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(Communicated by Michal Feckan )

ABSTRACT. In this paper, the following n X n mixed Dirichlet problem of hy-

perbolic type

82 _ o0 _ n _ .
5751/;'(“) + Y (-1, D** g, (@) + D ayy; (@ = fi+u;  in Q,
lal=0 i=1
D¥ y,(@) =0 on ¥ for |w|=0,1,2,..., w|<a-1, i=1,2,...,n, (D)
_ 0 _ .
y;(z,0;T) = y; o(z), 5111(90,0? @) =y;,(z) in RV,

where f; are given functions, T = (u;)?.; and a,; are coefficients matrix such

that
1 ifi>j,
a;; = e
-1 ifi<y,
olal
o= (ay,...,oN),

D® =
0z )t ... (Bz )N’

N

is a multi-index for differentiation, |a| = 3 o;, will be discussed, which involve
i=1

infinite order elliptic operator A having the form

[ee]
Ay @) = Y (-1)%la, D>y, (m).
|a|=0
The optimality conditions for this system are given. The problem with Neu-

mann conditions also will be formulated.

2000 Mathematics Subject Classification: Primary 49J20, 93C20.
Keywords: optimal control problem, n X n hyperbolic system, Dirichlet and Neumann con-

ditions, existence and uniqueness of solution, operator with infinite order.
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H. A. EL-SAIFY — G. M. BAHAA
Introduction

By using the theory of J. L. Lions [4] and Ju. A. Dubinskii [1],
I. M. Gali et. al. [3] discussed the optimal control problem governed by systems
of infinite order hyperbolic operators. They found the optimality conditions for
these systems, which consists of one equation.

The authors presented in [8] a set of inequalities defining an optimal control
of n x n systems with infinite number of variables, of hyperbolic type.

The questions treated in this paper are related to the above result but in
different direction, by taking the case of operators of infinite order with finite
dimension i.e., we discuss the n x n systems of hyperbolic type involving the
operator of infinite order.

First we prove the existence and uniqueness of solutions for these systems with
Dirichlet conditions; then we find the optimality conditions of the optimal control
problem governed by these systems. The problem with Neumann conditions is
also considered here.

I. Some function spaces

The object of this section is to give the definition of some function spaces of
infinite order, and the chains of the constructed space which will be used later.

We define the Sobolev space W>{a_,2}(R") (which we shall denote by
W {a,,2}) of infinite order of periodic functions ¢(z) defined on all boundary
T of RV, N > 1, as follows [1]:

[e2)
W={a,,2} = {#() € C*(RY): ¥ a,JID" 9|} < oo},
|la|=0
where a_, > 0 is a numerical sequence and || - ||, is the canonical norm in the
space L?(RV) (all functions are assumed to be real valued).

The space W~>°{a,, 2} is defined as the formal conjugate space to the space
W<>{a,,2}, namely

W{a,,2} = {$(@): (@)= % a, Dy, ()},

|a|=0

where ¢, € L*(RY) and Y a_|[¢, |3 < oo.
|a|=0
The duality pairing of the spaces W*{a_,2} and W~>°{a_,2} is postulated
by the formula

(6,) = }:a/ (2)D* ¢(x) da,

|a|=0 RN
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OPTIMAL CONTROL FOR n x n HYPERBOLIC SYSTEMS

where
¢€W°°{aa,2}, 1/)€W“°°{aa,2}.

From above, W*{a,,2} is everywhere dense in L*(RY) with topological
inclusions and W~*{a_, 2} denotes the topological dual space with respect to
L*(RM), so we have the following chain

W>{a,,2} C L*(RY) C W~*{a,,2}.

Analogous to the above chain we have:
W()oo{a’a72} g LZ(RN) g W()-oo{aa’2}’
where W§°{a,,2} is the set of all functions of W {a,,2} which vanish on the
boundary T' of RV | i.e.,
We{ag,2} = {6 € C(RY) : llg)* = 2 aalD76l <o,
al=0
D*¢|p =0, |w| <a}.

We now introduce L?(0,T; L%(RN)) (briefly L?(Q)) to denote the space of
measurable functions ¢ — ¢(t) such that

T 3
16llL2q) = (/uqs(t)ug dt) <.

T
Endowed with the scalar product (f,g) = [(f(t),9(t)) g ~y dt is a Hilbert
0

space. In the same manner we define the space L2(0,T;W>{a,,2}),

L%(0,T; Wg{a,,2}) and L2(0,T; W~*°{a,,2}), L?(0,T; Wy *{a,,2}) as its
formal conjugate respectively.

Then it is easy to construct the Cartesian product to the above Hilbert spaces,
for example
n

(Woo {aa’ 2})” = H(Woo{aa’ 2})1 ’
=1
with norm defined by

[ $”(W°°{am2})" = Z l|¢i”W°°{aa,2} ’
i=1
where ¢ = (¢,...,9,) = (¢,)7, is a vector function and ¢; € W>{a,,2}.
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H. A. EL-SAIFY — G. M. BAHAA

Finally we have the following chains

(L*(0, s W™{a,,2}))" € (L*(@Q))" € (L*(0, T; W~>{a,,2}))"
(120,75 W3 a,2)))" € (12(@)" € (10,3 Wg ™ (0,,2)))"
where (L?(0,T;W~>°{a,,2}))" and (L*(0,T; Wy *{a,,2}))" are the dual

spaces of (L?(0,T;W>{a,,2}))" and (L?(0,T; W°{a,,2}))" respectively.

The following notation will be used:
Q=RNx]0,T[, T=Tx]0,T],

where ¥ is the lateral boundary of Q.

II. Optimal control problem for
n X n mixed Dirichlet problem of hyperbolic type

In this section we shall find the optimality conditions of problem (D) which
is known as n x n mixed Dirichlet problem of hyperbolic type involving operator
of infinite order.

First we prove the existence and uniqueness of the solution for this system,
then we find the optimality conditions for this system.

So, for each t € |0, T[, we define a family of bilinear forms on (W*{a_,2})"
by

m(t;7,¢): (W®{a,,2})" x (W*®{a,,2})" = R,

W(ty’a) = Z ( Z (_1)la|aa D** y;(z) + Z aijyj(:c) ) ¢,(-T))
L2(RN)

i=1 \ |a|=0 j=1

= Z (Ayz(l) + Z aijyj(x)ﬂ ¢1(37))
i=1 =1

= Z(Myi(fv)y $:(2)) L2y
i=1

L2(RN) (1)

where 7 = (y,),, 6 = (¢,), € W{a,,2})", My, € Wy *{a,,2} and M
is an operator defined on (Wg°{a,,2})" by

412



OPTIMAL CONTROL FOR n x n HYPERBOLIC SYSTEMS
M(5() = (1,(®), 1), - 4, (2)))

= < > (-D)lela, D** g, (2) + > ay;u;(2),
j=1

|ar|=0

Z (_1)|a|aa D** y2(m) + Z a9;Y; (),
j=1

|aj=0

Z (—1)|“|aa D¥*y (z)+ Z anjyj(:c))
j=1

|a]=0
= Y (~Dkle, D y(z) + Y ayu,(2)
|a|=0 j=1
n
:Ayi(x)+zaijyj(m), 1=1,2,...,n,

Jj=1

where A is an infinite order elliptic operator. It is easy to see that M is n x n
matrix of the form ([7]):

o0
3 (=1)lela, D** +1 -1 -1
la]=0
o0
1 > (-1)lelg, D241 ... -1
la]=0
o0
1 1 cer S (=1)lelg D?* 41
jal=0 J

The bilinear form (1) is coercive on (W§°{a,, 2})” ie.

(V7€ (We{ea:2))") (7(67,9) 2 190wge an 230 ) - (2)

In fact, the bilinear form (1) can be written as:

1659 =Y. [ 2 a,Du@D 8@ da+Y [ > a,0,@) ) do.

i=1 p'n |a|=0 i=1 pn J=1
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By taking into account the form of a,;, we have

7(63.5) =Y [ 3 D0 @)D 62) it 3 /y] (@)s(a

1=1 RN la]=0 1pw
+Z/ daz—Z/yJ ¢;(z) dz.
i>j pn i<j pN

Then

3

m(69,7) = ( / > a, Dy () dﬂv+/|yi(9c)|2 d:r)
RN

RN la|=0

= ( Z a, || D* y,(z)||3 + [|yz($)“§>

|a|=0

I
Ny

1y () e o 2y + 1522

<.

Twee (a2

AV

For all 7,¢ € (W(;”{aa, 2})n the function t — w(t;'gj, d)) is continuously differ-

entiable in ]0, 77, and

m(t;7,6) = 7(t;¢,79) - (3)
LEMMA 1. Using theorems of [4], [5], if (2) and (3) hold, then for given f, =

1

fi(@,t), y; () and y;  in L*(Q), W§°{a,,2} and L*(RY) respectively, there

ezists a unique § = (y,)i, € (L2(Q))n satisfying problem (D) which defines the
state variable of our control problem.

Outline of proof. If L is a continuous linear form on (Wg°{a,,2})",
then by virtue the chains in Section I

L(¢) = (1, ¢) L2(RN))n Fe(Wy™{a,2})"

From the coerciveness conditions, there exists a unique element 7 = (y,), €

(L*(@))" such that
8%y _ _
< 2,¢> n(5.3) = L(3),

which is equivalent to the existence of a unique 7 = (y,); € (Lz(Q))n satisfy-
ing problem (D) which defines the state of our control problem. a
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OPTIMAL CONTROL FOR n x n HYPERBOLIC SYSTEMS
III. Formulation of the control problem

The space U = (L?(Q))" is the space of controls. If f; € L*(Q), Yio €
W§°{ay,2} and y;, € L*(RY) and if (2) and (3) hold, then for a control
T = (u;)P, € U, the state of the system 7(u) = (yi(ﬁ))?___l, which depends on
z, t, denoted by y(z,t;u), is given by the solution of the problem (D) i.e.,

2
agigu) + My; (@) = f; +u in @Q,
D¥y,(w) =0, on X,
0; (4)
w0 =y, OO0 oy @) wY
wmerr@, 2D epq),

where the operator % + M is infinite order hyperbolic operator which maps
(L*(0,T; W§*{a,,2}))" onto (L?(0,T; Wy *{a,,2}))" ([6]).
The observation is given by:

(@)1, =2@) = 3(@) = (y;,@),_,

ie.,
2, (@) = y,(u) forall 1<i<n.

For given Z, = (z; ;); € (L*(Q))", the cost function J(%) is given by
n n
J(@) = Z lly; (@) — zi,d”i'é’(Q) + Z(Afiui’ U;)2(Q) s
i=1 im1
which is equivalent to

J(@) = Z/yl(u)—z dxdt+z Nu,,w,) L2(Q) (5)

where

= (W) € £((22(Q)", (22(@)")
is a diagonal matrix of Hermitian positive definite operators: Nu = (Nu,)™,,
(Nﬂ, ﬂ)(LZ(Q))ﬂ 2> C”ﬁ”?L'A‘(Q))" ’ C >0. (6)

Our problem is to find

w2, IO

where the set of admissible controls U, 4 is closed convex subset of (L2(Q))n =U.
Under the given considerations, we apply the theorems in [2], [4] to obtain:
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THEOREM 1. We assume that (2), (3) and (6) hold. The cost function is given

by (5). The optimal control @ = (u;)?_, is characterized by (4) and the following
system of partial differential equations and inequalities

9p,(@) +M'p,(W) =y, (@) -2, in Q,

ot?
“p,(@) =0, on X, (7)
op,(z,T;T
pi(z, T;u) =0, Opi(=, T;) =0 in RV,
: ot

and

Z(pz(“) + N, v; ui)L2(Q) 20 forall U= (v;)i; €Uy

i=1
with

Bp,( u)

p; (W), € L*(Q),
where M* is the adjoint operator of M which is defined by

n
M, = Ag;+ 3 a;i9;
Jj=1
a;; 1s the transpose of ay; and p,(@) is the adjoint state.

Outline of proof. Asin [4], the control @ = (u;)’, € U,, is optimal
if and only if

(Vﬁ = (v;)i=; € uad) (i Ji(@) (v, —u;) > 0) ,

which is equivalent to:

n

Y@ = 7 4, ¥ — 4,(@) 12 + Z (it 0 = ;) 129 2 0,

i=1

which may be written as

Z / v;(T) — 2, 4, y, () — y; (1)) L2(RN) dt + Z N, v, — L2(Q) >0. (8)

We shall now transform (8) as follows. By scalar multiplying both sides of
the first equation in (7) by (y;(¥) — y,(7)) and integrating between 0, T we
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." O/T ((&5 +M *)pi(ﬁ), v,(v) = yﬂ)) L2(RN) )

=1

obtain

= Zl /(y;(ﬂ) ~Z 4 y;(7) - yi(ﬂ))m(ml‘l) dt
=oo

We take into account conditions (4) and (7), after applying Green’s for-
mula to the left side of (7). Notice that if ¢, € L*(Q), ¢\ € L*(Q), ¢! €
L2(0,T; Wy *{a,,2}) and if ¥, has the same properties, then

T

J @10 at = (@D,8,) - (840, 8:0) - (6T),9(T)

0

’ T
+(6:(0), ¥4(0)) + / (60, 9Y) dt.
0

Then we have

T
/(yi(ﬂ) ~ %4 y;(v) - yi(ﬂ))LZ(]RN) dt
0

I

(5:2 +M )pz’(ﬂ)’ y;(v) - yi(ﬁ)) dt

L2(RN)

(§t2 + A)pz(’lt) + Zaﬂp] (@), y;(v) — yl(u)> dt

( i=1 L%(RN)

(p @; (aaﬁ +A+Z%) y;(0) — y,(u))> dt

L2(RN)

Ot~y O Ty Oy TT—

(p:(@),; = u;) 2 gy dt-

Hence (8) becomes

n T n
Z /(pi(ﬁ)ivi_ui)LZ(RN) dt + Z(Mui’vi—ui)[’z(o) 20
i=1 § =1
for all 7= (v;)j_; € Uyy
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ie.,
n
Z(pi(ﬁ) + Nu,;, v, — “i)Lz(Q) >0 forall 7= (v))l, €U,.
i=1
The theorem is proved.

Remark 1. If we take n = 2, then the optimality system is given by [4]:
2 o0
2zt @+ D0 ()l D**y (@) +4, (@) ~ (@) = f, +u,  in Q,
|a]=0
2 0 )
szte@+ D (-D)1"a, Dy, @) + 4, (@) +1,(@W) = f+u, i Q,
|a]=0
DYy, (@) =0, D¥y,(@) =0 on X,
Y, (z,0;%) = ?Jl,o(x;ﬂ) ) Yy(z,0;2) = yz,o(x§ﬁ) in RV )
9y, (z,0;u) — Oy, (z,0;m _ ,
"'—1—(%—— =y,.(z: ), —-2—((:)-2—) =y, (2;7) in RV,
62 — = |ex| 2a — — — — :
&31&(") + Z (_1) aaD p1(u) +p1(u) +p2(u) = yl(u) ~ 214 in @,
|a|=0
0? = 2
5t—2p2(ﬂ) + Z (_1)|01|aa D% p,(7) — p, (T) + py(7) = Yy, (@) — %2.d in @,
|a|=0
p,(@) =0, Po(TW) =0 on X,
p,(z,T;7) =0, py(z, T;7) =0 in RV,
apl(.’L‘,T;ﬂ) _ apz(a",T;ﬂ) _ . N
5 =0, 5t =0 in RY,

/(Pl(ﬂ) + Nw) (v =) + (po(T) + Nyuy) (v, — uy) dzdt >0,
Q forall 7= (v,v,) €Uy,

where T = (u;,u,) € U,y and p() = (p, (), p,(W)) is the adjoint state.

IV. Optimal control problem for
n X n mixed Neumann problem of hyperbolic type

First we discuss the n x n mixed Neumann problem for hyperbolic type
involving operator of infinite order.
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Since (Wg°{a,,2})" is everywhere dense in (W>{a,,2})" with the topolog-
ical inclusions, (W§°{a,,2})" C (W*{a,,2})" and since the bilinear form (1)
is coercive on (Wg°{a,,2})", it is also coercive in (W*{a,,2})" ie.

ﬂ'(ta ga :Tj) Z )‘HHH(WW{QQQ})" ) )\ > 0. (9)

Also, for 7,¢ € (W°°{aa,2})n the function t — 7r(t; y,a) is continuously
differentiable on ]0,7'[ and

T(67,¢) =n(t;4,7) . (10)

Under the above considerations, we formulate the following lemma which

defines the n x n mixed Neumann problem and enables us to state our control
problem.

LEMMA 2. Assuming that (9) and (10) hold, then for given f = f(z,t) €
(L3(@Q))", i1 € L2(RY), y; o € W*{a,,2}, there ezists a unique element y;
satisfying:

dy ayi

—Zi ZJi 2
yi’ azki at e L (Q))

62

wyi'}'Myi:fi in Q,
o (1)
¥ =0 on X,
o4

0 .
y;(,0) = yi,o(x) ) Ey"(w’ 0) = yi,1($) in RV,

where ;93—”; is the co-normal derivatives with respect to A.
A

Proof. From (9), we have

2
%yi(t)+Myi=fi in @ forall 1<i<n.

This equation is equivalent to
(g—;yi(t),%) L) + My, 6)) L2 gy = (£(t),63) L2y - (12)
Let us define
(50,0 gy = [ Flatit(@) do, 6 € Way,2).
RN
In this way we obtain an element of L%(0,T; W>{a,,2}).
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So equation (12) can be written as:

T T
32
/(a_tiyi(t)’ ¢i($)) L2(RN) B O/(Myi(t)’¢i(m))L2(RN) dt

0

O~ " —n

(fi(t), ¢i($))L2(RN) dt

T
& S (_1)lel, p2e
(v e@) | dex [ [ 3 0o, 00,06, (0) aza

0 RN la|=0

//Za”yj(t )9, (x) dz dt

O]RNJI

(f (t), & (a:))L2(RN)

- Applying Green’s formula to the left side, we get

/8t2y’(t)¢ (z) d:vdt+/ Z 1)'a|a D%y, (t) D ¢,(z) dzx dt

ler|=0

8“’yi(t)

6, (x) A5+ ! ;aijyj(t)qﬁi(x) dz dt

= /fi(x, 1)6,(z) dedt.
Q

Then we have

aw
2/ a%:t) (z) dT =0,

ie.,
0“y;

50 =0 on ¥ forall i=1,2,...,n

In this case, the operator —6%27 + M is an infinite order hyperbolic operator,
it maps (L2(0,T; W*={a,,2})" onto (L?(0,T; W=>={a,,2})".
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Formulation of our control problem.
Let (L%(Q))™ be the space of controls. For a control @ = (u,)™, € (L*(Q))"
the state () = (yi(ﬁ)):;l is given by the solution of system:
52
ﬁyi(ﬂ)'*'Myi(ﬂ) = fi +u; in Q,
aw

(13)
(@ =0 on X,

w0 = yee),  BEID @ w mY

O (T
y,(@), J'# €I?(Q) forall 1<i<n.

The cost function is given by (5). Then using the general theory of
J. L. Lions [4], there exists a unique optimal control @ = (u,)’, € U,
such that

(Vo= (v;)i; € Uyy) (J(T) = inf J(D)). (14)
O

Moreover, we have the following theorem that gives a characterization of the
optimal control.

THEOREM 2. Problem (14) admits a unigque solution @ = (u;)%., € (L*(Q))".
Moreover it is characterized by (13) and the following system:

02 .
_afz—pi(ﬁ) + M*pi(ﬂ) = yl(ﬂ) —Zd n Q,

N (15)
Mpz(ﬂ) =0 on X y
. T:w
py(z, T;u) =0, ___apl(,g,t ) _ 0 in RV,
Op;(z, T;u)

= 2
n
Z /(pz(ﬂ) +Nuw,)(v; —w;) dzdt >0  forall D= (v,)}, €U,,,
=1 Q
where U = (u,)l, € U 4, p;(@) is the adjoint state variable for 1 <i<n.
Outline of the proof. Since J(u) is differentiable and U, is bound-
ed, the optimal control @ = (u,;)I-, € U,, is characterized by

(W = (v;)i; € uad) (i Ji(@)(v; — ;) > 0) ,
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which is equivalent to

n

D@ = 74y D) = % @) ) + D (Nt 0,0) 2y 2 0. (16)

=1 =1

Now, forming the scalar product of the first equation in (15) with y,(7) -y, (@)
and integrating between 0, T, we have

T

/(yz(ﬂ) - zi,d’ yi("_j) - yi(ﬂ))Lz(mN) dt

0

T
82

- [(gar@+ @, u@ - @)

J L2(RN)

T

/( 02 )+ Ap.(@) + 2 (u )) dt
= ———p u pl a; 1p yl

J o2 Jg L2(RN)

T T
0% - — 7] 7 u
i / (Zp@, 0 yi<u>)m~ e / (49, 1(0) = 1) 2,

/ ( Z a;;p;(), y;(0) — y; (W) dt.

L2(RN)
Applying Green’s formula to the right hand side, we get

/T [ (o025 0 - (@)) do e+ / [ (o - (1)) dwdt

0 RN 0 RN

+/T/(pi(m(é%(yj(5)—y,-(ﬂ)))) dz dt

J

- [ (@@= u)) as+ [ (n@g
b}

by

w

(@) - y,.(az))) ds

Using the conditions in (13) and (15), we have

T T

/(?Ji(ﬂ) Zi,a0 ¥;(V) — (U))U(RN) dt = / /pi(ﬂ)(vi - u,;) dzdt.
0 RN

0
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Therefore (16) becomes:

Z /(pl(ﬂ) + Nu,)(v; —w;) dzdt >0 forall 7= (v;);_; € Uypq,
i=1 5

which completes the proof. a
Remark 2. Let n = 2, then the optimality system is given by
& o S (—1)lalg D2y (@) 4 v (7) — 0. (T i
(@ - > (-1)la, D**y, (@) +y,(@) -y, (@) = f, +u,  in Q,
|a|=0
& ) S (—1)ela D2 g (@) 4+ v (3) 4 0o (@ i
7Y@= D ()Pl Dy, @) + 4, (@) + 1@ = fr+u, I Q,
la|=0
o [
‘a‘l'a?h(u) =0, Myz(u) =0 on X,
y,(z,0;7) = ylyo(a:) ) Yp(,0,7) = yz,o(z) in RV,
0y, (z,0; 0y, (z,0;u .
PEID —y@, B ey @ w R
2 o S (—1)elg D2 p (@) + b (B) 4 po (T i
7P (@ - Y (~Dlele, D**p (@) +p, (@) +py(@) =9y (w) — 7,4 0 Q,
|a]=0
0? = 2a. (o _ :
2aP2@ = 2 (~1)ag D* py(@) = p, (@) + (@) = 1o(W) =0 B0 @,
|a]=0
9 p1(ﬂ)___0, 9“p, (W) -0 on X,
oy oy
pl(l‘aT;-’d):O, p2(:1:,T,E)=0 in RN ’
op,(z,T;7) Op,(z, T ) . N
AL K 9P, 23 W) RV,
e 0, o 0 in

/(p1(ﬁ) + My, (v = uy) + (py(u) + Myu,) (v, — uy) dzdt >0
Q

forall o= (v,v,) €Uy,
where T = (u;,u,) € Uy, P(@) = (p,(T),p,(TW)) is the adjoint state.
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