) of G is a fuzzy d-algebra of X .

Proof. Let z,y € X. Then
o-1(c) (@ *Y) = pg(a(z *y)) = pela(z) * ay))

> min{pg(a(z)), ne(a))}
= min{ua_l(c)(z), ﬂa—l(a)(y)} .

This completes the proof. a
For images, we need the following definition ([12]).

DEFINITION 3.5. A fuzzy set D in a d-algebra X with membership function
i p is said to have the sup property if, for any subset T C X, there exists {; € T'
such that

kp(ty) =suppp(t).
teT

PROPOSITION 3.6. Let a be a d-homomorphism of a d-algebra X onto a
d-algebra Y and let D be a fuzzy d-algebra of X with the sup property. Then
the image a(D) of D is a fuzzy d-algebra of Y.

Proof. For u,v €Y, let 7, € a~!(u), y, € @~ *(v) such that

up(zy) = sup up(t), Lp(Ye) = sup pp(t).
teca—1(u) tea—1(v)

170



ON FUZZY TOPOLOGICAL d-ALGEBRAS

Then, by the definition of Po(D)> WE have
ﬂa(p)(u *xv) = sup pp(t)
t€a—1(uxv)
2 pp(To *Yo)
2> min{l‘u(-’”o)v #D(yo)}

= min{ sup pp(t), sup uD(t)}
tea—1(u) t€a—1(v)

= min{ua(D)(u), HQ(D)('U)} )
completing the proof. O
For any d-algebra X and any element a € X we denote by R, the right

translation of X defined by R,(r) = z *a for all z € X. It is clear that
R,(0)=0=R,(z) forall z € X.

DEFINITION 3.7. Let X be a d-algebra and 7 a fuzzy topology on X.
Let D be a fuzzy d-algebra of X with induced topology 7,. Then D is
called a fuzzy topological d-algebra of X if for each a € X the mapping R :
(D, Tp) = (D, Tp) is relatively fuzzy continuous.

THEOREM 3.8. Given d-algebras X, Y and a d-homomorphism a: X =Y,
let U and T be the fuzzy topologies on Y and X respectively, such that T =
a Y (U). Let G be a fuzzy topological d-algebra of Y with membership func-
tion pg. Then o~ '(G) is a fuzzy topological d-algebra of X with membership
function Ho-1(G) -

Proof. We have to show that, for each ¢ € X, the mapping
R,: (a_](G), 7;—1(0)) — (0‘—1(0)’ 7;—1(0))

is relatively fuzzy continuous. Let U be an open fuzzy set in 7,-1(g) on o 1(G).

Since « is a fuzzy continuous mapping of (X,7) into (Y,U), it follows from
Lemma 2.1 that « is a relatively fuzzy continuous mapping of (a=1(G), 7;-1(0))

into (G,U). Note that there exists an open fuzzy set V € Uy such that
a~!(V) =U. The membership function of R;(U) is given by

#R;I(U)(z) = Hy (Ra(x)) =py(z*a) = ﬂa—x(v)(fl' * a)
= py (a(z * a)) = py (a(z) * a(a)) .
Since G is a fuzzy topological d-algebra of Y, the mapping

R,: (G,Ug) = (G, Ug)
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is relatively fuzzy continuous for each b € Y. Hence
l‘R;‘(U)(l') = py (a(z) * a(a)) =Ry (Ra(a) (a(z)))

= izt ) (20®) = Homs(rzy 1) @)

which implies that R;1(U) = o~} (R;\,(V)) so that

ala)

RN U)Na™(G) =a ' (R, (V) Na ! (G)

a(a)
is open in the induced fuzzy topology on a~1(G). This completes the proof. O
The membership function p, of a fuzzy d-algebra G of a d-algebra X is said
to be a-invariant ([12]) if, for all z,y € X, a(z) = a(y) implies p,(z) = ps(y).

THEOREM 3.9. Given d-algebras X, Y and a d-homomorphism o of X

onto Y, let T be the fuzzy topology on X and let U be the fuzzy topology on
Y such that o(T) = U. Let D be a fuzzy topological d-algebra of X . If the

membership function pp, of D is a-invariant, then a(D) is a fuzzy topological
d-algebra of Y .

Proof. It is sufficient to show that the mapping
Ry: ((D), Uy py) — (a(D), Uypy)
is relatively fuzzy continuous for cach b € Y. Note that « is relatively fuzzy

open; for if U’ € Tp, there exists U € T such that U' = U N D, and by the
a-invariance of pp,

a(U') = a(U)Na(D) € Uypy -

Let V' be an open fuzzy set in U,(p,. Since « is onto, for each b € ¥ there
exists a € X such that b = a(a). Hence

.u'a—l(R;l(V:))(x) = MH_I(R;(IO)(V,))(QJ) = “R;‘(la)(V’) ((1(1‘))
= By (Ra(a) (a(2))) = by (a(z) * a(a))
= iy (0 #0) = prgmagyy @+ 0
= ua_l(VI) (Ra(l')) = p’R;‘(a—‘(V’)) (IE) y
which implies that =1 (R, (V")) = Ry (a~!(V')). By hypothesis, R, is arela-
tively fuzzy continuous mapping from (D, T) to (D, Tp) and « is a relatively
fuzzy continuous mapping from (D, Tp) to (a(D), HG(D)). Hence
N (RUV)NG =R (e (V)N D
is open in T}, . Since « is relatively fuzzy open,
a(a™ (R (V")) N D) = R 1 (V') Nna(D)
is open in U, 5. This completes the proof.
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