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ABSTRACT. Ring-like structures, so-called Boolean pseudorings, that are in a
natural bijective correspondence with generalized orthomodular lattices are de-
fined. In contrast to generalized orthomodular lattices, Boolean pseudorings are
universal algebras and form a variety which turns out to be arithmetical and
congruence regular. Distributive Boolean pseudorings resp. Boolean pseudorings
with an associative addition operation are Boolean rings.

1. Introduction

There is a well-known duality between Boolean algebras and Boolean rings
by means of which the lattice structure of a Boolean algebra (L,V,A,’,0,1)
can be equivalently replaced by the structure of the corresponding Boolean ring
(L,+,-,0,1). In this context the addition operation + is defined as the symmet-
ric difference a+b:= (a Ab')V (a’ Ab) = (aVb)A(a' V). With respect to this
operation (L,+) forms a group. This fact implies that the equation a +z = b
has a unique solution, namely x = a + b, in contradistinction to the fact that
the equation a V z = b does not have a unique solution in general. Hence a
ring-theoretic approach may be used in the theory of quantum logic since the
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operation + can be interpreted more easily than the operation V. The possibil-
ity of solving the equation a+z = b by = = a+b may also be used in cryptology,
where a is interpreted as a key since one has (z + a) + a = z for all z. This is
the so-called XOR coding applied to bits.

The duality between Boolean algebras and Boolean rings has been extended
to more general structures and extensively investigated by many authors (cf. e.g.
2], (3], (4], [7], [8], [9], [10], [11], [12] and [15]). The aim of the present paper
is to extend the above mentioned duality to generalized orthomodular lattices
which were introduced in [13] and which generalize orthomodular lattices (cf. the
monographs [14] and [1] on orthomodular lattices and the monograph [16] on
orthomodular posets). We call the ring-like structures corresponding to gener-
alized orthomodular lattices in a natural way, Boolean pseudorings. In Boolean
pseudorings the equations z + x = 0 and zz = z holding in Boolean rings are
preserved. It is proved that Boolean pseudorings are arithmetical and congru-
ence regular and that ring distributivity in Boolean pseudorings is equivalent to
lattice distributivity in the corresponding generalized orthomodular lattice. Also
some other characterizations of the classicality of the physical system described
by the corresponding algebraic structure are given. They partly deal with facts
concerning the solvability of certain linear equations.

We hope that the results of this paper may be helpful for obtaining a new
axiomatic approach to quantum logic and to the foundations of quantum me-
chanics, allowing a better physical interpretation.

2. Generalized orthomodular lattices

DEFINITION 2.1. A generalized orthomodular lattice is a partial algebra
(L,V,A,5,0) of type (2,2,2,0) where (L,V,A,0) is a lattice with 0, z ©y
is defined if and only if y < z, for each a € L, ([O,a],v,/\,x — a©z,0,a) is
an ortholattice and b©a = (c©a)Ab for all a,b,c€ L with a<b<ec.

Remark 2.1. If (L,V, A, 8,0) is a generalized orthomodular latticeand b € L,
then ([0,b],V,A,z — b © z,0,b) is an orthomodular lattice since ¢ < d < b
implies ¢V (dA (b6 ¢)) =cV (doc)=d.

Remark 2.2. A generalized orthomodular lattice is an orthomodular lattice if
and only if it contains a greatest element. A generalized orthomodular lattice
(L,V,A,©,0) is distributive if and only if for every a € L the orthomodular
lattice ([0,a],V,A,z— a©z,0,a) is a Boolean algebra.
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EXAMPLE 2.1. If M is aset,  an infinite cardinal, L := {A C M : |A| <k} or
L:={ACM: |A| <k} and A6B:= A\B forall A € L and all B C A, then
(L,U,n,6,0) is a generalized orthomodular lattice which is an orthomodular
lattice if and only if M € L. In this case (L,U,N,z — M © z,0, M) is the
Boolean algebra of all subsets of M.

ExaAMPLE 2.2. If H is a Hilbert space, L denotes the set of all finite-dimensional
linear subspaces of H and A& M denotes the orthogonal complement of the lin-
ear subspace M of A € L, then (L, Vv,N, 8, {0}) is a generalized orthomodular
lattice which is an orthomodular lattice if and only if H is finite-dimensional.

3. Boolean pseudorings

DEFINITION 3.1. A Boolean pseudoring is an algebra (R,+,-,0) of type
(2,2,0) satisfying the following identities:

z+y=y+z, Ty =yz,
(zy)z = z(yz),
z4+zx2=0, TT =T,
z+0==x, z0=0,
(zy+a)+z=zy, (z+y)+zy)+ay=z+y,
(z+y)r=z+2y, (z+y)+zy)z =z,
(zyz + z)y = zyz + zy,

((zy + z2) + zyz)z = (zY + 22) + TY2,
(zyz+z)(zy+z)=zy+z.

Now we are able to formulate and prove the natural bijective correspondence
between generalized orthomodular lattices and Boolean pseudorings:

THEOREM 3.1. For fized L the formulas
z+y:=(xVyo(zAy),
Ty =T ANy
and
zVy:=(z+y)+zy,
TAY =2y,
aoT:=T+a
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induce mutually inverse bijections between the set of all generalized orthomodular
lattices on L and the set of all Boolean pseudorings on L.

Proof. If (L,V,A,8,0) is a generalized orthomodular lattice and z+y :=
(zVy)e(zAy) and zy:=x Ay for all z,y € L, then
@+y)+tay=(((zvy)e@@Ay)V(zay)e ((zvy)e(zAy) AzAy)

=zVy,
z+r=z0x=0,
z+0=z60==z,
(zy+z)+z=z06(z6 (@ AY)) =xAy=uzy,
(z+y)+zy) +ay=(zVy)+(aAy)=(@aVy)e(zry) =z +y,
+y)z=(zvy)e(zAy)Az=c0(zAy)=z+zy,
(z+y)+zy)r=(xVy) Az =1z,
(

wyz+z)y= (0 (@AyA2)Ay=(z0(@AyAz))AzAy
=(xAy)e(zAyAz)=zyz+2zy,

((zy + z2) + zyz)z = ((zy + z2) + (zy)(z2))z = (z Ay) V(z A 2)) Az
=(xAy)V(zAz)=(zy+zz)+ (zy)(z2)
= (zy + z2) + zyz,

(zyz+z)(zy+z)= (0 (xAyA2))A(z8(xAy) =268 (zAy) =3y + =,

TYy=cAy and
r+a=adzx if x<a

for all z,y,2,a € L.

Conversely, let (L, +,-,0) be a Boolean pseudoring. Then (L, -,0) is a meet-
semilattice with 0. Let (L, <) denote the corresponding poset. Now define zVy

=(z+y)+zy, zAy:=zy and a©z:=x+a forall z,y,a € L with z < a.
Then

z(zVy)=z((z+y)+zy) = ((z+y) +ay)z ==z,
yzVy) =y((z+y)+zy) = ((y+2)+yz)y
and hence z,y <z Vy.If z,y < z, then

(zVy)z= ((z+y) +zy)z = ((22 + 2y) + 2zy)z = (2z + 2y) + 22y
=(x+y)+zy=2Vy
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and hence z V y < z. This shows that = Vy = sup.(z,y). Hence (L,V,A,0) is
a lattice with 0. Now assume z,y,a € L and z <y < a. Then

(@a0z)a=(z+a)a=(a+z)a=a+za=a+z=2z+a
=a6c, ie. a©oxr<a,

a0 (aoz)=(z+a)+a=(az+a)+a=ax==zx,

(@ey)(ecz)=(y+a)(z+a)=(z+a)(y+a) = (ayz +a)(ay +a) =ay +a
:y+a:aey, i.e. a@yﬁaew,

(aez)Az=(z+a)z=z+za=x+2=0,

(@cz)Ay=(z+a)y=(ayz+a)y=ayz+ay=z+y=yOoux.

Hence (L,V,A,8,0) is a generalized orthomodular lattice and
(evy)o(zAy)=zy+ ((z+y)+zy) =((z+y)+tzy) +zy =z +y,
TANYy=2xy

for all z,y € L.

The following corollary contains some easy observations:

COROLLARY 3.1. Let R = (R,+,-,0) be a Boolean pseudoring, b € R and
(R, <) denote the poset corresponding to the meet-semilattice (R,-). Then
([0,8),+,,0) is a subalgebra of R.

R is distributive if and only if for each a € R, ([0,al,+,,0) is distributive.
(R, +) is a semigroup if and only if for all a € R, ([0,a),+) is a semigroup.

In the following let Con.A denote the set of all congruences of an algebra A.
It is well known that orthomodular lattices are arithmetical, congruence reg-

ular and congruence uniform (cf. [5], [14] and [6]). This partly carries over to
Boolean pseudorings.

THEOREM 3.2. Boolean pseudorings are arithmetical and congruence reqular.

Proof. Let R = (R,+,-,0) be a Boolean pseudoring, (R,V,A,S,0) the
corresponding generalized orthomodular lattice and ©,® € ConR.

First assume (a,b) € ©o®. Then there exists an element ¢ € R with a©c®b.
Since

en(0, avbvc]?, N[0, avbve]® € Con([0, avbVd], V, A,z = (aVbVe)oz,0, avbVe)
and orthomodular lattices are congruence permutable (cf. [14]), we obtain
(a,b) € (ON[0,aVbVc?)o(2N[0,aVbVd?)
=(®n[0,avbVvc?)o(O@N[0,aVvbVc?)C P00
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proving congruence permutability of R. Moreover, t(z,y, z) := (zy + y2) + 2z
is a majority term since
t(y,z,z) = (yz + zz) + zy = (z + zy) + zy
=((zo@Ay)ViEry)e((ze(zAay) AzAy) ==z,

t(xayax) :(zy+y$)+$$=(ny-l-.’L‘y)—}—.’I::O-{-x:x’

t(z,z,y) = (zz+zy) +yz = (z + zy) + 2y = t(y,z,z) = z.
This shows that R is congruence distributive and hence arithmetical.
Finally, assume a € R and [a]© = [a]®. Since for all b € R with b > a,

©Nn[0,8)% ®NJ0,4° € Con([0,8],V,A,z — bO ,0,b)

and
[a](©N[0,b]*) = [a]O N[0,8] = [a]® N [0,] = [a](® N [0,8]?)
and orthomodular lattices are congruence regular (cf. [5]), we obtain ©N[0,]? =
® N [0,b]? for all b € R with b > a and hence
e=enr*=0nJ0O = J@©n[0,5]%) = J(@n[0,5]°)

b>a b>a b>a

=on(JO,*=2nR*=%
b>a

proving congruence regularity of R. O

Finally, we characterize the distributivity of a generalized orthomodular lat-
tice by means of certain properties of the corresponding Boolean pseudoring.
Surprisingly, lattice distributivity and ring distributivity turn out to be equiv-
alent in this case thus allowing nice characterizations of the classicality of the

physical system described by these algebraic structures.

THEOREM 3.3. Let £ = (L,V,A,8,0) be a generalized orthomodular lattice
and R = (L,+,-,0) the corresponding Boolean pseudoring. Then the following

are equivalent:
(i) L is distributive.
(ii) R s distributive.
(iii) + s associative.
(iv) (z+y)+y=z forall z,y€ L.
(v) For all a,b € L there ezists at most one ¢ € L with a+c=1b.
(vi) For all a,b € L there ezists at least one ¢ € L with ¢ < aV b and

a+c=b.
(vii) For all a,b € L there ezists exactly one ¢ € L with ¢ < aV b and
a+c=0b.

(viii) R is a Boolean ring.
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Proof. If z,y,a € L and z,y < a, then
z+y=(zVy)o(zAy) = (a0 (zAY) A(eVy) = (zVy)A((ac2)V(aOY)).

In [15] the symmetric difference (z V y) A (z' V ¢') in an orthomodular lattice
(L,V,A,',0,1) was denoted by +, and it was proved there that for an arbitrary
orthomodular lattice (L, V, A, ’,0,1) the following are equivalent:

(1) (L,Vv,A,',0,1) is a Boolean algebra.

(2) (L,+,,-) is distributive.

(3) +, is associative.

(4) For all a,b € L there exists at most one ¢ € L with a +,c=1b.

(5) For all a,b € L there exists at least one ¢ € L with a4, ¢ =b.

Using Remark 2.2 and Corollary 3.1 the equivalence of (i), (ii), (iii), (v),
(vi) and (vii) follows. Obviously, (iii) implies (iv). Now assume that (iv) holds.
Further assume z,y,a € L and z,y < a. Then

z=(x+y)+y
=((@vy) A((ao2)V(aoy)) VY)
A(((eez)A(acy))V(zAy)V (aoy))
<(zAy)V(eoy)

whence zV (a6y) < (zAy)V(aey) <zV(aOy). Therefore (xAy)V(a0y) =
zV (a©y). It is well known (see [14]) that this is equivalent to the fact that
the elements z and y of the orthomodular lattice ([0, al,V,A\,z — a © z,0, a)
commute. Since z,y were arbitrary elements of [0,a], this means that
([0,a],V,A,z +— a© ,0,a) is a Boolean algebra, and since a was an arbi-
trary element of L, this proves (i) according to Remark 2.2. Finally, (viii) is
equivalent to the conjunction of (ii) and (iii). O
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