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(Communicated by Anatolij Dvurecenskij ) 

ABSTRACT. In this largely expository paper, dilations of positive operator mea­
sures and bimeasures are studied in view of applications to quan tum mechanics. 
Integration with respect to positive operator measures is developed to the extent 
needed in studying the moment problem of quantum observables. The minimal 
dilation of the canonical phase observable is related to the Toepliz measure, and 
the connection of a Schrodinger couple to a pair of coordinate operators on a 
phase space is worked out. Sequential combinations of instruments and the prob­
lem of the coexistence of quan tum observables are studied as an application of 
dilations of operator bimeasures. 

1. Introduction 

The modern view of a quantum observable as a positive operator (valued) 
measure as opposed to the more traditional approach using only spectral mea­
sures has added a great deal to our understanding of the mathematical structure 
and conceptual foundations of quantum mechanics, and it has widely expanded 
the domain of applicability of quantum mechanics. The celebrated dilation the­
orem of Nairn a r k , however, closely links projection valued measures with 
positive operator measures and, specifically in the normalized situation, spec­
tral measures with semispectral ones. It has even been argued that semispectral 
measures are merely "shadows" of spectral measures. To elaborate on and evalu­
ate this rather vague statement, we consider various aspects of semispectral and 

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Primary 81P15; Secondary 47B15. 
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spectral measures, their role in quantum mechanics, and their interrelations es­
pecially in terms of dilation theory. In keeping with this overall aim, most of 
the mathematical results we mention can be found in the literature, and we 
give proofs only in isolated cases where a reference does not seem to be easily 
available or we can offer some novelty or streamlining in existing approaches. 

In Section 2 the stage is set, and the motivation for and implications of di­
lating operator measures which are already projection valued are considered. A 
short survey of the theory of integration of unbounded functions with respect to 
semispectral measures followed by applications to the operator moment prob­
lem is given in Section 3. A physically important situation where semispectral 
measures of necessity take the traditional role of spectral ones appears in the 
study of covariant phase observables. In Section 4 the role of dilation theory in 
this context is discussed, and its connection to the theory of Toeplitz operators 
is pointed out. Section 5 contains a discussion of further physical examples. The 
construction of the common minimal dilation of the phase space observables 
related to unit vectors of the relevant Hilbert space is recalled. Considering, in 
particular, the case where the unit vector is associated with a number state, one 
finds that the totally noncommutative Schrodinger pair (Q, P) can be obtained 
as (extensions of) certain projections of two mutually commuting selfadjoint co­
ordinate operators. Section 6 deals with operator bimeasures and their dilations 
which are applied in Section 7 to the theory of sequential instruments and to 
the problem of coexistence of quantum observables. 

2. Positive operator measures and their Naimark dilations 

2.1. Dilations. 

Let % be a complex Hilbert space, and let L(%) denote the set of bounded 
operators on %. Let fi be a nonempty set and A a a -algebra of subsets of fi. Let 
E: A -» L(H) be an operator measure, i.e., a set function which is cr-additive 
with respect to the strong operator topology of L(H). The Orlicz-Pettis lemma 
[14; p. 318, Theorem 1] implies that it is equivalent to require E to be cr-additive 
with respect to the weak operator topology. (We mostly consider only operator 
measures whose values are positive operators, and then this equivalence is more 
elementary, see for instance [2; p . 6, Proposition 1].) We say that E is positive 
if E(X) > 0 for all X G A, and normalized if E(Q) == I. Positive normalized 
operator measures are also called semispectral measures, and when they are 
projection valued we call them spectral measures. 

Consider a semispectral measure E: A -> L(H) and let (JC,P,V) be a 
(Naimark) dilation of E into a spectral measure P , that is, P : A —> L(K) 
is a spectral measure acting on a Hilbert space /C and V: H -» /C an isometric 
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linear map such that 

E(X) = V*P(X)V (1) 

for all X € A. The dilation (IC,P, V) of E is minimal if /C is the closed linear 
span of {P(X)V(p : ip G H, X e A}. A minimal dilation of E always exists, 
and it is unique up to an isometric isomorphism; a proof may be conveniently 
found e.g. in [34]. N a i r n a r k ' s original work on dilation theory is in [31], and 
a noncommutative generalization is given in [39]. An essentially parallel devel­
opment is in [37; pp . 481-483]. 

2.2. Dilations of spectral measures. 

There are important cases of equation (1) where the semispectral measure E 
is actually a spectral measure; see subsection 2.3. To characterize those situations 
we need the following probably well-known result. (The proof below contains a 
slight simplification due to the referee.) 

LEMMA 2.2 .1 . For any two projection operators P and R on a Hilbert 
space H, the product PRP is a projection if and only if PR = RP. 

P r o o f . If PR = RP, then PRP is a projection. On the other hand, it 
PRP is a projection, then PRPRP = PRP and thus ( ( / - P ) P P ) * ((I-P)RP) 
= PR(I - P)RP = 0. It follows that (I - P)RP = 0, and so RP = PRP, 
implying RP = PR. D 

COROLLARY 2.2.2. Let (IC,P,V) be a Naimark dilation of E. For any 
X £ A, E(X) = V*P(X)V is a projection if and only if the projection VV* 
commutes with the projection P(X). 

P r o o f . If the projection operators VV* and P(X) commute with each 
other, then E(X)2 = V*P(X)VV*P(X)V = V*VV*P(X)V = V*P(X)V = E(X), 
since V*V = In. Assume next that E(X)2=E(X) so that V*P(X)VV*P(X)V 
= V*P(X)V. But then also VV*P(X)VV*P(X)VV* = VV*P(X)VV*, and 
so VV*P(X)VV* is a projection. By Lemma 2.2.1 this means that the projec­
tions VV* and P(X) commute with each other. D 

COROLLARY 2.2 .3 . A dilation (JC,P,V) of a spectral measure E is minimal 
if and only if /C = V(H). 

P r o o f . F o r a n y l G ^ a n d ^ G ' H , VV*(P(X)Vcp) = P(X)VV*V<p = 
P(X)Vip, showing that P(X)V(p e V(U). Therefore, (/C, P, V) can be minimal 
only if K = V(H). If /C = V(U), then clearly (K, P, V) is minimal. D 
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2.3. Dilations and m e a s u r e m e n t s . 

In the dilation (/C, P, V) of a semispectral measure E the original Hilbert 
space H may be identified with the closed subspace V(H) of the dilation 
space /C. If E represents an observable of a quantum system described by the 
Hilbert space %, then, in general, neither P nor /C has any direct physical 
meaning for the system under study. This is typically so with the minimal di­
lations. It is, however, possible to dilate each semispectral measure E in terms 
of the tensor product structure identifying /C as a tensor product % eg 7i0 of 
% with some auxiliary Hilbert space T~L0, which may represent for instance an 
environment or a (part of a) measuring apparatus. This involves constructing a 
so-called completely positive instrument for E and using a Naimark-Stinespring 
type two-variable dilation theorem in conjunction with expressing a normal rep­
resentation of L(H) as a multiple of the identity representation [18], [20], [32]. 
In that formulation, for each semispectral measure E acting in % there is a 
Hilbert space %0, a unit vector cj> G Ti0, a unitary operator U on K = % eg H0, 
and a spectral measure P acting on T-L0, that is, / eg) P acting on /C, such that 

E(X) = V;U*(I®P(X))UV4> 

for all X G A, where the isometric map V^ : % -> /C is defined by V^((p) = 
<p ® $. Letting P[(j)] denote the projection onto the subspace generated by </>, 
we now have VV* = I eg P[(j>] so that in view of Corollary 2.2.2, E(X) is a 
projection if and only if I <g P[<£] commutes with P-,(.X") := U*(l eg) P ( X ) ) U . 
Since V(H) = % eg) [0], the measurement dilation (% eg) T^Q^PU^V^) is never 
minimal for a projection measure E. 

We note that the above type of measurement dilation of J5, composed of T-L0, 
U, P , and V^ can be interpreted as a dilation of F? in two different ways, with 
X h-> U*I eg P(X)c7 as the spectral measure and V. as the isometric map, or 
X >-» I<g>P(X) as the spectral measure and UV^ as the isometric map. The two 
dilations are, of course, unitarily equivalent. 

3. Integration with respect to a positive operator measure 

3.1. General results. 

Let E: A -> L(H) be an operator measure. For any (p,ip eTi we denote by 
E^^ the complex measure defined by E^^(X) = (-0 | E(X)tp) . Let / : Q -> C 
be a measurable function and let V(LE(f)) denote the set of those vectors 
V? G U for which / is E^^-integrable for each ijj G %. The set V(LE(f)) is 
a vector subspace of ?{ and there is a unique linear operator LE(f), with the 
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domain V(LE(f)), such that 

(*P\LE(f)tp)=JfdE^ 
n 

for all rj) G %. We call LE(f) the integral of / with respect to E and we also 
write LE(f) = J f dE. Further details can be found in [21]. 

Let Vf denote the set of vectors tp G % for which / is square integrable 
with respect to the complex measure E . The following result, taken from [21], 
clarifies the role of the square integrability domain Vf for the operator LE(f). 

THEOREM 3 .1 .1 . 

(a) If the operator measure E is positive, then Vf is a subspace of % and 

VfcV(LE(f)). 

(b) If the operator measure E is projection valued, then Vf = V(LE(f)). 

We emphasize that for semispectral measures the natural domain of the op­
erator LE(f) is the set V(LE(f)) and not Vf, which, in fact, may be much 
smaller than V(LE(f)). 

Consider now a semispectral measure E: A —> L(%) and let (K,,P,V) be 
a Naimark dilation of it. For any measurable function / : f l 4 C the operator 
Lp(f) = f f dP is densely defined with the domain V(Lp(f)) = Vp, see 
e.g. [38], It is natural to ask under what conditions the 'projected' operator 
V*Lp(f)V equals the operator LE(f). This is answered in the following result 
proved in [22]. 

THEOREM 3.1.2. With the above notations, the operator V*Lp(f)V is the 
restriction of the operator LE(f) to Vf . In particular, V*Lp(f)V = LE(f) if 
and only if Vf = V(LE(f)). 

Remark 3.1.3. Let now E: A ~r L(H) be an operator measure which is not 
necessarily positive. For any fixed f G %, the map E^ : A -> V, defined by 
E^(X) =2 E(X)£ is (norm) a -additive, i.e. a vector measure. A measurable 
function / : fi -» C is integrable with respect to the vector measure E, (in the 
sense of [14]) if and only if / is integrable with respect to each complex measure 
E ,, r] eH. This follows from the proof of [21; Lemma Al] combined with [27; 
Theorem 2.4] or [42; Corollary 3.6]. Thus the integration theory of measurable 
functions with respect to operator measures could also be based on the theory 
of vector measures. 
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3.2. Moment operators. 
The multi-indexed moment operators LE(xk) = J xk dJ5, k = (fc1?..., kn), 

k G l f , xk = x\x • • -x^n, of a semispectral measure £7: £?(Mn) -> £(%) are 
an important case of the above type of operators. For short, we denote E[k] = 
LE(xk). If (/C,P, V) is a spectral dilation of E, then, by the multiplicativity 

of P , one gets P[k] = Lp(xk) = (Lp(x))k = P [ l ] k , where P[l] = Ax • • • An, 
with ^ = J x{ dP , i — l , . . . , n , being the selfadjoint operator defined by 

the zth coordinate projection of E. However, the operator V*A\l • • • An
nV is 

equal to the corresponding moment operator E[k] of E only when the square 
integrability domain VE

W equals the domain V(E[k]). Examples demonstrating 
that the operator V*A\1 • • • An

nV can be a proper restriction of the operator 
E[k] are easy to construct, see e.g. [22]. 

By the spectral theorem, the operators P[k], k G Nn , (even P[l] alone) 
determine the spectral measure P : B(Rn) -> L(K). However, neither the op­
erators V*P[k]V, k e Nn , nor the operators E[k], k G Nn , need determine 
the semispectral measure E: B(Rn) —> L(H). A well-known example, pre­
sented also in [15], going back to the classic works on the Stieltjes moment 
problem, is the following. Let E1 and E2 be the semispectral measures con­
centrated on [0, oo) and defined by E1(X) = ^1J e~x dx and E2(X) = 

^Ije'xl/4[l-sm(x^4)] dx.Then Ex[k] = \(4k + 3)! = E2[k] for all kGN 
x 

though clearly E1 ^ E2. 

4. The canonical phase as the Toeplitz measure 

4.1. Phase observables. 
Covariant phase observables are an important class of physical quantities 

which cannot be represented by spectral measures. For a recent overview, see 
e.g. [35]. Such observables can be characterized in various equivalent ways, for 
instance as follows. Let (| n))n G N C H be an orthonormal basis (number basis) 
of %. Then any sequence of unit vectors (£n)n(EN ^ ^ defines a (phase shift 
covariant) semispectral measure E: Z3([0,27r)) -> L(H) through 

E(X)= J2 ( C l O ^ [Sn-m^dx\n)(m\, X e B([0,2n)), 
n,mGN x 

with the (covariance) property 

e1 xN E(X) e~l xN = E(X+x), 
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where N = £) n\n)(n\ and + denotes addition modulo 2n. Conversely, any 
nGN 

covariant phase observable is of that form for some sequence of unit vectors 
(̂ n)nGN c W" We note that the structure of the phase observables can be deter­
mined both by direct methods ([35]) and by either using a semispectral measure 
generalization of Mackey's imprimitivity theorem ([6]) or combining Mackey's 
original theorem with a Naimark dilation ([8]). 

4.2. The canonical phase. 
The canonical phase observable £ c a n : /3([0,2TT)) -> L(U) is defined by a 

constant sequence £n = £ for all n. We consider some of its properties next. The 
2TT 

moment operators Ec&n[n] = f xn dEc&n(x), n G N, are bounded selfadjoint 
o 

operators. The same is true of the Susskind-Glogower sine and cosine operators 
LEc«»(sin) and L^can(cos), respectively. If (£ ,P, V) is any Naimark dilation of 
£ c a n into a projection measure P , then, for all n G N, Ecaa[n] = V*AnV = 
(V*AV)n, as well as LE^(sin) = V*sin(A)V and LE™»(cos) = V*cos(A)V, 

2TT 

where A=fx dP. 
o 

4.3. Minimal dilation of Ec&n* 
The minimal Naimark dilation of Ecan is easily constructed. Indeed, let 

(ek)kez, with ek(x) = -j= e" i kx, x G [0, 2TT) , be the Fourier basis of L2 ([0, 2TT)) . 
As is evident from the construction of # c a n , the canonical spectral measure 
M : I 4 M x x , Mxxf = x x / , on L2([0,27r)) and the mapping V: 
U -> L2([0,2TT)) , for which V(\n)) = en for all n G N, constitute a Naimark 
dilation for it. We now prove the minimality of this dilation. 

THEOREM 4.3.1. The closed linear span D of the vectors Mxx^, ip G V(V), 
X G #([0, 2TT)) , is the whole of L2 ([0, 2TT)) . 

P r o o f . If n G N , then en = X[o,27r)^(ln)) ^ D.&y approximating e_n 

uniformly on [0,2ir) by linear combinations of characteristic functions of sets in 
B([0, 2TT)) , we see in the limit that for any n G N the function e_n = V^7re_ne0 

is in D. Since D thus contains the Hilbert basis (ek)neZ of L2 ([0,27r)), we have 
Z) = L2([0,2TT)). • 

4.4. Toeplitz measure. 
The canonical phase EC8in is unitarily equivalent to the Toeplitz measure on 

the Hardy subspace H2 of L2([0,2TT)). Indeed, recalling that H2 = V(U) and 
denoting II = VV* the Naimark projection of L2([0,27r)) onto H2, we may 
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write 
Ecan(X) = V*MXxV = V*IlMXxV, 

where X i-> I I M X X is the Toeplitz measure. For any bounded Borel function 
/ : [0,2TT) -> R, the selfadjoint operators LEc™(f) and n ( L M ( / ) ) = U(Mf) 
are thus unitarily equivalent, too. In particular, this means that their spectra 
a(LEc*n(f)) and a(U(Mf)) are the same. 

THEOREM 4.4.1. Let f: [0, 2TT) -» R be a bounded Borel function. The spec­
trum of the operator LEc&n(f) is the closed interval [ess inf/, ess s u p / ] . 

P r o o f . The operator LEc&n(f) is unitarily equivalent to the Toeplitz op­
erator U(Mf). By the Hartman-Wintner theorem ([12; p. 179]), the spectrum 
of the Toeplitz operator U(Mf) is [ess inf / , ess sup / ] . • 

As an immediate application of the above theorem one may determine, for 
instance, the spectra of the effect operators Ec&n(X), the moment operators 
of F7can, as well as those of the Glogower-Susskind sine and cosine operators. 
In particular, for any X G #([0,27r)) for which both X and X' have nonzero 
Lebesgue measure, a(Ec&n(X)) = [0,1]. Similarly, for any n G N, v(ECiin[n]) = 
[0, (2n)n], and also a(LE™(sm)) = [-1,1] and a(LEc™(cos)) = [ -1 ,1] . For an 
alternative study of these questions see, e.g. [16], [26]; see also [29] for a Toeplitz 
operator reformulation of the phase operator of [16]. 

Remark 4.4.2. We note in passing the interesting approach to the study of the 
canonical phase observable F?can used by O z a w a in [33]. By means of Robin­
son's nonstandard analysis O z a w a constructs a spectral dilation of J5can acting 
on a big Hilbert space. In addition to the numbers states, O z a w a distinguishes 
what he calls macroscopic states. Explaining the notions of nonstandard analy­
sis would take us too far afield here. However, the theory of the so-called Loeb 
measures, central in modern nonstandard analysis, seems to deserve a mention 
in this context as a technique with potential applications to quantum mechan­
ics. As far as we know, the first use of Loeb measures in the context of positive 
operator measures is announced in [44]. 

5. Schrodinger pairs dilated 

5.1. Phase space observables. 
Let again (| n) ) N be an orthonormal basis of %, and let TV = ]T) n \ n)(n \ , 

n>0 

a = J2 \ / n + 1 \n)(n + 1| > a n d a* — zC \/n+l \n + l ) ( n l D e the associated 
n>0 n>0 

number, lowering, and raising operators with their natural domains, respectively. 
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Then a* a = N and aa* = N + I. Moreover, the closures Q and P of the 
operators 4= (a* -fa) and -j=(a* — a) are unitarily equivalent to the Schrodinger 
position and momentum operators, respectively, see e.g. [36; Chapter IV]. 

Let A: B(C) —> [0,oo] be the two-dimensional Lebesgue measure, let Dz = 
eza*-za ? ^ G C, be the (unitary) shift operator, and let tp be a fixed unit vector. 
The map C 3 z >-» Dz<p G % is norm-continuous and ^ JDz\ ip)(ip\D* dX(z) = I 
in the weak sense. The formula c 

E^{Z) = ^jDz\tp){lp\D;dX{z), Z€B{Q, 

Z 

defines a semispectral measure, the so-called phase space observable E* associ­
ated with the vector state tp. 

5.2. Minimal dilation. 
As is well known, all the phase space observables E*, <p € W, \\<p\\ = 1, have 

the same minimal dilation to a spectral measure, see for instance [7] or [40]. We 
next recall this construction. 

Let fC denote the Hilbert space L2 (C, \ dA) and let M: B(C) -> L(K) be the 
canonical spectral measure Z h-> MX , Mx tp = Xz^- Consider the mapping 
V^.U-^K, defined by 

{V^)(z):=(p\D*j)H, zeC. 

The mapping V is linear and isometric. The projection onto the closed subspace 
00 

V^(U) is easily seen to be n^ = £ P [</>%], where ^ = V^ \ n) , n > 0. 
n=0 

For any r/>, £ G U, and for each Z G B(C), 

(f;\E«(Z)i>) = (V^\M(Z)V^) , 

which shows that (/C, M, V ) is a dilation of E*. The minimality of the dilation 
follows from the irreducibility of the representation z \-> Dz. 

5.3. Schrodinger couple. 
Let LM(f) = J f(z) dM(z) be the normal operator defined by the canoni-

c 
cal spectral measure M and the Borel function / : C -» C. Then LM(f) is a 
multiplication operator, (LM (f)(f)(z) = f(z)(j)(z), z G C, 0 G V(LM(f)). Now 

V*LM(f)V{p C LE"(f) and the domain of V*LM(f)V^ is D^ . 
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Let f = f1+if2 be the decomposition of / into real and imaginary parts. 
By definition, / is -E^-integrable if and only if fx and f2 are E^ ^-integrable, 
in which case jf / dE^ = f fx dE^ + iff2 dE^. This shows that 

LE(f) = LE(f1) + iLE(f2), 

LE(J)=LE(f1)-iL
E(f2). 

Assume that LE(f) is densely defined. Then LE(J) C LE(f)* and thus the 
real and imaginary parts of the operator LE(f) are simply 

ReLE(f) = \[LE(f) + LE(f)*] = \[LE(f) + LE(J)] , 

ImLE(f) = ll[LE(f)-LE(f)*] =l[[LE(f)-LE(7)] • 

By a direct computation one also observes that the operator Re LE(f), resp. 
Im LE(f), is a restriction of the operator LE(Ref), resp. LE(Imf). 

Consider now a phase space observable defined by a number state | s), that 
is, a fixed element of the orthonormal basis { | n) } n G N , and denote it by E^3) . 

Consider the identity function z H» z. The operators LE (z) and LE (z) 

can then be determined and one gets the operator equations LE (z) = a and 

LE1S)(Z) = a* ([21]). Therefore, R e L ^ | 5 > ^ ) = ±(a + a*) and ImLEls) (z) = 

jr(a - a*). Also, by a direct computation one verifies that LE (Rez) = 
; | s> („\ r l n ^A TE\*) t i _ „\ _ TE\S) the LE' ' (x) C ±Q and LE1S) (Imz) = LE^} (y) C - ^ P , where Q and P are 

Schrodinger couple associated with (a,a*). Therefore, integrating the functions 
z i-> z and m l with respect to the phase space operator measure E^3^ we 
obtain the well-known operator relations 

ha + a*) = ReLE]a)(z)CLEls)(Rez) = LE^(x)C~Q, 
z V2 

±l(a-a*) = lmLEU)(z)CLE"(Imz) = LEl°)(y)C-Lp. 

On the other hand, it is well known that the closure of -y^(a + a*) is Q and 

that of -7= (a ~ a*) is P , see, e.g. [36]. 

Consider now the minimal dilation (L2 (C, £ dA), M, V( 5) J of i?I5> . Integrat­
ing the functions £ «-> z and m z with respect to M we get the mutually com­
muting multiplicative operators LM(z) = Mz and LM(z) = M~. Clearly, now 
ReLM(z) = \(MZ + MY) =MX= LM(Rez) and Imi M (^ ) = My = LM(Imz). 
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Therefore, 

MVfoL"Ww) = V{s)MxV]s) C \(a + a*) C ±Q, 

ImiV^izW^) = VfoMvV\t) c l ( o - a*) C - L p . 

This shows that the Schrodinger pair (Q, P), which is totally noncommutative in 
the sense that there is no nonzero vector mapped to zero by all commutators of 
the spectral projections of Q and P, is obtained (as an extension of) the Naimark 
projections of the two mutually commuting selfadjoint coordinate operators Mx 

and M acting on the Hilbert space L2(C, - dA). 

6. Operator bimeasures and their dilations 

6.1. Operator bimeasures and dilations. 
In the following we let Ai be a a -algebra of subsets of f̂ , i = 1,2. Let 

Ax xA2 denote the Cartesian product of Ax and A2, and AX®A2 the cr-algebra 
generated in the power set of tt1 xf)2 by the products 1 x 7 , X £ Ax, Y G A2. 

DEFINITION 6.1.1. A mapping!?: AxxA2 -> L(H) is a called a positive oper­
ator bimeasure if, for all X G Ax and Y E A2, the functions A2 3 Y i-> B(X, Y) 
G L(H) and A1 3 X i-> -B(X, F) G £(%) are positive operator measures. A posi­
tive (scalar) bimeasure (3: Ax x A2 -> [0,oo) is defined similarly. 

For positive operator bimeasures there is the following analogue of the 
Naimark dilation theorem, see [43; Theorem 4.2]: 

THEOREM 6.1.2. Let B: Ax x A2 -> L(H) be a positive operator bimeasure. 
There exists a Hilbert space JC with a bounded linear map V: H -» /C and two 
projection measures Px: Ax -> L(IC), P2: A2 —> L(K) such that PX(X)P2(Y) = 
P2(Y)PX(X) and B(X,Y) = V^PX(X)P2(Y)V for all X G Alf Y G A1. If 
B(fl1 x Q2) = I, then Px and P2 can be taken to be spectral measures. 

It is natural to ask if a positive operator bimeasure on Ax x A2 extends to 
an operator measure denned on Ax eg) A2. In [43; Theorem 4.3] (in the setting 
of a -rings) the problem was given equivalent reformulations as follows: 

THEOREM 6.1.3. The following conditions are equivalent: 

(i) for every bimeasure (3: Ax x A2 -> [0, oo) there is a measure 
li: Al® A2-> [0, oo) such that fi(X x Y) = fi(X, Y) for all X G Ax, 
YeA2; 
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(ii) for every Hilbert space H and any two commuting projection valued mea­
sures Px: Ax -» L(H), P2: A2 -» L(H). there is a projection valued 
measure P: Ax®A2-± L(H) such that P(X x Y) = P1(X)P2(Y) for 
all X eAx, Y e A2; 

(iii) for every Hilbert space H and every positive operator bimeasure B: 
Ax x A2 —•> L(H) there is a positive operator measure E: Ax ® A2 

-> L(H) such that E(X xY) = B(X,Y) for all X eAx,Y e A2; 

(iv) for every Hilbert space H and any two commuting positive operator mea­
sures Ex: Ax —r L(H) and E2 : A2 —r L(H), there is a positive operator 
measure E: A1 ® A2 -> L(H) such that E(X x Y) = E1(X)E2(Y) for 
all X eAx, Y e A2. 

It is known that these equivalent conditions do not always hold. The generic 
counterexample based on a nonmeasurable decomposition of the unit interval 
has surfaced in the literature in various guises at least since half a century ago. 
A fairly explicit appearance is in [30] whose authors attribute the idea to [1] 
and also refer to [17; p. 214]. In the context of commuting spectral measures 
essentially the same method is used in [5], [13], and in the context of positive 
scalar bimeasures in [3; p. 33, Exercise], [19] (with a reference to [3]), and [9]. 

Various sufficient conditions have been noted. In [10] and [11] the problem of 
sequentially composing instruments (see below) leads to the need to extend posi­
tive scalar bimeasures on standard Borel spaces or compact metrizable spaces. 
A topological regularity condition is utilized for positive bimeasures in [3] and 
in a more general situation in [19]. A sufficient condition for commuting spectral 
measures based on Rohlin's notion of Lebesgue space is given in [5]. In [4] it is 
observed that without any extra condition on the underlying measure spaces the 
extension problem has a positive solution provided that attention is confined to 
tensor products of spectral measures. An instructive treatment of this circle of 
ideas is contained in W. Ricker's review of [4] in Math. Reviews 96m:47038. 

In [43] it was shown that for any (separately) regular positive operator bimea­
sure E on the Cartesian product Z ? ^ ) x B(Q2) of the Borel cr-algebras of two 
locally compact Hausdorff spaces ft1 and f)2, there is a unique regular positive 
operator measure E: B(ilx x ft2) -> L(H) such that E(X x Y) = B(X,Y) for 
all X e B(Vtx), Y e B(Q2). This was obtained as a corollary of a general Stine-
spring type dilation theorem in conjunction with a result [43; Proposition 3.2] 
proved there using the theory of tensor products of C*-algebras. We now give 
an elementary proof of that proposition. 
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LEMMA 6.1.4. Let 0, be a locally compact Hausdorff space and let E: B(Q) 
—r L(7i) be a projection valued measure. Let T denote the linear span of the 
functions XXT where X e B(Q) and T e E(B(fl)) , the commutant of the range 
of E. There is a unique linear map * : T -» L(U) such that <Jj(xxT) = E(X)T 
for all X e B(ft) and T e E(B(Q))'. Moreover, | |* ( / ) | | < sup||/(o;)|| for all 
feT. "en 

P r o o f . The existence and uniqueness of * are seen by standard arguments. 
n 

Now write / G T in the form / = ]C Xx5
Tj w i t l 1 Xj e #(^)> Pairwisely 

j=i 
disjoint, T, G E(B(Q))\ and denote M = sup | | / M | | . For f G U we have 

u>en 

\mm\\2 = (f2E^j)TM 

i = i * = i 

3=1 j = l 

<^M2||E(X^ei|2<M2|Kir 
j = l 

D 

In the setting of this lemma we denote by T the closure of T in the space of 
bounded L(%)-valued functions on fi equipped with the norm / H-» sup ||/(o;)||. 

The lemma shows that there is a unique bounded linear extension * : T -» L(%) 
of * . We denote * ( / ) = / / dJ5 for any feT. For a locally compact Hausdorff 

n 
space f], we let C0(fi) denote the space of continuous complex functions on fi 
vanishing at infinity. We recall that there is a natural bijective correspondence 
between the sets of the positive linear maps $ : C0(Q) -» L(7i) and the posi­
tive operator measures E: B(ft) —» L(T~L) which are regular in the sense that 
the complex measures E ^ are regular for all ip, i\) G %, see for instance [34; 
pp. 49-50]. 

THEOREM 6.1.5. Let !Ti1 and Q2 be locally compact Hausdorff spaces. Let 
B: C0(H1) x C0(Ct2) -» L(%) be a positive bilinear map. There is a unique 
positive linear map 3>: C0(Q1 x fi2) -» L(V) such that $ ( / eg) g) = B(f,g) for 
all feC^n,), geC0(Q2). 
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P r o o f . By [43; Theorems 2.2, 3.1] there is a Hilbert space K with a 
bounded linear map V: % —> K and two representations it: C0(fi1) -» L(K) and 
p: C0(Q2) -» L(K), with commuting ranges, such that B(f,g) — V*n(f)p(g)V 
for all / G C0(f21), g G C0(O>). Let P: B^) -> L(K) be the regular projec­
tion valued measure corresponding to TT and R the one corresponding to p . If 
/ u • • •, fn G C0(fi1) and gl5..., gn G C0(ft2), then by Lemma 6.1.4 the integral 

/ ( f(itfi®9tyx,y)dP(x)\ dR(y) 
n2 ^- i i *= 1 ' 

is well defined, and 

/(£/.®^)(*,y)dP(.t)J dад 
-j z = l / 

< sup 
2/ЄÍŽ2 

< sup sup 
2/E-Ž2 cr£f2i 

XI Ф)к(fi) 

І2ШФ) 
i=l 

Since the space { £ / . ® g . : n G N , fv ...,/ G C 0 (n i ) , 9 l r . . ^ n G C 0 ( ( l 2 ) } 

is by the Stone-Weierstrass theorem norm dense in C0(Q1 x fi2), there is thus 
a unique bounded linear map F: C0(Q1 x Cl2) -» £(/C) such that F ( / eg) #) 
= v(f)p(g). Now define $(/i) = y*F(/i)V for all /i G C ^ x ft2). Then 

* ( / ® g) = V * F ( / ® g) v = v*7T(/)P(g)V =- B ( / , g) 

for all / G C0(lT21), # G C0(fi2). Note that F is a representation of C0(fi1 x fi2) 

inL(/C) since F ( ( £ / . ® 0 . ) ^ ^ 

F ( E fi®9i)F(T, hj ® fy) (by density). Thus $ is positive. • 

7. Sequential instruments and the problem of coexistence 

Two immediate applications of the preceeding considerations suggest them­
selves. The first gives the existence of sequential instruments and it is due to [11]. 
The second application refers to the problem of coexistence of quantum ob-
servables as studied, e.g. in [23], [24], [25]. To close this paper we shall briefly 
comment on these applications. 
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7.1. Sequential instruments. 
The notion of an instrument, i.e. an operation valued measure, has been intro­

duced primarily to describe the conditional state changes of a quantum system 
under a measurement, conditioned with respect to a measurement outcome. The 
sequential composing of instruments reflects the possibility of performing mea­
surements on a quantum system one after the other. 

Let T(%) denote the Banach space of the trace class operators on %, 
equipped with the trace norm, and let L(T(Ti)) denote the set of bounded 
linear transformations on T(%). Let A be a <j-algebra of a set Q. A map 
1: A -> L(T(%)) is called an instrument if for each vector state (unit vector) 
ip e% the map 

A^x^tx[i(X){P[ip])] G [o,i] 

is a probability measure. (For alternative definitions, see e.g. [10].) The maps 
1(X) are bounded positive contractive transformations on T(%), and they 
are called operations. An instrument 1: A -> L{T(H)) defines an observable 
E: A -> L(H) through the formula 

(v | E(X)cp) = ti[i(x)(P[v])], xeA, ipen, 

and E is called the associate observable of 1. 
Consider now two instruments 1{: A{ -> L(T(H)), i = 1,2. Then for any 

X e Ax, Y G A2 one may compose the operations 1X(X) and 12(Y) in either 
order, for instance as 12(Y) olx(X), first performing the operation 1X(X) and 
then 12(Y). This raises the question of whether the operation valued map 

(X,Y)^I2(Y)oIl(X) (2) 

can be extended to an instrument 112: Ax 0 A2 —> L(T(H)). This question was 
first studied in [11] under some topological assumptions on (tt^Aj), i = 1,2. 
Here we shall demonstrate the possibility of extending (2) without any topo­
logical assumptions but assuming, instead, that the instruments are completely 
positive. Before doing that we still consider the map (2). 

For each vector state <p G % the function 

A1xA2^ (X,Y) H-> ̂ (X,Y) := t r [ j 2 ( y ) ( l 1 ( X ) ( P M ) ) ] G [0,1] (3) 

is a probability bimeasure. By the duality T(H)* = L(H), the bimeasures /i^, 
ip G %, define a positive operator bimeasure, a biobservable, B12: Ax x A2 

-> L(T-L) satisfying 
{*\B12(X,Y)ip)=^(X,Y) 

for all ip G U, X G Ax, Y G A2. The marginal observables, i.e. positive 
operator measures X K> B12(X,Q2) and Y »-> B12(n±,Y), are easily deter­
mined. In terms of the dual instrument I* of 1, defined by tr[TI*(X)(^l)] = 
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tr[l(X)(T)A] for all T G T(U), A G L(U), X € A, these marginal observables 
are simply 

X^l1(X)*(I)=E1(X), (4) 

Y^X1(nir{mY)(I))=I1{illY(E2(Y)) (5) 

with E{ being the associate observable of the instrument 1{, i = 1,2. It is worth 
pointing out that the (dual) operation I1(f21)* corresponds to the fact that 
the relevant measurement has been performed, but the result has not yet been 
registered and it is (apart from a trivial case) never an identity transformation. 
The second marginal observable is therefore a kind of 'noisy' version of E2, 
where E2 is affected by the first measurement, an i^-measurement. 

We now come to consider the possibility of extending the bimeasures (2) and 
(3) to the cr-algebra Ax ® A2 using the complete positivity of the instruments 
without any topological assumptions. 

An instrument 1: A -> L(T(H)) is said to be completely positive if all 
its dual operations 1*(X): L(H) -> L(Ti), X G A, are completely positive. 
According to a fundamental result of 0 z a w a [32; Theorem 5.1], an instrument 
1 is completely positive if and only if it has a Stinespring type dilation in the 
sense that there is a Hilbert space 1-L0, a spectral measure P: A —.> L(H0), a 
unit vector (j> G M0, and a unitary map U: H ®K0 -> % ® %0 such that for 
each X € A and for each vector state (D G %, 

AX) [P[<p]) - tr0 [P[U(<p ® 4>)]I ® P(X)] , (6) 

where tr0: T(H®%0) -> T(H) denotes the partial trace over %0. The associate 
observable E of 1 then satisfies 

E(X) = V;U*{I®P(X))UV^ 

for all X G A (compare Section 2.3). 

Consider now two completely positive instruments 1{: A{ -> L(T(H)), and 
let Mi = (Hv Pv </>;, U{) constitute their Stinespring type dilations. To compose 
these instruments sequentially, for instance "first Mx and then M2\ let I12 

denote the isometric isomorphism %®%1®%2 ->Ti®/H2®T-L1 which switches 
the positions of H1 and %2 in the tensor product /H®/H1®T-L2. Let I12 = 721 

and put 

U1 = U1®I2, U2 = I21U2 ® IXI12 , 

where /• is the identity operator on %{, i = 1,2. Consider now the composite 
quadruple M12 = (H1 ® U2,P1 ® P2A\ ® 02' ̂ 2^1) • T l i e completely positive 
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instrument X12: Ax ® A2 —> L(T(H)) is now easily determined, and one gets 

l12(XxY)(P[<p}) 

= tr1 2[p[v"2LT1(V®^1®02)] /®P1(X)®P2(Y)] 

= tr1 2[ /72((P[/71(^®01)] /®P1(X))®P[02])f j2*/®/1®P2(Y)] ( 7 ) 

= tr2 [U2(l1(I)(PM) ® p[cf>2])u;i ® P2(Y)] 

= I 2 ( Y ) ( j 1 ( X ) ( P M ) ) = I 2 ( Y ) o I 1 ( X ) ( P [ ^ ] ) 

for all X G A1, Y G ^42, and for any vector state (p £ W. The associate 
observable F?12 is then 

E12(X x Y) = 112(X x Y)*(/) = (l2(Y)ol1(X)y(I) 

= X1(X)*(J2*(Y)(/)) = 1X(XY(E2(Y)). 

Its marginal observables are 

E12(X x Q2) = £?,(*), / ^ ( ^ x Y) = Z ^ ) * (£ 2 (Y ) ) , (9) 

which are the same as those of equations (4) and (5). 
The instrument J12 of the 'sequential measurement' M12 is the composition 

of the instruments Xx and X2 of the 'measurements' Mx and M2, that is, 
X12 = X2oX1 in the sense of equations (2). Similarly, one gets the sequential 
instrument I 2 1 \ A2® Ax -» L(T(H)) with I 2 1 = Xx o X2 corresponding to 
performing first the 'measurement' M2 and then Mx. 

7.2. The problem of the coexistence of observables. 
Let A C V(H) and A{ C V(Sl{) be a-algebras, and E: A -> L(H) and 

E{: A{ —y L(H), i = 1,2, be quantum observables. We say that Ex and E2 are 
functions of E if there are measurable functions fx: Q —> Q1 and f2: Q —> Q2 

such that for each X G Ax, Y G A2, EX(X) = E(f~x(X)), and E2(Y) = 
E(f2

l(Y)). This corresponds exactly to the case where the observables Ex and 
E2 have a common measurement (dilation) (HQ^PJJ^V^) SO that 

EX(X) = v;u*(i^p(fr1(X)))uv(j>, X€Aly 

E2(Y) = v;u*(i® P(f2\Y)))UV4>, YeA2, 

for some measurable (pointer) functions f{: fi -> fii? z = 1,2. In this sense it 
is justified to say that the observables Ex and E2 are functions of a third ob­
servable E exactly when they can be measured jointly. There is another related 
physical notion which aims to formulate the idea that two observables can be 
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measured together: the observables El and E2 are coexistent if there is a third 
observable E such that the ranges of Ex and E2 are contained in that of J57, 
that is, 

{EX(X) : I G ^ J U {E2(Y) : Y e A2} C {E(Z) : Z G A} . 

This notion goes back to G. L u d w i g [28]. 

It is well known that any two spectral measures Ex and E2 are functions of a 
third spectral measure E exactly when the ranges of E1 and E2 are contained 
in that of J5, see e.g. [41]. In the case of semispectral measures the situation 
is different. Clearly, if two semispectral measures Ex and E2 are functions of 
a third semispectral measure E, then the ranges of E1 and E2 are contained 
in the range of E. It is an open question whether the converse statement holds 
true also for semispectral measures. 

On the basis of Theorem 6.1.2 one can give a characterization of the case 
where the observables Ex and E2 are functions of a third observable. To for­
mulate this result, we say that the observables Ex and E2 have a biobservable 
if there is a positive operator bimeasure B: Ax x A2 —r L(H) such that for all 
X eA^Y eA2, EX(X) = B(X,Q2) and E2(Y) = B ^ Y ) , and they have a 
joint observable if there is a positive operator measure E: AX®A2 —> L(%) such 
that for all X G Ax, Y G A2, EX(X) = E(X x 0 , ) and E2(Y) = E(Vtx x Y). 
Moreover, we say that an observable is regular if it is regular as a semispectral 
measure. 

THEOREM 7.2 .1 . Let Vtx and £l2 be locally compact Hausdorff spaces and 
E{: /3(f]J -» L(H) regular observables, i — 1,2. The following statements are 
equivalent: 

(i) Ex and E2 have a biobservable; 
(ii) Ex and E2 have a joint observable; 

(iii) Ex and E2 are functions of a third observable. 

R e m a r k 7.2.2. 

(a) If the observables E1 and E2 have completely positive instruments Xx 

and X2 such that XloX2=X2oXl, then E12 = E21 is a joint observable of Ex 

and E2 

(b) Let Щ-AІ -> Wд, І = 
EX(X): = Я] (X)®I2 and E2(Y) = -h 

1,2, be operator measures. By defining 

®E2(Y) we get two mutually commuting 

operator measures E{: A{ -* L(H1 eg) % 2 ) . For any £x G Hl and £2 G %2 the 
mapping 

x x Y -> (ex ® £21 ^ ( ^ ( - O C i ® O = fo ® £21 I^PO ® E2(Y) zx ® O 

= {Í,\Eí(X)^){i2\E2(Y)i2) 
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extends by basic measure theory to a a -additive function on Ax ® A2. Any op­
erator measure is norm bounded in view of the uniform boundedness principle 
and the fact that any vector measure is bounded ([14]). It follows by a stan­
dard density argument that the additive extension of the mapping X x Y H-> 
E1(X)®E2(Y) to the algebra generated by the sets XxY, X e Ax, Y G A2, is 
a -additive with respect to the weak (and by the Orlicz-Pettis lemma also to the 
strong) operator topology. By a standard argument involving the Frechet-Riesz 
representation theorem this mapping extends uniquely to an operator measure 
on A1®A2. In view of the well-known connection between the Hilbert-Schmidt 
operators and the tensor product of Hilbert spaces, this observation generalizes 
the main result of [4]. 
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