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MULTIPLIERS OF SOME BANACH
IDEALS AND WIENER-DITKIN SETS

A. TURAN GURKANLI

(Communicated by Miloslav Duchori)

ABSTRACT. Let L. (G) be a Beurling (convolution) algebra on a locally com-
pact abelian group G. A Banach algebra (S, (G), |- ”Sw) continuously embedded
into L1, (G) (we may assume for its norm that ||-[|; ,, < l-[ls, ) is called a Segal
algebra for L} (G) if it is dense subalgebra of L} (G), translation invariant, sat-
isfying ||L, flls, < w(a)llflls, forall f€ S, (G), a€G, and that y — L,fis
continuous from G into S, (G). The aim of this paper is to study the properties
of S,,(G). In the second section we characterize the multipliers from L (G) to
S, (G). We also discuss the tensor product factorization S,(G) ® V =V, where
V is a Banach Ll (G)-module. In the third section some applications are given.
In section four we discuss the Wiener-Ditkin sets of S, (G) and show that they
are the same as those of L1 (G).

1. Introduction

Throughout the paper G denotes a locally compact Abelian group (non-
compact and non-discrete) with dual group G and Haar measures dz and dz
respectively. C.(G) denotes the space of all continuous, complex-valued func-
tions on G' with compact support and by (L?(G),||-|,), 1 <p < oo, the usual
Lebesgue space. Also C,(G) denotes the algebra of continuous complex-valued
functions on G that vanish at infinity and M(G) the space of bounded regu-
lar Borel measures on G. A strictly positive, continuous function w satisfying
w(z) > 1 and w(z+y) < w(z)- w(y) for all z,y € G will be called a Beurling’s
weight function on G. For 1 < p < 0o we set

?(G):={f: feLPG), f-we L*(G)}. (1.1)

Under the norm || f|[,, ,, = || fwl|, this is a Banach space. We say that w, < w,
if and only if there exists a constant ¢ > 0 such that w,(z) < cw,(z) for all
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z € G. Tt is known that L2 (G) C L2 (G) if and only if w; < w,. Lastly we
recall that a weight w satisfies the Beurling-Domar condition ([4]) if

(BD) Y n~2-log(w(nz)) < oo for all z € G.
n>1

An algebra A(X) of complex-valued continuous functions over a locally com-
pact Hausdorff space X is called a standard algebra if it has the following prop-
erties:

(i) If f € A(X) and f(a) # 0 at a point a € X, then there is a g € A(X)
such that g(z) = ﬁ for all z in some neighbourhood of a.

(ii) For any closed set E C X and any point a € X — E there is f € A(X)
vanishing on E and such that f(a) # 0.

For any ideal I in A(X) the set of points of X where all functions in I
vanish is called the cospectrum of I, denoted by cosp I. We shall use the known
fact that any ideal with cospI = ) contains A(X)NC, (X), i.e. all functions in
A(X) with compact support ([18; 1.4.(ii)]).

If, in addition to (i) and (ii), A(X) N C (X) is dense in A(X), then A(X)
will be called a Wiener algebra.

If V and W are Banach L. (G)-modules, then Hom 4 (V, W) will denote the
Banach space of all continuous A-module homomorphisms from V to 1 with
the operator norm. The elements of Hom ,(V, W) are called multipliers from 1
to W.

Furthermore we denote the projective tensor product of V' and W as Banach
space by V ®, W . Let K be the closed linear subspace of V ®, W spanned by
elements of the form (f-g)®@h—g®(f-h), f € LL(G), g€V and h € W. By
definition, the L! (G)-module tensor product V ®pa W is the quotient Banach
space V @, W/K ([17]). It is known that any ¢t € V ® 1 W can be written in
the form

00 00
tzzgk@)hk, 9 ev, hk eWw, where Z”gk[!“hkn <oo. (1.2)
k=1 k=1

Whenever we talk about L!(G)-modules in this paper we mean Banach
L! (G)-modules with respect to convolution.

2. Multipliers from L.(G) to S, (G)

It is known that L! (G) is a closed ideal in M (w) and the space of multipliers
of L} (G) is homeomorphic to the space M (w), where

M(w)={p: pe M(G), [wd|u| <oo}. (2.1)
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Cigler gives a generalization of Segal algebra in [2] as follows:
Let S, = S,(G) be a subalgebra in L. (G) satisfying the following condi-
tions:

S1) S, is dense in L} (G).

S2) S, is a Banach algebra under some norm || - ||g ~and invariant under
translations.

S3) 1L, fllg, <w(a)llflls, forall a€ G and for each f € S,.

S4) Given any f € S, and € > 0, there is a neighbourhood U of the unit
element e of G such that ||L,f — fllg, <e forall yeU.

$5) 1]l < Iflls, for all f € 5,,.

PROPOSITION 2.1. If p € M(w) and f € S,(G), then px f in S (G) and
= flls, < llully, - 1f1ls, where lipll, = [w dlul.

Proof. Since y = L, f is a continuous function from G into S, (G) for
f € 5,(G) and p is a bounded Borel measure, then L f € Ly (G,p) is in
L (G), the space of integrable functions with values in 5, (G). Hence the
vector integral [ L, f du(y) exists as in S,(G) and

H [ 17 anty / 1L, /lls, dlulw)

< / 17115, w@) dlul®) = £, - lull,

By the technique of proof used in [19; p. 20, Proposition 2], we show that

J 7 duts) = s (2.3)

It follows from (2.2) and (2.3) that
e fllg, < lully - I1£1s,, - (2.4)
O

PROPOSITION 2.2. S, (G) is an essential Banach ideal in L (G).

Proof. We know that S, (G) is a dense Banach ideal in L, (G) by as-
sumption (S1) and Proposition 2.1. Now let f € S,,(G) and € > 0 be given. By
the definition of S, (G) there is a neighbourhood U of the unit element e of G
such that

IL,f = fllg, <€ (2.5)
for all y € U. Let (e,) «c; be a non-negative bounded approximate iden-
tity in Ly (G) satisfying |le ||, = 1 and suppe, C U for all a € I, [22].
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Then there exists a, € I such that

llew x f = Flls, =

/ el (L, =1} |

< / eI, T — flls. << (26)

for all @ > «,. Hence S, (G) is an essential Banach ideal in L (G) by [5;
15.3. Corollary]. O

PROPOSITION 2.3. Suppose that w satisfies (BD). Then L} (G) has a bounded

approzimate identity (e,),c; whose Fourier transforms have compact support
and e, € S (G) forall a €1I.

Proof. It is known that the Fourier transform of the functions in L! (G)
form an algebra of continuous complex-valued functions with the ordinary multi-
plication (pointwise) algebraic operations. We denote it by F(L! (G)) = F1(G)
and carry the L} -norm over to Fi(é’) by putting

1flpy = 1wy fEFLG). (2.7)

We denote by F , the set of all f € L! (G) such that fe FJ}(G) has compact

support. Since w satisfies (BD), then F&)(G) is a Wiener algebra ([18]). We
denote by F(S,(G)) the image of S,,(G) under the Fourier transform. Since
S, (G) is dense in L. (G), then it is easily proved that cosp(F(S,(G))) = 0.
Hence, by the properties [18; p. 20, 1.4.ii], we have the inclusion Fy ., CS,(GQ).

Also since w satisfies (BD), then L. (G) admits a bounded approximate identity
(eq)qer such that e, € Fy, , for all @ € I ([6; Lemma 4.1]). a

One can also prove Proposition 2.3 with another way using [8; Proposi-
tion 1.1].

Next we denote by Mg the space of u € M(w) such that ||u|l,, < C(n),
where

lully = sup{lflsn s ferl(@), f#0, fec (®}. (28
By the Proposition 2.1 we have My # {0}.

PROPOSITION 2.4. If w satisfies (BD), then for a linear operator
T: L) (G)— S,(G) the following are equivalent:
(1) T e M(LL(G),S,(G)) (the space of multipliers from L. (G) to S, (G)).

(2) There exists a unique p € Mg such that
Tf=upxf for every f € LL (G).

Moreover the correspondence between T and p defines an isomorphism between

M(L:(G),S,(G)) and Mg
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Proof. Suppose u € Mg such that T, f = px f for every f € LI (G).
p € Mg ~implies that T) is a bounded linear operator from F,  (which is a
dense subspace of L. (G) endowed with the norm || - ||, ,,) into (S, |ls,)-
Using a standard approximation argument 7T, extends to a unique bounded
linear operator T on all of L. (@). Clearly T still commutes with convolutions
and maps L (@) into S (G).

Conversely suppose T € M(LL(G),S,G)). Then according to [12] there
exists a unique g € M(w) such that Tf = p* f for all f € L} (G). Since

ITflls, = llexFlls, < Clflliw (2.9)
it is obvious that yu € Mg . The proof also shows that the norm || -[[,, and the
operator norm || - || are equivalent. a

DEFINITION 2.5. Let V be a L! (G)-Banach convolution module. We write
S,(G) ® V for the space of all ¢ € V for which there are sequences

{9,352, CS5,(G), {h}2,CV with t = kZ:l gy, * hy, and kzl lgells, " 1Ay lly <oo.

It follows immediately from [20; Theorem 6] that S, (G) ® V' is a Banach
space with the norm

el = inf{ 5 laulls. Tl = 10520 € 5u(6), Mgk €V,

= - (2.10)

t= > gy * hk} .
k=1

Also it is easy to see that [[t]|,, < [|[t]ll -

PROPOSITION 2.6. Let V be a L. (G)-convolution Banach module. Then
5,(@) @y VS, GV,

The isomorphism being an isometric one.

Proof. Consider the mapping B from the projective tensor product
S,(G)®, V to §,(G)®@V determined by B(f ® g) = f*g, f € S,(G)
and g € V. It is easy to see that B is surjective. Also B is an isomorphism
being isometric by the arguments used in the proof of [17; Theorem 3.3]. |

THEOREM 2.7. For an L. -convolution Banach module V the following are
equivalent:

1) S,V =V.

2) Homj, (S,(G), V*) 2 V* in the sense of a topological isomorphism.

241



A. TURAN GURKANLI

Proof. If §,(G)®@V =V, then it is easy to see that S (G)®V =17,
using the closed graph theorem. Hence

(S, (G)aV) =v*. (2.11)
Then we have

Homy, (S,,(G),V*) = (5,(@) V)" =V" (2.12)

w hed

by [17; Theorem 1.4].
Conversely suppose HomL1 (Sw(G), Ve) =V,

Then for a: V* —>H0le ( (G ,V*),

(v,a(v*)(g)) = (g*v,v"), veV, vreV®, ge S, (G), (2.13)
is a surjective topological isomorphism. Define the function 8 o a: V* —
(5,(G)@V)", where 8: Hom,, (S,(G),V*) = (S,(G)® V)" is defined as in
[17]. Since « and f are surjective also 8 o a will be surjective. The proof that
i* = o a proceeds then as for [15; Theorem 2|, where i: S (G)®@V — V is

the identity map and i* is the usual adjoint of ¢. Hence i is also surjective and
in this case we have S, (G)®@V =V. O

3. Applications

1) Let w, w be weight functions on G and G respectively. For 1 < p < co we
set

Ab (G)={f: feLl(G), feLr(G)}
and

1A = 1M+ 1 1 (3.1)

These spaces were introduced by Feichtinger—Giirkanli in [6]. Another
generalization has been given by Fischer-Girkanli-Liu in [10], [11],
where it is proved that (A2, (G),|- |/, ) is a Banach algebra with respect
to convolution. It is also proved that if the first weight w satisfies (BD), then
AP (G) is a dense Banach ideal in L! (G) having an approximate identity
bounded in the norm of L! (G) with compactly supported Fourier transforms.
Furthermore for given any f € A? (G), the function a — L, f is continuous.
Finally [f]], ,, < [If[%,, and

Lo f12, o = 1o flh + 1L F e < W@l flly g + 110 < w(@ISIE, L (32)

Therefore if w satisfies (BD), then AP (G) is a S, (G) space. Applying the
Proposition 2.4 to the space A%, (G) one obtains that the space of multipliers
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from L, (G) to AP (G) (briefly M(L}(G), A%, ,(G))) is homeomorphic to
M, , where A = AL (G).
We denote by B, (G) the space of all the measures p in M (w) such that

the Fourier-Stieltjes transform fi of 1 belongs to LP (G). It is easily seen that
B (G) is a Banach space with the norm

uw

(3.3)

Indeed, it is proved in [1] that B, (G) = M ,(G) is a Banach space for w =1
and w =1, with the norm

lullg, = llelly, + 1Al » (3.4)

where ||x]| denotes the usual total variation norm of p € M(G). Also ||p| <
llull,, and (4], < |lAll,,, for all p € B, (G). Now let {u,};°, be a Cauchy
sequence in B, (G). Then {u,,}2°; and {4, }°° , are Cauchy sequences in M (w)
and in LP(G) respectively. Since M(w) and LP(G) are Banach spaces, then
{p,}o2 converges to a measure u € M(w) and {f,,}52, converges to a function
h € LP(G). Hence {u,}>2 , converges to u in M(G) and {f,}22; converges
to h in LP(G). Then using (3.4) we write & = h as in [1]. This completes the
proof.

THEOREM 3.1. If w satisfies (BD), then B, (G) = M,(G) and the corre-
sponding natural norms are equivalent.

Proof. Suppose p € B,,(G) and f € L! (G), f # 0. Then we write

i P18 =l Ul + i Flly gy = i flly o+ it Fll - (3.5)

By the technique of proof used in Proposition 2.1, we see that

i Flly i < Melly - 1111 - (3.6)
It follows from (3.5) and (3.6) that

(e I 0 = Ml Flly o + e £l
< lelly 151 o+ 1Rl - 11l

(3.7)
<l - Wl + 2N o - NF 1l
=111l (el + Nl ) = 11 - el g, < 00
Hence we have e+ fII7
IB2 0 < il - (3.8)

||f”1,w
This implies that p € M, and [|p|lp < ”“HBw,w'
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Conversely suppose p € M,. Since w satisfies (BD), the space AP (G)

admits an approximate identity (e,) C Fy,, bounded in L!(G) ([6]).’ Also
since ||pll;, < 00, then p € M(w) and

e * el o, < lmllag - Suplle 1,0 = K (1) (3.9)
for every a € I. This implies

- egll, . < lnxell, , < K(w) (3.10)

for all @ € I. The reflexivity of LF, (G) and the Banach- Alaoglu theorem imply

that there exists a subnet (- é4) of (-€é,) and g € L”(G) such that (4-é3)
converges weakly to g. Since (f - eﬁ) converges uniformly to 4 on compact

subsets of G it is easy to see that 2 = g almost everywhere. Thus fi € Lg(G).
Consequently we obtain that p € B, (G) and

lellg, < llully - supllegll , - (3.11)
acl

Hence we have B, (G) = M ,(G). a

2) Let S(G) be a solid ordinary Segal algebra, i.e. assume that |f(z)| < |g(z)]
a.e. for g € S(G), f € L'(G) (or just measurable) implies f € S(G) and
I flls < llgllg. Define a set

S¥(G)={f€eL,(G): f-weS@)}. (3.12)
It is easy to see that (S*(G), |- |lgw) is a normed space with the natural norm
Ifllgw = 1If - wlls- (3.13)
PROPOSITION 3.2.
a) (SY(G),|l-|lgw) is a Banach convolution algebra.
b) S“(G) is dense in L. (G).
Proof.

a) It is easy to prove that S¥(G) is a Banach space. Now let f,g € S¥(QG)
be given. We write

I+ gylls < [ 170) - gla = ()]s a
(3.14)
< [llg) - wls - w70 dt = lgulls -1 .

where £ — t = u. Hence we have

1f * gllgw SNl lglly o+ llgwlls - 1A Nl = IF 1w - Ngllse < WA llgw - gl -
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This completes the proof of a).
b) Let € > 0 and any f € L (G) be given. Since fw € L'(G) and S(G) is
dense in L!(G), there exists g € S(G) such that

lfw—gll, <e.
Hence
lr-2| =](r-2)u] =nro-gh << (3.15)
Wil w w 1

Also we have

g _

|| g = |lgllg < o0.
That means g € S*(G). This completes the proof. O

PROPOSITION 3.3. If w satisfies (BD), then to every compact subset Kcd@
there is a constant Cp > 0 such that, for every f € S¥(G) whose Fourier
transformation vanishes outside of K , it holds that || fllge < Cg - ||fll; 4 -

Proof. Due to (BD), for any such K c G there is g € S*(G) with
g(z) =1 for all x € K. Hence f*g € S¥(G) and

IF* gllgw <Nl - Ngllsw (3.16)

for all f € S¥(G) satisfying supp f ¢ K by the proof of Proposition 3.2. If we
set Cx = ||g|lgw, We obtain the desired estimate
1fllgw =UIf * gllgw < Crllflly - (3.17)
g
PROPOSITION 3.4. If w satisfies (BD), then for any f € S*(G) the map
y— L, f is continuous from G into S*(G).

Proof. For g € FO,w’ supp(Lyg — g)" is compact and y — Lyg is conti-
nuous from G into S*(G) by Proposition 3.3. Since w satisfies (BD), F , is
dense in L (G) and statement is true for any f € S*(G).

In summary we have shown: If w satisfies (BD), then S*(G) is a S, (G)
space. O

EXAMPLES. Let G be a non-discrete and non-compact locally compact abelian
group and w be Beurling’s function weight on G.

1) Choose L'(G)N LP(G), 1 < p < oo, as a solid Segal algebra with norm
1A= 170+ 1fL,,  f € LY(G) N LP(G). (3.18)
One can define S*(G) using this Segal algebra.
2) Take the Wiener amalgam space W (L?(G),L'(@)). It is known that

W(LP(G), L}(@)) is a solid Segal algebra by [9; Corollary 1]. So one can define
the space S (@) using this Segal algebra.
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4. Wiener-Ditkin sets for S (G)-spaces

In this section we will discuss the Wiener-Ditkin sets for S, (G)-spaces. In
the spirit of [18] we call a closed subset E C G a Wiener-Ditkin set for S (@)
if each f € S, (G) such that f vanishes on E can be approximated in S,(G)
with functions f % F such that F vanishes in some neighbourhood on E

THEOREM 4.1. A set E C G is a Wiener-Ditkin set for S, (G) if and only if
E is a Wiener-Ditkin set for L (G).

Proof.

1) Assume that E is a Wiener-Ditkin set for S (G). Let f € L!(G) be

such that f vanishes on E and (€4)acr be a bounded approximate identity in
L! (G). Also let € > 0 be given. Then there exists o, € I such that

If = fxeqlliw <5 (4.1)
Since S,(G) is an ideal in L}, (G), then fxe, €S, (G). Clearly (f*eal)/\ =0

on E. Hence we can find F, € S, (G) such that F, vanishes on a neighbourhood
of E and

If % eqy = Fyx (freg s, < 5 - (4.2)

We set F' = F e, . Then F= F ‘€, and thus F vanishes on a neighbourhood
of E. Since || - |l; , <l lls,, > from (4 1) and (4.2) we have
Wf=FxFlli,=Uf—Freq +Fxey, —Fxflli,
S “f - f * ealnl)w + Hf * eal - F1 * (f * eal)nl,w
€, € _
S 5 + § =E€.
This completes the proof of first part.

(4.3)

) Assume that E C G is a Wiener- Ditkin set for L' (G). Let f e S,(G)

with f vanishing on E C G. Since S,(G) is an essential Banach module over
L! (G), then for any given ¢ > 0 there exists o, € I such that

1f = fxeqlls, <5 - (4.4)

There also exists F, € L. (G) such that F1 vanishes on a neighbourhood of E
and

Nf=f=Fills, < 2 el (4.5)
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Take F = e, *F,. Then F = €ap Fl and therefore F' vanishes on a neigh-
bourhood of E. Finally

If = F*Fllg, <IIf = fxeglls, +1If xeq, = F*Fllg,

:”f“‘f*ea()”sw+||f*ea0_f*F1*ea0”5w (4.6)
£
<Etfleg - =c.
2 el 3 e o T
This completes the proof. O

Remark 4.2. Let a be a positive number (or zero) and consider the Beurling’s
weight function

w(z)=(1+]z))%, =z,yeR". (4.7)
We denote the corresponding weighted space by L. (R") = L.L(R") and the
norm by |- [, , = [l -l; o- It is known that the closed subgroup of R" are

Wiener-Ditkin sets for L (R*) (0 < o < 1), [21]. Take the space A? (G)
from Section 3. Since w satisfies (BD), then any closed subgroup of R" is a
Wiener-Ditkin sets for this space.
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