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(Communicated by Stanislav Jakubec )

ABSTRACT. Two generalizations of a theorem in [STRAUCH, 0.—TOTH, J. T.:
Asymptotic density of A C N and density of the ratio set R(A), Acta Arith. 87
(1998), 67-78] are presented in the paper. A set with prescribed lower and upper
asymptotic and logarithmic densities is constructed for every possible values.
Also a set with prescribed lower and upper densities with respect to a general
function under some conditions is constructed.

Preliminaries

Denote by N and R* the set of all positive integers and positive real numbers,
respectively. For a set A C N denote by R(A) = {% ta€A, be A} the ratio
set of A and say that a set A is (R)-dense if R(A) is (topologically) dense
in the set R*. The density of R(A) was first investigated in [S]. The set of
all accumulation points of R(A) is characterized in [B-T]. In the paper [S-T2]
distribution functions of ratio sequences (a%r:):om:l = R(A), where A= {a, <
a, <---<a, <...} CN are studied. Let us notice that the density of R(A)
in the interval (0, 1) is sufficient for the (R)-density of a set A.

For AC N and z > 0 let A(z) = card{a € A: a < z}. We will use this
notation also in cases when AN{1,2,...,k}, k > z, is already defined although
the whole set A is undetermined yet.

Define
d(A) = lim inf é@_) , E(A) = lim sup Alz) )
Tr— 00 T T—00 T
d(A) = lim 2@

T—>r00 xT
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the lower asymptotic density, upper asymptotic density, and asymptotic density
(if defined), respectively.
Similarly, define

o o

é(A) = lim inf GEA’an’ S(A) = lim sup a€A,a<lz
groe nzx T —00 ln T
Z 1
. a€A,a<lzr
o) = Jim =2

the lower logarithmic density, upper logarithmic density, and logarithmic density
(if defined), respectively.
These values are related by the well-known inequalities holding for each <et
ACN
d(A) < §(4) <3(A) < d(A).

In [S-T1] mainly the relation between (R)-density and asymptotic density is
studied. Among others the following theorem is proved.

THEOREM. (Strauch-Téth) Let 0 < a < 8 < 1. Then there is an (R)-dense
set A C N such that _
dA)=a, d4)=0.

The purpose of the present paper is to generalize this result in two different
directions. Related problems and constructions by induction similar to these
used in the present paper appear also in the paper [G].

Sets with prescribed densities
with respect to general functions

Let f: N — R* be an arbitrary function. For aset A C N denote by x , the
characteristic function of A and for a positive integer n let us denote
S:(A,n)

Sf(A,n)ZZf(i)xA(i), S;(n) = S,(Nn), qsf(A,n):W)_

Densities with respect to an arbitrary function are defined as follows:

d. (A) = liminf ¢ (A, n), EI(A) = limsupqﬁf(A,n),

f( 00 r—00

d;(A) = lim ¢ (A, n)

n—oo

are the lower f density, upper f density and f-density (if defined). 1csp ectivel
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Remark. The asymptotic density is the f-density corresponding to f(n) =1
for all n € N. The logarithmic density is the f-density corresponding to f(n) =
% for all n € N.

The following theorem is a generalization of the above mentioned Theorem
by Strauch and Té6th.

THEOREM 1. Let f: N — R be a function fulfilling the conditions

Z f(n) =0, (D)
f(n) _
n—>oo Sf(n) (Z)

and let 0 < o < 3 <1 be arbitrary. Then there ezists an (R)-dense set A C N
such that

di(4) =a and Ef(A) =
Before proving Theorem 1 we will prove the following lemma.

LEMMA 1. Let f: N— R be a function fulfilling both conditions (D) and (Z).
Then there is an (R)-dense set D C N with d #(D)=0.

Proof. Let {r,}5, be a sequence of all rational numbers in the interval
(0,1). We will construct the set D by induction.

By (Z) there exists a k; € N such that for all n > k, the inequality Sf,((7:1)) <

holds. Let ¢; > p; > k; be such that 5—1 =r,. Put D, ={p,,q,}. Then

1
3

¢;(Dy,m) =0 if n<p,

¢f(D1an) % if P <n<q,

¢;(Dy,n) = ﬁ%;z——r—{)(—ql—z if ¢ <n.
<dBh i <3

Thus qﬁf(Dl,n) <1 for all n € N.
Induction step:
Suppose that the sets D, C D, C --- C D, _; and positive integers p; < p, <
Py @y <G << Gy, ky <ky<---<k,_, are defined such that
i) Z=r, i=12..,n-1;

() D;c{L2,...,k,}, i=12,...,n—-2;
(i) D, N{L,2,....k ,}=D;, i=12,...,n-2;
(iv)  ¢;(D,_,,m)<§forallm>k;, i=12...,n—1.
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By (D) and (Z), there exists a positive integer k, > maxD,,_; such that

67 (Do_yrky) < 3= (a)
fG 1 .

Choose positive integers p, , g, such that ¢, > p, > k, and (;L =r,
Set D, = D,_, U{p,,q,}. Then relations in (i) and (iv) hold also for n and
relations in (ii) and (iii) hold also for n — 1.

To verify (iv) for n calculate using (a) and (b)

S.(D._.,k) 1
f\“n-1"n — 2 <
¢f(Dn’ m) S S (k ) ¢f(Dn—l)kn) < 3n ’ kn sm < pn)

( n—1 n) f(p )
f 1 n
¢f(Dn7m) < Sf(k ) + S (pn) < _71:7 P, Sm < 9y
¢( m)< f( n—1? n)+ f(pn) + (qn) <l, mzqn‘

Sf(kn) Sf(pn) Sf(qn)
After completing induction the relations in (i)-(iv) hold for every n € N. Put
D= U D,, to get the required set. It is (R)-dense by (i) and d;(D) = 0 holds
by (1v) a
Proof of Theorem 1. First, we will construct by induction a set B =

U (p;»4;) NN such that d (B) = a and df(B)

i=1
Let p, =1, q, =2.
Induction step.
Let p, < ¢ <py < gy < -+ <P,y <q,_, be defined. Let p, be the first
positive integer greater than g, _, such that

-1 1
¢,( U, a)nm, pn) <atl

and let g, be the first positive integer greater than p, such that

¢f( U (p, 4) NN, qn) >,6‘—%.

Both p, and g, are guaranteed by property (D). Then Qf(B) = «a and
af(B) = [ by property (Z).
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To get the set A in Theorem 1, set A = BUD where D is the set guaranteed
by Lemma 1. Then the set A, as a superset of (R)-dense set, is (R)-dense as
well. Also .

d’f(Aan) S ¢f(B’n) + ¢f(D’n)
where the limit of the last term as n tends to infinity is zero. Thus

d(A)=dB)=a, d(A)=d,(B)=40.

Sets with prescribed both
asymptotic and logarithmic densities

In this section we will use the notation S,(A4,n) and ¢,(A4,n) as defined
in the previous section for the function f(n) = 1 corresponding to the asymp-
totic density and S;(A4,n) and ¢,(A4,n) as defined in the previous section for
the function f(n) = % corresponding to the logarithmic density. The follow-
ing theorem provides another generalization of the above mentioned theorem by
Strauch and Téth.

THEOREM 2. Let 0 < a < <7< <1 be given numbers. Then there exists
an (R)-dense set A C N such that

dA)=a, §A)=p, A)=vy, dA)=4.

Proof. By Lemma 1, there exists a set D C N such that D is (R)-dense
and d(D) = 0. So, as in the proof of Theorem 1, it suffices to find a set B C N
with d(B) = a, §(B) = 8, 6(B) =, d(B) = § and put A = BU D to prove
the theorem. We will construct the set B by induction such that in the nth
step a positive integer m_ will be defined and the set BN{1,2,...,m,} will be
determined.

Let 1€ B, let 2¢ B, let 3 € B if and only if 22 = ¢ (B,2) < 8 and let
4 € B if and only if @ = ¢o(B,3) <7v.Put m; =4.

Induction step:

Suppose that m; < m, < --- <m,_, and BN{1,2,...,m,} are determined
such that foreach 1< k<n-1

my > (k+ 1Y and ¢ (B,my) € (v—1,7+1). (1)

The number m , and the elements of the set BN {m,_;+1,m } will be con-

structed in four substeps.

a) Let a, > m, _, be the first positive integer such that B(’"""H;(n“" —Maz1)

> ¢ — L and include all integers k € (m,,_,, a,,) into the set B.
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b) Let b, > a, be the first positive integer such that B(m"“‘)t)(na"_m"‘l <

o+ L and include no k € (a,,b,) into the set B.

n’’n

¢) For k=»b,+1,b,+2,b, +3,... set inductively k € B if and only if
¢o(B, k — 1) < 3. Continue this process until ¢,(B,c,) € ( -1, B+1)
for some ¢, > b,,. Such a ¢, exists because if this process was infinite,

we would have d(B) = §(B) = 3.

d) For k=¢c,+1,¢c,+2,¢,+3,... set inductively k € B if and only if
¢o(B,k — 1) < ~. Continue this process until ¢,(B,m,,) € (v-1, v+1)
for some m,_ > (n+ 1)"*!. The reason for the existence of such an m,,
is similar to that of the existence of c,,.

Now, by the construction, it is obvious that
dB)=a, d(B)=4.

It suffices to prove the corresponding equalities for the logarithmic densities. Let
us notice that by a) for all k € (m,,_;,a,)

B(mn—l) + (k - mn——l)
k

<s-Lc1-1
- - n

3|

and consequently

B(m,_ )+k-m,_; <k-

)

3|

what implies

k<nm,_,. (2)

Also, by b) for all k € (a,,b,)

B(m,_,)+ (a, —m,_;) Sailsl
k - n—n
and consequently
@ = (My_y = B(m,,_)) 2 S
what implies
k<na,. (3)

Now, let us estimate the bounds of possible changes of the values &,(B, k) for
ke (m m,,) for n > 1.

n—1°
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Let k € (m,_;,a,). Then using (2) and (1)
0 < ¢,(B,k) — ¢1(B,m,_;)
. S,(B,m, ) +nt-4+1 5 (Bm )

- Ink Inm

n—1
k
1 1 In = 1
— B n—1 .
$1(Bym) <1nk lnmn_l>+ Ink +1nk
< Inn Inn + 1 < Inn 1
= Ink ' Ink = lnn® ' Innn
<l 1_2
= n n n
and consequently by (1)
1 2
¢1(Bik) Sy+ =7+ - (4)
Let k € (a,,b,,). Then using (3), (1) and the fact

S,(B,a,) < Z% <lIna, +1

we have
S,(B,a,) S,(B,a,
0<6,(B,a,) — ¢,(B, k) = 2 D:%) _ 5(D:0,)
1 1 1 1
< —— < —
< 51(Bya,) (lna lnk) $1(B,a,) ( Ina, lnnan)
Inn
=5, (B
Si( ’a")lnan(lnn—l—lnan)
Inn(lna, +1) < 2lnn
“ Ina,(Inn +1Ina,) ~ Inn+Inn"
2
T n+1
and consequently by (1)
1 2
> - - .
BB ) 2y~ — - )
This shows that the value of ¢,(B, k) is sufficiently close to the « for all k €
(mn’ bn)

The way of construction also implies that the value of ¢,(B,k) tends to
for k € (b,,,c,) and it tends to v for k € (c,,m,). This together with (4) and
(5) implies the equations

hold. a
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Problem of common generalization

Theorem 1 and Theorem 2 provide generalizations of the mentioned theorem
by Strauch and Téth in two different directions. A natural question arises
whether a common generalization of both theorems holds as follows.

QUESTION. Let f,: N— Rt and f,: N— Rt be two functions fulfilling (D)
and (Z) and such that the inequalities

dy; (4) < dy, (A) < dp, (4) < dp, (A)

hold for each A C N. Further let 0 < a < f < v <6 <1 be given numbers.
Does there exist an (R)-dense set A C N such that

d;(A)=a, dy(A)=8, d,(A)=v, d,(4)=357

We conjecture that this is not true in general. More precisely, we conjecture
the following.

CONJECTURE. Let 0<p<qg<1 and fi(n) =n"P, fy(n) =n"9. Then the
answer to the above question is always yes if and only if g =1.
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