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ABSTRACT. In this paper, the following nxn mixed Dirichlet problem of hy­
perbolic type 

pp. °° n 

T&ViW + £ (-i)|Q|«a D2a
 Vi(u) + J2 WW = h + ui i n Q. 

^ |a |=0 J = l 

Da,
2/ i(u) = 0 on S for |u| = 0,1,2, . . . , M < a - 1 , * = 1, 2 , . . . ,n , (D) 

7/i(x,0;u) = 2/i)O(x), —yi(x,0]u)=yifl(x) in RN , 

where /{ are given functions, u = (uJJLj and a - are coefficients matrix such 
that 

f 1 i f i > j , 
^ - \ - l i f i < j , 

d\<*\ 
D a = T7> ; 77, ^ > a = (al> • • ' »a /v) > 

( a x ^ ^ i . . . ( a x N ) a I v v i> > -vy» 
A! 

is a multi-index for differentiation, |a| = £ a i 5 will be discussed, which involve 
i= i 

infinite order elliptic operator A having the form 

oo 

AVi(*)= ^2(-l)^aaD
2^yi(u). 

| Q | = 0 

The optimality conditions for this system are given. The problem with Neu­
mann conditions also will be formulated. 

2000 M a t h e m a t i c s S u b j e c t C la s s i f i c a t i on : Primary 49J20, 93C20. 
Keywords : optimal control problem, nxn hyperbolic system, Dirichlet and Neumann con­
ditions, existence and uniqueness of solution, operator with infinite order. 
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Introduction 

By using the theory of J. L. L i o n s [4] and Ju. A. D u b i n s k i i [1], 
I. M. G a l i et. al. [3] discussed the optimal control problem governed by systems 
of infinite order hyperbolic operators. They found the optimality conditions for 
these systems, which consists of one equation. 

The authors presented in [8] a set of inequalities defining an optimal control 
of n x n systems with infinite number of variables, of hyperbolic type. 

The questions treated in this paper are related to the above result but in 
different direction, by taking the case of operators of infinite order with finite 
dimension i.e., we discuss the n x n systems of hyperbolic type involving the 
operator of infinite order. 

First we prove the existence and uniqueness of solutions for these systems with 
Dirichlet conditions; then we find the optimality conditions of the optimal control 
problem governed by these systems. The problem with Neumann conditions is 
also considered here. 

I. Some function spaces 

The object of this section is to give the definition of some function spaces of 
infinite order, and the chains of the constructed space which will be used later. 

We define the Sobolev space W°°{aa,2}(RN) (which we shall denote by 
W°° {a a , 2}) of infinite order of periodic functions <f>(x) defined on all boundary 
r of RN , N> 1, as follows [1]: 

( OO N 

W~{aa,2} = U(x) ' C°°(RN) : £ aJDa ^ < co} , 
1 |a |=0 J 

where aa > 0 is a numerical sequence and || • ||2 is the canonical norm in the 
space L2(RN) (all functions are assumed to be real valued). 

The space W~°°{aa, 2} is defined as the formal conjugate space to the space 
W°°{aa, 2} , namely 

W-°°{aa,2} = U(x): 1>(x) = £ aQ DQ </>„(*)} , 
1 |a |=0 > 

OO 

where ^ € L2(RN) and £ ajrfrjl < oo. 
|a |=0 

The duality pairing of the spaces VV°°{aa,2} and VV~°°{aa,2} is postulated 
by the formula 

OO « 

(</>,t/>)= ! > « / 1>a{-)D
a<l>(x)dx, 

H = o Kjv 
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where 

</>ew°°{aa,2}, veTV-°°{aa,2}. 
From above, VV°°{aa,2} is everywhere dense in L2(RN) with topological 

inclusions and TV_°°{aa,2} denotes the topological dual space with respect to 
L2 (RN), so we have the following chain 

KV°°{aa,2} C L2(EN) C TV-°°{aa,2} . 

Analogous to the above chain we have: 

W~{aa,2} C L2(RN) C W0~°°{aQ,2}, 

where W£°{aa, 2} is the set of all functions of TV°°{aa, 2} which vanish on the 
boundary T of RN , i.e., 

cj>€C~(RN): U\\2= E«alP Q ^l l2<o°> 
| ^ . | _ M |a|=0 

D"> | r = 0 , |w| <a\ . 

We now introduce L2(0,T;L2(EN)) (briefly L2(Q)) to denote the space of 
measurable functions 11-> <f>(t) such that 

UW^Q) = [] \\rnw 2 dí 1 < oo . 

Endowed with the scalar product (/,g) = /(/(£)>gW)L2mAt) d£ is a Hilbert 

space. In the same manner we define the space L2(0,T; TV°°{aa,2}), 
L2(0,T;W0°°{aa,2}) and L2(0,T; TV—{aa,2}), L2(0,T; %"°°{aa ,2}) as its 
formal conjugate respectively. 

Then it is easy to construct the Cartesian product to the above Hilbert spaces, 
for example 

(W°°{aa,2})n = f[(W°°{aa,2}y, 
i=l 

with norm defined by 

n 

II ^ ll(W°°{aQ,2})" = 2-f H^illW00!^^} ' 
t = l 

where </> = ( 0 X , . . . , </>n) = (0 i)^= 1 is a vector function and ^ E VV°°{aa, 2 } . 
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Finally we have the following chains 

(L2(0,T; W~{aQ ,2}))n C (L2(Q))n C (L2(0,T; W~~{aQ, 2}))n 

(L2(0,T;TV0-{aQ,2}))n C (L2(Q))n C (L2(0,T; TV"-{aQ, 2}))n , 

where (L2(0,T; TV-°°{aQ,2}))n and (L2(0,T; Wo"°°{aQ,2}))n are the dual 

spaces of (L2(0,T; W°°{aQ,2}))n and (L2(0,T; Wg°{aa,2}))n respectively. 

The following notation will be used: 

Q = RN x]0,T[, E = r x ] 0 , T [ , 

where £ is the lateral boundary of Q. 

II. Optimal control problem for 
n x n mixed Dirichlet problem of hyperbolic type 

In this section we shall find the optimality conditions of problem (D) which 
is known a s n x n mixed Dirichlet problem of hyperbolic type involving operator 
of infinite order. 

First we prove the existence and uniqueness of the solution for this system, 
then we find the optimality conditions for this system. 

So, for each t G ]0, T[, we define a family of bilinear forms on (W°°{aa, 2})n 

by 

n(t;y,t): (W°°{aa,2})n x (W°°{aa,2})n ->R, 
n / oo n \ 

n(t;y,-$) = £ £ (-l)lQ 'aQD2Qy.(x) + £ a ^ . ( z ) , <j>.(x) 
t= l \ | a | = 0 j = l / L2(RN) 

n / n \ 

= £ ( ^ . ( - 0 + £oytVj(.c), Mx)) 
i = l V j=l /Z-(R") (1) 

n 

= Y,(Myi(x)><f>i(x))L*(R»)' 
i=l 

where y = (y,)"=1,0 = (^)"= 1 € (W~{aa,2})n, MVi e WV°°K,2} and A/ 
is an operator defined on (W£°{aa,2}) by 
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M(y(x)= (y1(x),y2(a;),...,yn(x))) 

( oo n 

Y(-i)la[aaB
2a

yi(x) + Yaijy^ 
| a | = 0 j = l oo n 

E(-l)WaQD2Q
2/2(a:) + E « 2 ^ W I 

| a | = 0 j=l 

| a | = 0 j=l / 

00 n 

= E^^'^a^^J + E îW 
| a | = 0 j = l 

n 

= AVi(x) + E ^jl/jO*) ' i = 1,2,..., n, 
i = i 

where _4 is an infinite order elliptic operator. It is easy to see that M is n x n 
matrix of the form ([7]): 

/ 00 \ 

/ £ (-l) |Q |aQD2Q+l - 1 . . . - 1 \ 
a | = 0 

00 
1 £ ( - l )Ha Q D 2 a +l . . . - 1 

| a | = 0 

1 1 . . . £ ( - l ) H a Q D 2 a + l 
V 1*1=0 / 

The bilinear form (1) is coercive on (W£°{aa,2}) i.e. 

(Vj7 € (W0°°{aa,2})n)(n(t;y,y) > ||y||2„,~{aa,2})n) . (2) 

In fact, the bilinear form (1) can be written as: 

n n, oo n « n 

*(t;yÄ) = E J E «aD
ayi(x)DQ^(x) dx+V^ J E«.„V;0-)*i(*) dx. 

i = l R A f | a | = 0 i = l K JV J = l 
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By taking into account the form of a-•, we have 

IL p KJ<J II n 

^ ; F Í ) = E / £aQDQ
í/í(x)DQ0i(a:)dx+ £ yj(x)4>t(x) dx 

i=1 R" l Q l = 0 i = j = l RN 

n „ n „ 

+ E I yjWM*) d x _ E / yj{x)<t>i(x)dx-
г > J JĴ ІV г < . 7 Ц$ЛГ 

Then 

T(í;y,y) = £ í y ^ a J D ^ . ^ ^ d x + y \Vt(x)\2dx 
*=1 VRAf |a|=0 RJV y 

= £ EaJiDQ^)iІ2 + iм )̂ 
ѓ= l \ | a | = 0 

ѓ= l 

> IIFІI2 
(W-{a«,2})- ' 

For all y, ̂  G (VV0°°{aa, 2})n the function t H-> 7r(t]y, <j>) is continuously differ-
entiable in ]0,T[, and 

*•(*;!/, 0) =n(t'^,y) . (3) 

LEMMA 1. Using theorems of [4], [5], z/ (2) ana7 (3) ZiO/a7, then for given f{ = 
f{(x,t), yi0(x) and yix in L2(Q), W0°°{aQ,2} ana7 L2(R i V) respectively, there 
exists a unique y = (yi)

7l=zl 6 (L2(Q)) satisfying problem (D) which defines the 
state variable of our control problem. 

O u t l i n e of p r o o f . If L is a continuous linear form on (W£°{aa, 2}) , 
then by virtue the chains in Section I 

--(?) = (7^W»»n • 7e K°°{-..-})B-

From the coerciveness conditions, there exists a unique element y = (yi)
n-1 G 

(L2(Q))n such that 

5i2 - , ^ \+7r (y , </»)=/,(</.) 

which is equivalent to the existence of a unique y = (yt)
n
=i £ (L2(Q)) satisfy­

ing problem (D) which defines the state of our control problem. • 
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III. Formulation of the control problem 

The space U = (L2(Q))n is the space of controls. If fi G L2(Q), yi0 G 
TV0°°{aQ,2} and y{1 G L2(RN) and if (2) and (3) hold, then for a control 
u = (u{)

n

=1 G U, the state of the system y(u) = (^(^))^ = 1 , which depends on 
x, t, denoted by y(x,t]u), is given by the solution of the problem (D) i.e., 

d2yi(u) 

дt2 + MУi(u) = fi + u^ in Q, 

D"yi(u) = 0, on S, 

yi(x,0;u) = y.0(x), ^ ^ = Vi>1(x) in RN , W 

Vi(u)eL2(Q), d-lM.eL
2(Q), 

where the operator | - + M is infinite order hyperbolic operator which maps 
(L2(0,T;IT0~{a a,2}))n onto (L2(0,T;W0°°{aa,2}))n ([6]). 

The observation is given by: 

{zi&))n

i=1 = z(u) = y(u) = (yi(u))n

i=l 

i.e., 
z^u) = y^u) for all 1 < i < n. 

For given zd = (z{ d)
n

=1 G (L2(Q))n, the cost function J(u) is given by 

n n 
J&) = Yl WVifi) - ziJh(Q) + Z ^ ^ ' î)L2(Q)> 

i=l i=l 

which is equivalent to 
n p n 

J(u) = S / (%(«) ~ zi,d)2 dx dt + 2 W " . ' UÍ)L*(Q) 
j=l i. i=l 

(5) 

where 
Af=Wi)

n
=1e£((L2(Q))n,(L2(Q))n) 

is a diagonal matrix of Hermitian positive definite operators: Mu = (Miui)
n

=l, 

(Mu,u)(L2(Q))n > CINI(L2(g))« C > 0. (6) 

Our problem is to find 
inf J(v), 

veu&d 

where the set of admissible controls Uad is closed convex subset of (L2(Q))n = U. 
Under the given considerations, we apply the theorems in [2], [4] to obtain: 
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THEOREM 1. We assume that (2), (3) and (6) hold. The cost function is given 
by (5). The optimal control u = (ui)

n

=zl is characterized by (4) and the following 
system of partial differential equations and inequalities 

^M+M*pl{u) = yi{u)-zi<d zn Q, 

D"Pi{u) = 0, on S, (7) 

Pi{x,T;u) = 0, fryB)=Cl in R» , 

and 
n 

X)(Pi(") + Kuv vi ~ ui)LHQ) -- ° f°r aU U = ( W i ) " = l G Kd 

with 

ЧQ) 
0 = 1 

iu/iere M* zs £/ie adjoint operator of M which is defined by 

n 

J'=I 

a- zs £/ie transpose of a^ and p^u) is the adjoint state. 

O u t l i n e of p r o o f . As in [4], the control u — (w-)™=1 £ U&d is optimal 
if and only if 

(Vv = {v{)U € uad) ( £ Jfflfri - ti,) > Oj , 

which is equivalent to: 

n n 

Z X ^ " **,* ̂  - y^LHQ) + Z v 7 ^ ' Ui " ^)L-(Q) ^ ° ' 
i = l i = l 

which may be written as 

T n \ n 

Yl (yi(u)-zi,d>yi(v)-yi(u))LHR»)dt + YlMui'vi-ui)Li(Q)^0- (8) 

We shall now transform (8) as follows. By scalar multiplying both sides of 
the first equation in (7) by (y^v) - y^u)) and integrating between 0, T we 
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obtain 
T 

§/((£+"0*m-*m-*w) *<..,* 
n 

= S / ^УІ^) - ZІ& У^v) ~ УІ(U))LЦR» } dí. 

We take into account conditions (4) and (7), after applying Green's for­
mula to the left side of (7). Notice that if 0. G L2(Q), # € £2(Q), </>•' € 
L2(0,T; W0"

oo{aQ,2}) and if ^ has the same properties, then 
T 

/«,</>.) dt = (^(T), ^(T)) - W(0),^(0)) - (^(T), tf(T)) 
0 

T 

+ (^(0)l^(0))+y,Wi,^
l)d*. 

Then we have 
T 

y ( l / » - *M> »ť(v) " ^(n))L2(R/v) dt 
o 

=/((£+ M>- ( 5 )^'< 5 )- ! '- ( ' i )) I , ( R» )
d t 

T 

= / ( (£ + A ) P | ( B ) + § a^(S)' ̂ " y'(B)) iW: 

• / ("»' (^ + A + E«« ) (» .m-t .m) ) L V ^* 
0 

т 

0 

Hence (8) becomes 

= j ЫU)>VІ-UІ)LЦR») dt' 

т 
n 

.=1 J i=i 

for all U = K ) r = 1 € u a d , 
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I.Є., 

n 

J > » + A/>„ v{ - u{)L2(Q) > 0 for all v = (v,)^ e Uad . 
z = l 

The theorem is proved. • 

Remark 1. If we take n = 2, then the optimality system is given by [4]: 

g^yAu) + Y, ( - 1 ) ' a | f l a D 2 a yx(u) + Vl(u) - y2(u) = / ! + ! * ! in 0 , 
| a | = 0 

^ 2 % ( ^ ) + 5 ] ( ~ l ) | a | a a D 2 a H 2 ( ^ Z ) + 2/1(2Z)+2/2(tZ) = / 2 +7z 2 in Q, 

| a | = 0 

Du;y1(tl) = 0, D W I / 2 ( T Z ) = 0 on S, 

^(XJOJII) = y1?0(x;?Z), y2(z,0;u) =y20(x;u) in R* , 

cfy^O;^) aH2(x,0;?Z) . ^ 
— ^ = yi.i(*;u). — ^ =2/2 j l(x;^) in R " , 

<9 2 °° 
— P l ( t Z ) + ^ ( - l ) l a l a a D 2 a p 1 ( i Z ) + p 1 ( 7 Z ) + p 2 ( ^ = 2 / 1 ( i Z ) - - 2 r l j d in Q, 

| a | = 0 

<9 2 °° 
fl^fa) + ] C ( - 1 ) | a | a a D 2 Q P 2 ( ^ ) -Pl(E) + P 2 ( " ) = %( S ) ~ Z2,d i n 0» 

| a | = 0 

px(iZ) = 0, p2(iZ) = 0 on E, 

p 1 (x,r;i l) = 0, p2(x,T;IZ) = 0 in R^ , 

dPl(x,T;u) dp2(x,T;u) N 

— a t — = 0 ' — a t — " ° m R ' 

/ (p^u) +J\f1u1)(v1 - u-J) + (p2(u)+Af2u2)(v2-u2) dxdt > 0, 

Q for all v = (vx, v2) G Z^ad , 

where u = (ux,u2) £ Wad and p(u) = (p1(u),p2(u)) is the adjoint state. 

IV. Optimal control problem for 
n x n mixed Neumann problem of hyperbolic type 

First we discuss the n x n mixed Neumann problem for hyperbolic type 
involving operator of infinite order. 
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Since (W£°{aa,2})n is every where dense in (W°°{aa,2})n with the topolog­
ical inclusions, (W£°{aa,2})n C (W°°{aa,2})n and since the bilinear form (1) 
is coercive on (W£°{aa,2})n, it is also coercive in (W°°{aa,2})n i.e. 

K(t]V,y) > A|N|(Woo{aai2})» , A > 0. (9) 

Also, for y,(j) G (W°°{aa,2})n the function t H> n(t;y,(j)) is continuously 
differentiable on ]0, T[ and 

7r(t ;y,^)=7r(t ;0,y). (10) 

Under the above considerations, we formulate the following lemma which 
defines the nxn mixed Neumann problem and enables us to state our control 
problem. 

LEMMA 2. Assuming that (9) and (10) hold, then for given f = f(x,t) G 
(L2(Q)) , y{ x G L2(RN), yi0 G TV°°{aa,2}, there exists a unique element y{ 

satisfying: 

Vi> dxk> dt 6 L ( g ) ' 

d2 

—yi + Myi = fi m Q, 

y{ = 0 on S , 
( П ) 

0I/J 

D1V 
i/.fo °) = JV.,O(-0 ' ^ y ^ x ' °) = y u ( x ) i n 

w/iere J ^ is the co-normal derivatives with respect to A. 

P r o o f . Prom (9), we have 

d2 

d-^yi(t) + Myi = fi in Q for all 1 < z < n . 

This equation is equivalent to 

(j^2 ».(*),*.) 2 N +(^-"»i^.)L-(RA') = (/ i (*) ,^) L a ( R N ) . (12) 

Let us define 

(/.(*),0.W*) = J fi(x,tMx) dx, 4>i€ W°°{aa,2}. 
R/V 

In this way we obtain an element of L2 (0, T; TV°°{aa, 2}). 
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So equation (12) can be written as: 

T T 

/ ( |U(0 , M*)) dt + f{Myl{tUi{x))L^N) dt 
0 ^ ' 0 

T 

= f(fi(t),M*))ws)to 
0 
T T 

/(|U(*). *.(*)) dt + j f ^(-«'"'««^^(O^W-dí 
О Ь 2 ( К " ) 0 R A . | a | _ 0 

T 

+ f JY/aijyj{t)cl>i{x)dxdt 
1 

= f(W),<l>i(x))LH1lS)dt. 
0 RIV j - l 

0 

Applying Green's formula to the left side, we get 

92 

/

3 2 /• w 

jpym&) dxdt + j £ (-l)|a|aQD°yi(í)D°>.(s) dxdř 

= ffifaWiWáxdt. 

A « •_-, 

Q 

Then we have 

/ » . ( . ) - - = 0, 

s
 л 

I.Є., 

0 on E for all i = l , 2 , . . . , n . 

o2 

In this case, the operator -^ + M is an infinite order hyperbolic operator, 
it maps (X2(0,T;W°°{aa,2})n onto (L2(0,T; W-°°{aa,2})n. 
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Formulation of our control problem. 

Let {L2(Q))n be the space of controls. For a control u = (uJJLx G (L2(Q))n 

the state y(u) = (_/;(w))i=1 is given by the solution of system: 

д2 

ô i 2«i(«) + Л-"Уi(tt)=/i + «i ш <2> 

ðш _ 
2/Дгt) = 0 on E, 

(13) 

ð ^ 

^ 0 5 5 ) = ^ ^ ) , M | ^ = 2 / . l ( x ) in R", 

^(5) , ^ [ ^ G L2(Q) for all 1 < i < n. 

The cost function is given by (5). Then using the general theory of 
J. L. L i o n s [4], there exists a unique optimal control u = (ui)

n
=1 G U&d 

such that 
(Vv = («.)£_-. G ZYad) (J{u) = mU(v)) . (14) 

• 
Moreover, we have the following theorem that gives a characterization of the 

optimal control. 

THEOREM 2. Problem (14) admits a unique solution u = (^)£=i ^ (L2{Q))n • 
Moreover it is characterized by (13) and the following system: 

(15) 

d2 _ 

gpPi(u) + M*Pi(u) = Vi{u) - zid m Q, 

—Pi(u) = 0 on E , 

Pi(x,T;u) = 0, _h_<p__[_Q in E N 5 

n „ 

E / (PiW + ^iUi) (Vi ~ *i) dX dt * ° f°T al1 U = W = 1 ^ Wad i 
* = 1 Q 

w/iere u = (ui)
n

=1 G £/ad, p{(u) is the adjoint state variable for 1 < i < n. 

O u t l i n e of t h e p r o o f . Since J(u) is differentiable and ZYad is bound­
ed, the optimal control u = {ui)

n
=l G Wad is characterized by 

( w = w = 1 e uad) (J2 j'mv, -«.) > o j , 
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which is equivalent to 

n n 

~~X»i(~) " ZM> »i(~) " 2/i(~))L2(Q) + YKMiui^vi-ui)L2(Q) - ° ' (16) 
2 = 1 1 = 1 

Now, forming the scalar product of the first equation in (15) with yffl-yfo) 
and integrating between 0, T , we have 

T 

J (l/i(~) " *i,d> !/*(") ~ yt(~))L'(R-V) d t 

0 

T 

~ tilwPi^) + M*^)> %(") " Wi(")) d* 
J \ a t J L2(RN) 

T 

= J (jjpPifi) + -4?i(~) + 5^aj;Hj(~), Vi(v) -yi(u)\ 2 ^ dt 

T T 

- y f^2^(^) ' Vi(v) -%(")) 2 N
 dt + J (Apfo)* yfi) ~yi(v))L

2(RN) dt 

+ / ( . S aj^j(^)' %(~) - %(")) d t • 
0 \i=- / L2(RN) 

Applying Green's formula to the right hand side, we get 

T T 

f f(Pi(ӣ)~(Уi(v)-Уi(ӣ))) dxdt + J J(Pi(ӣ)A(Уi(v)-Уi(ӣ))) dxdt 
0 RN 0 RW 

T 

+f f (pÁъ)(JtaiiШ-y^)))) txdt 
0 MIv J = 1 

JҖPІWЫУ-VM) d-- + /(ł'ł(5)^Ы«)-»ť(-î))) dS. 

Using the conditions in (13) and (15), we have 

T r 

/(»,(«) - *.,<.. %(«) - y . ( s ) W * ) d ř = / / P . Í " ) ^ - ui) áxdt-
0 0 RЛf 
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Therefore (16) becomes: 

£ / {Pi(u) + A/>.) (y{ - ut) dx dt > 0 for all v = (v^=1 € Wad , 
i = 1 Q 

which completes the proof. ---

Remark 2. Let n = 2, then the optimality system is given by 

n2 °° 
J^Vl(*)- E ( - 1 ) H a a D 2 a Wl( ! I )+Wl( S ) "»2^ ) = / l + M l l n <? ' 

|a |=0 

<92 °° 
^2 y2(«) - E ("1) | a | aaD2ay2(S) + yi(u) + y2(u) = f2 + u2 in Q, 

|a |=0 

»ifa) = o, ^ % ( ^ ) = 0 o n s ' a*/^lv ' ' a^ 
^ ( x ^ ï ï ) = y 1 0 (x) , y2(x,0;ïï) = y2 0(x) in Ew , 

^ ^ = v u ( * > . ^ % ^ = * - » in K"' 

ô^Pi(«) - E ( - 1 ) H a a D 2 a p i ( " ) + P i ( « ) + p 2 ( " ) = yi(u)-^,<i i n <2> 
0 1 |a |=0 
„ 2 oo 

75-P2(«)- E ( - 1 ) | Q | a a D 2 > 2 ( ^ ) - P l ( " ) + P 2 ( ^ ) = 1 / 2 ^ ) - ^ ^ Q. 
^ |« |=0 

^ i M . O , ^ = 0 on E, 
дv% ' Ә z ^ 

J.JV p Д x . T j ï ï ^ O , p2(x,T;ц) = 0 in 

дPl{x,T;ӣ) = Q ðp2(x,Г;ïï) = Q i n tjł 
дt ' дt 

/ (Pi(«) + .A/i«i)(«i - «i) + (p2(u) +N 2 u 2 )( t ; 2 - «2) dxd* > 0 

for all t7 = (« 1 , t ; 2 )€u a d ) 

where 17 = (u1;u2) G uad, p(w) = (p^u^p^H)) is the adjoint state. 
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