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ABSTRACT. Some conditions under which a homogeneous effect algebra can be
covered by MV-algebras are shown. Relations between completeness of homoge-
neous effect algebras and that of their blocks are studied.

1. Introduction

Effect algebras (or D-posets) have been introduced for the study of founda-
tions of quantum mechanics (see [9], [18], [11], [8]). The prototype effect algebra
is (£(H);®,0,I), where H is a Hilbert space and £(H) consists of all self-
adjoint operators A on H such that 0 < A< I.For A,Be€ E(H), A®B is
defined if and only if A+ B < I and then A® B = A + B. Elements of £(H)
are called effects and they play an important role in the theory of quantum
measurements ([2], [3]).

The class of effect algebras includes orthoalgebras [10] and a subclass (called
MV-effect algebras or Boolean D-posets) which are essentially equivalent to
MV-algebras introduced by Chang in [4] (cf. e.g. [6], [9], [8] for relations
between effect algebras and MV-algebras). The class of orthoalgebras includes
further well-known structures that were considered as quantum logics, like ortho-
modular posets ([20]) and orthomodular lattices ([1], [16]).

A very important relation from the point of view of physical applications is the
compatibility relation. It is well known that maximal sets of pairwise compatible
elements in an orthomodular lattice L form maximal Boolean subalgebras (so
called blocks) of L ([1], [16]). A similar result was obtained in orthomodular
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posets, where a stronger relation of so called f-compatibility has to be used
instead of the pairwise compatibility ([20]).

Recently, these results have been extended to lattice ordered effect algebras
([25]), where it was shown that maximal pairwise compatible sets of elements
form MV-algebras; to effect algebras with the Riesz interpolation property, where
it was proved that, provided the latter effect algebras satisfy an additional nat-
ural property, then maximal sets of pairwise strongly compatible elements form
MV-algebras; and to homogeneous effect algebras ([12]), where pairwise com-
patibility was replaced by the existence of orthogonal covers (an analogue of
f-compatibility from orthomodular posets), and it was proved that homogeneous
effect algebras can be covered by blocks which are effect subalgebras with the
Riesz decomposition property.

In the present paper, we will further study compatibility properties in homo-
geneous effect algebras and find conditions under which they can be covered by
MV-algebras.

2. Definitions and basic results

An effect algebra is a partial algebra (E;@®,0,1) with a partial binary oper-
ation @ and two nullary operations 0, 1 satisfying the following conditions.

(E1) If a ® b is defined, then b@® a is defined and a®b=b0Da.

(E2) If a®b and (a®b) D c are defined, then bdc and a® (bDc) are defined
and (a®b)dc=a® (bDc).

(E3) For every a € E there is a unique a' € E such that a®a’ = 1.

(E4) If a ® 1 exists, then a =0.

Effect algebras in the latter form were introduced by Foulis and Bennett
in [9]. Independently, Ké6pka and Chovanec introduced an essentially
equivalent structure called D-poset, [18]. Another equivalent structure, called
weak orthoalgebra, was introduced by Giuntini and Greuling in [11].

For brevity, we denote the effect algebra (E;@®,0,1) by E. For a,b € E, we
write a < b if there is ¢ € E such that a®c = b. It turns out that < is a partial
order on FE such that for every a € E, 0 < a < 1. Moreover, it is possible to
introduce a new partial binary operation © such that bSa is defined if and only
if a <b and then a® (b6 a) = b. It can be proved that a @ b is defined if and
only if a < b’ if and only if b < a’. In analogy with orthomodular posets, we
say that a and b are orthogonal and write a L b if a®b exists. Let E; C E be
such that 1 € E, and a,b € E, with a < b implies bSa € E,. Since o' = 16a,
and a® b= (a' ©b)', E, is closed with respect to ' and @. We then call E; a
sub-effect algebra of E.
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Remark. For our purposes, it is natural to consider orthomodular lattices, or-
thomodular posets, MV-algebras and Boolean algebras as special types of effect
algebras. In this paper, we will write briefly “orthomodular lattice” instead of
“effect algebra associated with an orthomodular lattice” and similarly for ortho-
modular posets, MV-algebras and Boolean algebras.

For a € E we define 0-a =0, and (n+1)a = na®a if all involved elements
exist. The greatest n such that na exists is called the isotropic indezx of a,
denoted ¢(a).

Two elements a, b in an effect algebra E are called (Mackey) compatible
(written a ¢ b) if there are elements a, b;,c € E such that a = a;®c, b = b, B¢
and a; ®b; ®c € E. The triple (a;,b;,c) is called a Mackey decomposition of
the ordered pair (a,b).

An effect algebra E is

- an orthoalgebra if a L a => a =0 (cf. [10]);
equivalently, if ¢(a) = 1 whenever a # 0;

— an orthomodular poset if and only if, for all a,b,c € E, a L b, b L ¢,
¢ L a implies that a® b L c; observe that an orthomodular poset is an
orthoalgebra. Indeed, if a L a, then together with a L a' it gives a L 1,
which entails a = 0;

— an orthomodular lattice if it is a lattice ordered orthomodular poset;

— an MV-algebra if E is lattice ordered and for every a,b € E, a < b
holds;

— a Boolean algebra if E is an MV-algebra and an orthoalgebra in the
same time, equivalently, if E is an orthomodular lattice and for every
a,be FE, a+ b holds.

According to [24], an effect algebra E satisfies the Riesz decomposition prop-
erty ((RDP), for short) if one (and hence both) of the following equivalent prop-
erties is satisfied.

(R1) a,b,ce E, b L cand a <b®c implies a = a, ®a, with a; <b, a, <c.
(R2) a®b = c®d implies that there are orthogonal elements w, ;, w; 5, Wy, Wyy
such that @ = wy; ®w;,, b =Wy, Ow,,, c=w;; Bw,y;, d=w,, Dw,,.

A partially ordered set M satisfies the Riesz interpolation property ((RIP),
for short) if for every a,b,c,d € M such that a,b < ¢,d?, then there is z € M
such that a,b <z <¢,d.

If M is a lattice, then it satisfies (RIP). It was proved in [24] that (RDP)
implies (RIP), but the converse implication need not hold. Indeed, in a lattice
ordered effect algebra, (RIP) always holds, but there are examples of lattice
ordered effect algebras not satisfying (RDP) (see, e.g., so called diamond in (8]).

la,b < ¢, d is an abbreviation of a < ¢, a < d and b<e, b<d.
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By the results of [5], [6], [21] a lattice ordered effect algebra is an MV-algebra
if and only if every two elements in E are compatible. Equivalently, a lattice
ordered effect algebra is an MV-algebra if and only if F satisfies (RDP).

3. Compatibility and blocks

In the previous section, we already introduced the notion of Mackey compat-
ibility: an ordered pair (a,b) in an effect algebra E is compatible (a < b) if
there is a triple (ay,b;,c¢) in E such that a; @b, & c is defined and a =a, ® ¢,
b= b, @ c. Simple basic properties of Mackey compatibility are included in the
following lemma.

LEMMA 3.1. ([17], [8]) Let E be an effect algebra, a,b € E, and (a,,b;,c) be
a Mackey decomposition of (a,b).

(i) a +> b if and only if b <> a, and the Mackey triple corresponding to (b, a)
is (by,a;,c).

(ii) a L b implies a < b with a=a®0, b=080.

(ili) a < b implies a b with a=0®a, b=bOada.

(iv) a > b implies a' <> b with o' = d'®b,, b= c®b;, where d := a, Db, Bc.

(v) a + b if and only if there are elements c,d € E such that ¢ < a,b < d
with a ©c=d o b (equivalently, b&c=dSa).

(vi) If E is an orthomodular poset, and a < b with Mackey decomposition
(a;,by,c), then aVb and aAb ezist, and c=aAb, a, Db, Dc=aVb.

Moreover, in every effect algebra E, the following holds.

LEMMA 3.2. Let E be an effect algebra. Let a,b,c € E be such that b < c,
aVbeE, aNbe E and b (aAb) =(aVbd)Sa, a6 (aNc)=(aVec)Sc.
Then a <+ b, a<>c and a & (cSb).

Proof. Lemma 3.1(v) implies that a <+ b and a + c. To show that
a < (cob), we follow the pattern of [7; Proposition 3.1(ii)]. Since aAb < aAc,
there is an element w € E such that (a Ab) ® w = a A c. Therefore a Vb =
(b6(anb))® (ac(anb))®(anbd) < aVe = (ad(anc)) @ (cO(aic))®(aAc). From
a = (aAb)® (a0 (aAb)) = (aAc)®(a®(aAc)), we have bS(aAb) < cO(aAc).
There exists an element v € E such that (& (aAb)) @v=cE (aAc). Then
c=(co(anc) ®anc=(aAb)Bwd (bS(aAb)) v and c® (a© (aAc)) =
(anb)dwdvd (bo(aAb) ® (a6 (aAc)) € E. Hence c©b=w@ v and
a=w® [(aAb)® (a© (aAc))], which concludes a ¢ (cEb). O

Observe that, owing to (vi) of Lemma 3.1, Mackey decompositions in ortho-
modular posets are uniquely defined, but in a general situation, there may exist
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several Mackey decompositions for a pair of compatible elements (cf. e.g. [19]).
The following lemma was proved in [22].

LEMMA 3.3. Let (a;,b;,c) be a Mackey decomposition of (a,b). Let ¢ <
¢<a,b. Then (a©¢,bO ¢, c) is a Mackey decomposition of (a,b).

Proof. We can write a=¢c®(a6¢), b=¢® (bo¢). Then ad (b0 ¢) <
a®(boc) = a, @b, dc. It follows that (a©¢,bO¢, ) is a Mackey decomposition
of (a,b). a

In [21], the following strengthening of Mackey compatibility was introduced.
We say that a, b are strongly compatible (written a <> b) and that (ay,b;,c¢) is
a strong Mackey decomposition of (a,b), if a & b with a =a; ®¢c, b=10, ®c,
d:=a, ®b, ®c exists and a; A b, =0.

Clearly, a & b implies a > b, the converse need not hold, in general. The con-
verse implication holds trivially in all orthoalgebras, since there a, L b, implies
a; A by = 0. In lattice ordered effect algebras, Lemma 3.3 and Proposition 3.4
below imply that pairwise compatible elements are also strongly compatible (see
also [21]). In [22], the following characterizations of strong compatibility were
found. For the convenience of readers, we include the proofs.

PROPOSITION 3.4. Let a, b be elements of an effect algebra E. Let (a,,b,,c)
be a Mackey decomposition of (a,b). The following statements are equivalent.
(i) (aq,by,¢) is a strong Mackey decompasition of (a,b).
(ii) ¢ is @ mazimal lower bound of a,b.
(iii) d:=a; ® b, @ c is a minimal upper bound of a,b.

Proof.

(i) = (ii): Let (a;,b;,c) be a strong Mackey decomposition of (a,b). Let
€ € E be such that ¢ < ¢ < a,b. Thereisan z € E such that c=c®d z. We
have

a=c® (a6 (1)
=c®r®(a0d) =cda,, (2)
hence a; =z ® (¢ ©¢),
b=co(bed) (3)
=c®z@ (b0 =co®b, (4)

hence b, = z ® (b ). It follows that = < a;,b,, so z = 0. Therefore c is a
maximal lower bound of a,b.

(ii) = (i): Let ¢ be a maximal lower bound of a,b and let (a;,b;,¢c) be
a Mackey decomposition of (a,b). Assume that z < a;,b,. Then a; =z ® a,,
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b,=z®b,,sothat a=z®c®a,, b=a®cdb,. Hence c<zdc < a,b. As c
is a maximal lower bound of a,b, then z =0, and (a,,b;,¢) is a strong Mackey
decomposition of (a,b).

(i) <= (iii): Assume that (a,,b;,c) is a Mackey decomposition of (a,b).
Put d:=a, ®b;, ®c. Then a©c=dob. Let there be a d with a,b < d < d.
There is y € E such that d = d®y. So we obtain aSc = (d@y)eb = (d@b)@y,
and hence (a ©¢) ©y = d © b, which implies that a © (c®y) = d© b. Hence
c®y < a, and similarly we prove that c®y < b. So if d is not a minimal upper
bound of a,b, then ¢ is not a maximal lower bound of a,b. By reversing the
implications we obtain the converse. It follows that ¢ is a maximal lower bound
of a,b if and only if d is a minimal upper bound of a,b. O

As a + b implies @’ & V', and if ¢ is a maximal lower bound of a,b, then
¢ is a minimal upper bound of a’,b’', we conclude that a < b if and only if
a' & b'. But in general it need not hold that a < b implies a’ & b.

We will say that E satisfies the strong difference compatibility property
(SDQ) if the following condition is satisfied:

(SDC) a &b, aS candb<c = aS (cob).

If E is lattice ordered, then for a,b € E, a b if and only if a <& b if and

only if (aVb)©a=0>b6 (aAb) ([6], [8; Theorem 1.10.6]), so that Lemma 3.2
implies that (SDC) is satisfied.

Observe that by Lemma 3.1(vi), pairwise compatibility in orthomodular
posets coincides with strong (pairwise) compatibility. We may conclude from
Lemma 3.2 that (SDC) is satisfied. In the case of orthomodular posets it turned
out that to describe their blocks (maximal Boolean subalgebras), pairwise com-
patibility may be not sufficient and a stronger notion of so called f-compatibility
is to be introduced ([20]). Recall that pairwise compatibility coincides with
f-compatibility if and only if the orthomodular poset is regular, i.e., for every
three pairwise compatible elements elements a, b, ¢ we have a « bV ¢ ([20]).
As an example of a non-regular orthomodular poset, we may consider the family
of all subsets with even cardinality of the set {1,2,3,4,5,6,7,8}. Recall that
two elements a, b are compatible if and only if a N'b is of even cardinality (see
[20; Exercise 1.4.11]). Put a = {1,2,3,4}, b= {1,2,5,6}, c = {2,3,5,7}. Then
a, b, c are pairwise compatible, but bV c is not compatible with a.

On the other hand, if E is an effect algebra with (RIP), then a < b implies
that aAb and aVb exist. In addition, for every three pairwise strongly compatible
elements a, b, c it holds that a < bV ¢ ([7]), however, (SDC) may fail. Indeed,
consider the following example (see [7; Example 2.1]). Let G be the additive
group R? with the positive cone of all (z,y) such that either z = y = 0 or
z > 0 and y > 0. The interval E = [0,u], where u = (1,1), is an effect
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algebra with (RDP), which is an anti-lattice?. Take a = (0.6,0.8), b = (0.3,0.2),
c¢=(0.5,0.5). Then b < ¢ < a, hence aAc, bAc exist in E, but a©b = (0.3,0.6)
is not comparable with ¢, hence (a © b) A ¢ does not exist in E.

A generalization of f-compatibility to effect algebras is the notion of joint
compatibility described below.

Let C := (cq,...,c,) be a finite sequence of elements of E. We say that C
is jointly orthogonal (or simply orthogonal) if the sum ¢, ®c, ® - ® ¢, exists
in E. We then write QC :=c, ®c,®---Dc,.

A finite family M of elements of E is said to be jointly compatible (or simply

compatible) if there is a finite orthogonal sequence C = (c,,...,¢,) such that
for every a € M there is a set I, C {1,...,n} such that a = @ c,. We say
i€l,

that C covers M, and call C a cover of M. If M is an arbitrary subset of E,
we say that M is (jointly) compatible if every finite subset of M is compatible.
Let F be a subset of E. We say that elements A = (a,,...,a,) are compatible
in F if A is compatible with a cover C C F. We say that M C E is internally
compatible if M is compatible in M. We say that (a,b) are Mackey compatible
in F if there is a Mackey decomposition (a,,b;,c) of (a,b) with a;,b;,c € F.It
is straightforward to show that if (a,,...,a,) are compatiblein F', then elements
in every subsequence of (a,,...,a, ) are compatiblein F'.In particular, for every
i,j €{1,2,...,n}, (ai,aj) are Mackey compatible in F'.

In [12], the following weakening of the (RDP) was introduced: We say that an
effect algebra F is homogeneous if, whenever a,b,c € E are such that a < bdec,
a< (b®c), there are a; < b and a, < c with a =a, @ a,.

Notice that

(i) every effect algebra satisfying (RDP) is homogeneous,
(ii) every orthoalgebra is homogeneous,
(iii) every lattice ordered effect algebra is homogeneous.

(i) follows directly from the definition. (ii): if a < b®c and a < (b&¢)’, then
ala,hence a=0. (ili): a < b®c, a < (bdc)' imply that a, b, ¢ are pairwise
compatible, hence by [25], they are contained in a block which is MV-sub-effect
algebra of E, and since MV-algebras satisfy (RDP), F is homogeneous.

A block in a homogeneous effect algebra is defined as a maximal sub-effect
algebra B of E satisfying (RDP). The following modification of Lemma 3.2 was
proved ([12; Corollary 3.3]).

PROPOSITION 3.5. Let M be a finite compatible subset of a homogeneous
effect algebra E. Let a,b € M be such that a > b. Then M U {a© b} is a
compatible set.

2j.e.,, aAb and a Vb exist if and only if a and b are comparable.
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Observe that Proposition 3.5 implies that if M is a finite compatible set,
then M U {1} is a compatible set and, if a € M, then 1 > a implies M U {a’}
is a compatible set. From the equality a ® b = o’ © b whenever a L b, we derive
that M U {a @ b} is a compatible set.

In [12], the following results were obtained.

THEOREM 3.6. Let E be a homogeneous effect algebra.

(i) Blocks can be characterized as mazimal internally compatible subsets of
E containing 1.
(ii) Every finite compatible subset of E can be embedded into a block.

4. Blocks and orthocompleteness

Let m be any cardinal. An effect algebra E is called m-orthocomplete if
every orthogonal family in E of cardinality at most m has an @-sum in E.

We will say that a sub-effect algebra L of an m-orthocomplete effect alge-
bra E is sub-m-orthocomplete if for every orthogonal subfamily J C L with
cardinality at most m, we have @ J € L.

An effect algebra E is monotone m-complete if every ascending chain of
elements of E of cardinality at most m has a least upper bound in E (dually,
every descending chain of cardinality at most m has a greatest lower bound
in E).

An effect algebra S has the m -complete Riesz interpolation property if for any
collections (a;);cs, (b;);cs, where I, J are arbitrary index sets with cardinality
at most m, we have a, < bj forall i € I, j € J, there exists ¢ € E such that
a; <c<b; foralliel, jeJ.

If m = X,, we obtain the following.

An effect algebra E is o-orthocomplete if every at most countable orthogonal
set has an @-sum in E. E is monotone o-complete if every countable ascending
chain has a supremum in E (and dually, every countable descending chain has
an infimum in E).

We say that E satisfies countable (RIP) if for every countable collections
(a;);er and (b)), of elements of E such that a; > b foralli €I, jeJ
there is an element z € E such that a, > 2 > bj forallzel, jeJ.

It was proved in [13] that an effect algebra E is o-orthocomplete if and only
if it is monotone o-complete. More generally, for every cardinal m, an effect
algebra E is m-orthocomplete if and only if E is monotone m-complete ([14]).

Recall that an effect algebra E is Archimedean if for every a # 0, the isotropic
index ¢(a) is finite.
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A o-orthocomplete effect algebra is Archimedean. Indeed, assume that na
is defined for all n € N, then (a;);cy, @; = a for all i € N, is an orthogonal
family, so @ a; exists in E, and P a;, =a® @ a, entails a =0.

i€N €N i€N
PROPOSITION 4.1. Let E be a monotone o-complete effect algebra with
(RIP). Then E satisfies countable (RIP).

Proof. Let (a;);c; and (b;) jeJ be countable collections of elements of E
such that a; > b, for all i € I, j € J. We may assume that I = J = N, the
set of posmve 1ntegers Select z; in E such that a;,a, > z; > b;,b,. Now
select z, € F such that a;,a, > x, > x,,b;. This process may obviously be

continued to obtain an ascending sequence z; < z, < ... such that ay, a >
T; > b,y 0, Since E is monotone o-complete, y; = ny exists in F,
1

and a,,a, >y, > b; for all j € N. We may repeat this process to obtain
Y, € E such that yl,a3 > y2 > b and we may continue thereby constructing
a descending chain y; > y, > .... As E is monotone o-complete, z = A y,
exists in E, and the fact that €N

(Vi,j €N)(a; >z > b))
follows easily. a

An effect algebra E is orthocomplete if it is m-orthocomplete for any
cardinal m. Similarly we define monotone complete effect algebra and com-
plete (RIP).

In [22], the following observation can be found.

PROPOSITION 4.2. For all elements a, b of an orthocomplete effect algebra,
a e b implies a & b.

THEOREM 4.3. Let E be an effect algebra. The following statements are equiv-
alent.

(i) E is orthocomplete and satisfies (RIP).

(ii) E is monotone complete and satisfies (RIP).
(iii) E is lattice ordered and satisfies complete (RIP).
(iv) E is a complete lattice.

Proof. The equivalence of (i) and (ii) follows from [14].

(ili)) = (iv): Let M be any subset of elements of E. Let V(M) denote
the set of all upper bounds of M. Since 1 € V(M), V(M) #0.Forall a € M,
b € V(M) we have a < b and from complete (RIP), there exists ¢ € F such that
a<c<bforall a e M and b € V(M). It follows that ¢ € V(M), and since
¢ < b for any other b € V(M), c is the least upper bound of M, ie. c=\V M.
The existence of A\ M can be proved analogously.
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(iv) = (iii): obvious.

(il) = (iv): Let V(a,b) denote the set of all upper bounds of elements
a,b € E. Since E is monotone complete, every descending chain in V(a,b) hasa
greatest lower bound in E, which clearly belongs to V(a,b). By Zorn’s lemma,
there is a minimal element, say d, in V(a,b). Let ¢ € V(a,b) be arbitrary.
Then a,b < ¢,d and owing to (RIP), there is ¢ € F with a,b < z < ¢,d. By
minimality of d, x = d, hence d < ¢. This proves that d = aV b, and E is a
lattice. To prove that E is a complete lattice, let M be any subset of elements
of E, and let V(M) be the set of all upper bounds of M. Since E is monotone
complete, every descending chain in V(M) has a greatest lower bound in F,
which belongs to V(M ). By Zorn’s lemma, there is a minimal element in V(M),
say v. For any other b € V(M), bAv € V(M), and minimality of v implies that
v < b. So v is the least upper bound of M. This proves that E is a complete
lattice.

(iv) = (i): obvious. a

We note that for the case of lattice ordered effect algebras, the equivalence
of (i) and (iv) was proved in [27].
It is well known that an orthomodular lattice L is orthocomplete (i.e., it is a

complete lattice) if and only if all its blocks are orthocomplete (i.e., are complete
Boolean algebras), see e.g. [28; p. 23].

For the case of orthoalgebras, some relations between orthocompleteness of
the orthoalgebra and its blocks were shown in [29].

In this section, we prove that for lattice ordered effect algebras, similar results
to those for orthomodular lattices can be obtained.

THEOREM 4.4. A lattice ordered effect algebra E is orthocomplete if and only
if every block of E is orthocomplete.

Proof. Let F be orthocomplete. By Theorem 4.3, E is a complete lattice.
Let B be ablock of E, and M an arbitrary subset of B. Let a =\/ M (in F).
By [15], for every b € B, b + m for every m € M implies a ¢ b. Since
B is maximal pairwise compatible set, a € B, and therefore B is a complete
MV-subalgebra of E (see also [26]).

Conversely, let every block in F be a complete MV algebra. Choose an or-
thogonal family M in E, and denote by F (M) the class of all finite subfamilies
of M. We may assume that there is an upper bound of {F : F € F(M)}
different from 1. Then there is an element a € E, a # 0, a L @ F for all
F € F(M). Denote by A the class of all orthogonal families A of E con-
sisting of nonzero elements and such that (G U F) is an orthogonal family for
all F e F(M), G € F(A), Ac A, ie, ®F < (®G) for all F e F(M),
G € F(A). The A is nonempty and can be partially ordered by A, < A, if
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A} C A,. If (4;); is a chain in A and A; = |JA,, then A; € A. By Zorn’s

-— t -
lemma, there is a maximal element A in A. Since AU M is a compatible fam-
ily, there is a block B of E which contains A and M. By hypothesis, B is
orthocomplete, hence there exists

d:@ﬁ:\B/{@G: GeF(d)}

in B, and we have @ F < d' for all F € F(M). We will show that d' is equal
to M =\V{PF: Fe F(M)} in E.

Let there exist b € E such that @ F < b for all F € F(M) such that
dAb#d.Put c =d o (dAb), then ¢ # 0 and AU {c} € A (indeed,
@ (Au{c}) = do(d'ed Ab) = (d'Ab)’, and for every F € F(M), @ F < d’'Ab),
B
contradicting maximality of A. Hence d' = @ M. O

It is not known whether an orthocomplete homogeneous effect algebra has
orthocomplete blocks. In the opposite direction, we have the following result,

which says in short, that if all blocks are orthocomplete and the @-sums are
block-independent, then E is orthocomplete (compare with [29; Theorem 2.5]).

THEOREM 4.5. Let E be a homogeneous effect algebra. Assume that for every
orthogonal set X in E, we have that for all blocks B of E with X C B, the
®-sum @ X in B exists, and if A, B are two blocks with X C AN B, then

B
DX =@ X. Then E is orthocomplete, and has sub-orthocomplete blocks.
B A

Proof. Let S be an orthogonal subset of F, then there is a block B such
that S C B. By hypotheses, c:= @ S exists. For a finite subset F' C S, define
B

ap =@F. Let d be any upper bound of the set {ap : F C S, F finite}.

We may suppose that d # 1. Then S U {d'} is an orthogonal subfamily of FE,

therefore there is a block B; D SU {d'}. It follows that ap < d for all F', and

by hypotheses, ¢ = \/a, hence ¢ < d. Hence c= @ S. m]
B,

5. Blocks and MV-algebras

The question which effect algebras can be covered by MV-algebras was stu-
died in [7]. It was shown there that every effect algebra E satisfying RIP and
an additional condition, called the difference-meet property (DMP):

(DMP) If z <y, zAz€ E and yAz€ E, then (yoz)Az€E
is a set-theoretical union of MV-algebras [7; Theorem 3.3]. These MV-algebras
are formed by maximal pairwise strongly compatible subsets of E.
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LEMMA 5.1. In an effect algebra E with (RDP), conditions (SDC) and (DMP)
are equivalent.

Proof. Owing to (RDP), for every a,b € E we have a < b (it easily
follows from a®a’' = b V'). If aAb € E, then Lemma 3.3 and Proposition 3.4
imply that a <> b. Conversely, if a < b, then Proposition 3.4 implies that there
is a maximal lower bound of a,b, and from (RIP) we obtain that a A b exists in
E. Assume that (SDC) holds. If z <y and 2 Az, y Az € E, then = < 2z and
y & z, which by (SDC) implies z < y©z, which in turn implies zA (y©1x) € E.
The converse statement is obtained analogously. O

Applying [7; Theorem 3.3], we obtain the following result.

THEOREM 5.2. Every homogeneous effect algebra E such that every block B
of E satisfies (DMP) (or (SDC), equivalently) can be covered by MV-algebras.

Proof. By [12], every homogeneous effect algebra E is a set-theoretical
union of blocks which are sub-effect algebras of E with (RDP). Since (RDP)
implies (RIP), together with (DMP) it implies, by [7], that every block is a
set-theoretical union of MV-algebras. O

The condition that every block in a homogeneous effect algebra satisfies
(SDC) is equivalent to the following condition. For every (jointly) compatible
elements a,b,z in E and every block B containing a,b,z, if b < a and both a
and b are strongly compatible with z in B, then a © b is strongly compatible
with z in B. In particular, if a belongs to a block B, then the elements aAga’,
a Vg a' must exist in B.

Notice that joint compatibility cannot be omitted. E.g., in the orthoalgebra
with orthogonal triples of atoms (a, b, ¢), (c,d, e), (e, f,a) (Wright triangle), c is
strongly compatible with a and €', and a < €', but (c,a,e€’) are not jointly
compatible, hence do not belong to a block.

Lattice operations in the MV-algebras of Theorem 5.2 are taken in the cor-
responding blocks, and do not necessarily agree with the lattice operations in
the whole E. E.g., in orthoalgebras which are not orthomodular posets, blocks
are Boolean algebras, in which the lattice operations are only local. On the
other hand, orthomodular posets and lattice ordered effect algebras are covered
with MV-algebras, in which the lattice operations agree with the global lattice
operations, taken in the whole F.

From Theorem 4.3, we obtain the following.

COROLLARY 5.3. Fvery homogeneous effect algebra with orthocomplete blocks
s a set-theoretical union of MV-algebras, which coincide with its blocks.

We note that in the above theorem, the lattice operations are only local,
taken with respect to the corresponding blocks.
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An example of an effect algebra which is not homogeneous and can be covered
by MV-algebras, is the Hilbert space effect algebra £(H) (dim H > 1). Here the
MV-algebras consist of maximal sets of pairwise commuting effects ([22]). We
note the lattice operations in these MV-algebras do not agree with the lattice
operations in the whole E(H) (the latter may even not exist).

An observable on an effect algebra F is a o-morphism z: B — E, where B
is a Boolean ¢-algebra. In applications in physics, B usually is the o-algebra of
Borel subsets of R™. If B = B(R) is the Borel o-algebra of subsets of the real
line R, then z: B — F is called a real observable.

The following theorem is a generalization of [20; Proposition 1.3.8].

THEOREM 5.4. Let E be an effect algebra. Let (a;); be a countable family
of elements of E, and let b € E be such that a;, Ab, a, Vb exist in E, and
bo (a; Ab) = (a;Vb)©a, for all i, and the elements \/a,, \/ bAa; ezistin E.
Then b <\ a;, and \/ b A a; is a mazimal lower bound of b and \/ a;.

Proof. Notice that the hypotheses imply that b <& a; for all i. Denote
c:=\VbAa,, a:=\a,. Clearly, c < a,b,and b (bAa;) = (bVa,) Oa, implies
that b©c < bo (b Aa;) < a;, which in turn implies b© ¢ L a. So we may
write a = (a©¢)®c, b= (bOc)®c,and (b6 ) ® (a©c) ® ¢ exists, hence a
is compatible with b. Moreover, for every i, b© (bAa;) > b© c. Assume that
d< (be(bAq)) =(Va,)Oa; Then dda; <bVa, < (bOc)Da for all i,
hence a; < ((b6¢c)®a)©d for all 4, so that a < (06 ¢) ®a) ©d, consequently,
a®dd< (bSc)® a, and finally, d < b6 c. This entails that

boc= (o (bra)).

We will prove that (b©¢c) A (a©c) =0. Assume that 2 < bS¢c, 2 < (a©¢).
This yields for all 4, bAa, ®c < 2®c < a,b. Applying Lemma 3.3, we obtain
a8 (z®c) Lbo (2 c). Repeating the same process with z @ ¢ instead of ¢,
we obtain b©¢c =00 (2@ c), hence z = 0. Hence a,b are strongly compatible.

O

COROLLARY 5.5. Let E be a homogeneous effect algebra with o -orthocomplete
blocks satisfying (DMP). Then E can be covered by Archimedean MV-algebras.

Proof. Sincethe blocks are o-orthocomplete, hence monotone o-complete,
for every ascending sequence (a;); of elements of a block B, the supremum \/a;

1
; and b belong to an MV-subalgebra A, say, of B, then
a; & b for all i entails a, A b exist in B for all 4, as well as \/a; Ab€ B.
Theorem 5.4 implies that \/ a; < b, hence \/a; € A. Hence A s monotone

exists in B. If (a;);

(] 1
o-complete, so that A is an Archimedean MV-algebra. O
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According to [8; Theorem 6.1.32], every Archimedean MV-algebra can be con-
sidered as an MV-algebra of fuzzy sets F(Q2) C [0,1]? for Q # 0. By [23], every

MV-algebra of fuzzy sets is the range of an observable A: B([0, 1])Q — [0, 1]%.
Therefore, under the assumptions of Corollary 5.5 E can be covered by ranges
of observables.
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