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ALGEBRAICALLY UNRELATED SEQUENCES

JAROSLAV HANCL

(Communicated by Stanislav Jakubec )

ABSTRACT. The paper deals with the so-called algebraically unrelated se-
quences. The criterion and some applications for infinite series of rational numbers

are included.

1. Introduction

One approach to prove the algebraic independence of numbers is due to
Mahler. For instance, Becker in [1] proved the algebraic independence of the
values of certain series or Nishioka in [7] proved the algebraic independence
of values of special functions. A nice survey of this kind of results can be found
in the book of Nishioka in [6].

Other methods are described in Bundschuh [2], Han¢l [4] or

Nettler [5].
The following is an immediate consequence of Bundschuh’s Criterion for al-

gebraic independence in [3].

THEOREM 1.1. Let K be a positive integer. Assume that {a; .}22, (j =
1,2,...,K) are sequences of positive integers and {b] 2, (G =1, 2 LK)
are sequences of integers. Suppose that g: N — R is the function such that

3 90 =
and for infinitely many positive integers n and for every k=1,2,... K
© b 1
9(n) Z Z > aL S TR e M
=1 lizn+1 % i=n+1 K ( 11 lcm(ajyl, .. .,a]-’n))

Jj=1
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where lem(zy,...,x,) is the least common multiply of the numbers z,,...,z, .
(o e}
Then the numbers Y, %J—: (7 =1,2,...,K) are algebraically independent over

n=1
the rational numbers.

2. Algebraically unrelated sequences

DEFINITION 2.1. Let {a, };2, (i = 1 ., K) be sequences of positive
real numbers. If for every sequence {c,}°, of positive integers the numbers
o0 o0

> allc ey 3 aKl — are algebralcally independent, then the sequences
n=1 e n=1 me

{a; 302y (i=1,...,K) are algebraically unrelated.

THEOREM 2.1. Let K be a positive integer. Assume that €, €,, €, and €,
are positive real numbers such that

(1—¢))e(1+6)>1 and €, <1<¢;. (2)

Let {a; ,}2, and {b, g Sl (i = 1,...,K) be sequences of positive integers
with {al,n}":1 is nondecreasing, such that

lim sup ~ log loga, ,, =0, (3)
n—o0
b . C
lim —="= =0 forall jie{l,...,K}, i>j, (4)
n—oo b. a.
wn-jn

and for every sufficiently large positive integer n and for every i =1,2,..., K
ntte < ay s (5)
b < @il (6)
ai,n < a’i,n < ai?n : (7)

Then the sequences {—'1 ©, (i=1,...,K) are algebraically unrelated.

EXAMPLE 2.1. Let K be a positive integer. As an immediate consequence of
Theorem 2.1 we obtain that the sequences

{ o2n 4 in?

o0
- } , 1i=1,2,..., K,
n*+1 ),

are algebraically unrelated.
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EXAMPLE 2.2. Let K be a positive integer. As an immediate consequence of
Theorem 2.1 we obtain that the sequences

n" 4+ 17 :
{ﬁ—} y Z=1,2,...,K,
22" 4+ n n=1

are algebraically unrelated.

OPEN PROBLEM 2.1. Let K be a positive integer greater than one. Are the
sequences
2™ + in?
2i 4+ (-1)n
algebraically unrelated?

0o
} . i=12,... K,
n=1

3. Proofs

LEMMA 3.1. Let € be a positive real number and €, be a nonnegative real
number satisfying

(I-¢€)1+¢€)>1. (8)
Assume that {a,}52, and {b,}32, are two sequences of positive integers with
{a,}52 is nondecreaszng such that for every sufficiently large positive integer n
n't¢ <a, 9)

and
b, <ail. (10)

Then there exists a positive real number B such that for every sufficiently large

positive integer n
= 1
> 2 < 5 an
j=n J an

Proof. From (10) we obtain

2.

l1—¢ a
n<j<an ?

n Jj>an

(12)

—e1

2

Now we will estimate the right side of inequality (12). For the first summand we
have the estimation

l—el
1 an 1
— < = — . (13)
Z 0,1 €1 al—¢1 1_;1.
1—e9 7J n an
n<j<an
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Now we will estimate the second summand of inequality (12). From (8) and (9)
we obtain that for every sufficiently large positive integer n

0o
2dzx
Z 1_—51 < Z 1+e (1 €1) < / r(1+e)(1—e1)

1__51L] 12,

j>an 2 J>an an;zl (14)

1 _ 1

S 1-ey (1+5)(12—sl)—1 - (- 51)(1+z)(1—§_—5-—-1) :
<an 2 an 4
Let us put

g=gmin{ls2 Li-e)1+e) (g —e)}- (15)
Then inequalities (12), (13) and (14) and equation (15) imply (11). The proof
of Lemma 3.1 is complete. O
Proof of Theorem 2.1. Let {c,}72; be a sequence of positive in-

tegers. Then there is a bijective map o: N —) N such that the sequence

o0
{c (n) @1, a(n)} » is non-decreasing.

Now we will prove that the sequences {c (n) Z7U(n)}:°=1 and {biya(n)}:o=1
(¢ = 1,...,K) will satisfy conditions (2)-(7). Condition (2) holds. From
CU(1l)a1,U(n) 2 al)n, Ca,(n)ai’a_(n) > az’o,(n) (Z = 1,...,K) and 52 <1< 53
we obtain conditions (3), (5), (6) and (7). If ¢ > 7, then

Co(n)%io(n)Vjo(n) % o(n)jo(n) _

= lim
a(n)aj,a(n)bz,a(n) n—oo aj,a(n)b

a. b.
i,n"jn
= lim —b]— =0.
i,0(n) n—oo a],n i,n

lim
n—o00 C

Hence (4) holds.

Thus it suffices to prove if K, €, ¢;, €,, €; and the sequences {a; tnel
{b; oz (i=1,...,K) satisfy all condltlons stated in Theorem 2.1, then the

(e o0
bin bK . . . .
numbers a—i’:, Y aﬁ'n are algebraically independent over the rational
n=1 " n=1 ’

numbers. To establish this, we verify condition (1) of Theorem 1.1. Let R be a
large positive real number.

1. We prove that for every k = 2,...,K and for every sufficiently large
positive integer n

00 bk ) k—1 oo b..
*—R It > 0.
> DI D e (16)
i=n+1 j=1li=n+1 I
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From (4) we obtain that for every sufficiently large positive integer n

0 —b-l&i_Rk—l i bji =kil i (_l_bLZ__Rb_Ji)
i=nt1 Ok,i i=li=nt1 %id j=limntl k—1la, 4ji
:k_li bk"( . —Rb“’”)>0
s a ; k-1 a;.b

Thus (16) holds.
2. Now we prove that there exist infinitely many positive integers n such that
for every k=1,2,..., K

(o <]

p—

b, .
e T (17)

) a, . k n R
S0 (1 flay)
j=1i=1

Inequalities (6) and (7) imply that for every k = 2,..., K and for every suffi-
ciently large positive integer n

oo oo [e <]

1 1
> - ’]<Z 151—Zm322T:):—,

j=n+1 P, Jj=n+1 j=n+1%1j j=n+1 [alyj ]+ 1

where [z] is the greatest integer less than or equal z. Let {a,}32; and {b,}52,

be two sequences of positive mtegers such that either {a,}72; = {a; ,}72, and
adey = (oo or {endoy = {[olln ™)+ 1}7, and {5,102, = {1}32,.
Now we will prove that the sequences {a,}2, and {b,}2, satlsfy all as-
sumptions stated in Lemma 3.1. This is obvious for {a,};2, = {a; ,}32, and
)2y = (b}, For (o, = {[a’7V] + 1}2°, and {b,}

{1}2, we have b, =1 = al Thus (10) holds. Conditions (2) and (5) 1mply
a, = [agln“)s’] +1> afly el)es > n—e1)e2(4e) where (1 —¢,)e,(1+¢€) > 1.
Hence (9) holds. Condxtlon (8) has the form (1 — 61)82(1 +¢€) > 1 and immedi-
ately follows from (2).

Hence Lemma 3.1 implies that there exists positive real number § such that
for every £k =1,2,..., K and for every sufficiently large positive integer n

o0
1

Z bk,i <

. B
i=nt1 %k 01 nq

(18)

Let S be a sufficiently large positive integer such that

(1+ (k—1)e;)R

S>1+
g

(19)
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Then (3) implies that
1
limsup a7,
n—oo

=00. (20)
From this we obtain that for infinitely many positive integers n

1
s"+I
a’piy > max a’, (21)

otherwise there exist n, such that for every positive integer n with n > n,

1 1
as" < max a¥ = max a’’
i,n+1 1 jopax G

which contradicts (20). Now inequality (21) implies that for infinitely many
positive integers n

L gntl L\ (S=1)(87 4877144 5)
a >( max a ) >( max as-)
1I,nt+1 j=1 L,j =1, 1
n . S—1 n S—1 (22)
= (T(mes,o®)”) = (110
j:] j=1

From (18), (19) and (22) we obtain that for infinitely many sufficiently large
positive integers n

v n R o , (1+(ks—-—ll)sa)R ( :
HHaj,i Z a < 8 - =0y 41 <l
i=1i=1 i=n+1 ki Q1 n+1
This and (16) imply (1) and the proof of Theorem 2.1 is complete. a
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