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ERROR ESTIMATES AND
THE VORONOVSKAJA THEOREM
FOR MODIFIED SZASZ-MIRAKYAN OPERATORS

ZBIGNIEW WALCZAK
(Commaunicated by Michal Zajac)

ABSTRACT. In this paper we introduce certain positive linear operators. We
give theorem on the degree of approximation of functions from polynomial
weighted spaces by introduced operators, using norms of these spaces. This note
was inspired by the results given in author’s previous papers.

1. Introduction

M. Becker in his paper [1] studied approximation problems for functions
feC,, peN,:={0,1,2,...}, and Szdsz-Mirakyan operators
k

(nz)"

Sn(f;x):ze‘”ZTf(E), z€R, =[0,+0), neN:={1,2,...},
k=0 (1)

where

C,:={f €C(Ry): w,f is uniformly continuous and bounded on R, }
and

wo(z) =1, w,(z) == (1+ zP)"! if p>1. (2)
The norm on C is defined by the formula

WA, = 1FON, = :él£uw,,(w)|f(w)| : (3)

In [1] it was proved that S gives a positive linear operator C, — C,. For
feC,, peNy, it was proved that

w,(2)[8,(f;2) — [(@)| < My(p)wy(f:Cpi[E),  w€Ry, neN,
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where w,(f;-) is the modulus of smoothness of the order 2 and M, (p) is a
positive constant.

Thus it follows that if f € C) :={f € C,: f' €C,} and p € N, then

wp($)|5n(f,a:) - f(z)| < Afg\/%

for every fixed z € R, and n € N (M, = const > 0). From these theorems it
was deduced that

lim S, (f;2) = f(z) (4)

n—oo

for every f € C,, p € Ny and z € R, . Moreover the convergence (4) is uniform
on every interval [z,,z,], £, > z; > 0.

Recently in many papers various modification of operators S, were intro-
duced. We cite works of P. Gupta and V. Gupta [3], V. Gupta and
U. Abel [4], V. Gupta and R.P. Pant [5], V. Gupta, V. Vasishtha
and M. K. Gupta [6], M. Herzog [7], H. G. Lehnhoff [8], M. LeSnie-
wicz and L. Rempulska [9],and S. Xiehua [18]. These operators are very
interesting approximation processes. In particular, the authors [3]-[6] studied the
rate of convergence of introduced operators. Their results improve other related
results in the literature.

Approximation properties of modified Szdsz-Mirakyan operators

S(fi) = e S (",f!)kf( )

P n+q

for x € R;, n € N and ¢ > 0 in exponential weighted spaces were examined
in [10]. Their extensions can be found in [11]-[17]. For example, in the paper
[16], there were considered certain linear positive operators

T(f. . (nx+12k kot
Bn(fvx) (nm+1 Z (k+1" (n(n$+1))’

q>0, TEN, zeR,,

where - .
t
tr) = , t ,
gltir) = CEToL € R,
k=0
1.e.
1 1 — v
g(0;7r) = =, git;r) ===y ) if t>0.
r! t — J!
J:

In [16], there were proved theorems on the degree of approximation of f € c,
by operators B,,.
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Similar theorems for the operators of the Szdsz-Mirakyan type are given in
[11], [13]-[15] and [17].

Theorems of many papers (e.g. [1], [7], [9], [10], [12]) concern point nice
approximation. We give theorems on the degree of approximation of functions
from polynomial weighted spaces by introduced operators, using norms of these
spaces. Moreover, we shall prove that the operators A, (defined by (8)) give
better degree of approximation of functions f € C, and f € Czl) than that
proved for S, . This together with the simple form of the operator makes results
given in the present paper more helpful.

For f € C, we define the modulus of continuity w; (f; -) as usual ([2]) by the
formula

wi(f;Cpit) := sup [[ALFO),,  tERy, (5)

0<h<t
where A, f(z) := f(z+h) — f(z), for z,h € R, . From the above it follows that
Jm w, (f;C,5t) =0 (6)

for every f € C,. Moreover, if f € Cll,, then there exists M; = const > 0 such
that

w (f;Cpit) S My -t for teR,. (7

In this note we introduce in the space C,, p € N, a new modification of the
Szasz-Mirakyan operators as follows

o

rk
An(f;r,q;:v):e“"q””rz(nqwlzl) f(m( : ) 8)

r—1
= niz + 1)

forzeRy, neN, reR, :=[2,+00) and ¢ > 0.

Similarly as S,,, the operator A, is linear and positive.

Using technique found in [1]-[2], [7]-[17], we shall obtain error estimates and
the Voronovskaja type asymptotic formula for A, . It turns out that the order
of approximation by the operators examined in [11], [13]-[14] and [16] is O(1/n)
for f € C . Thus, to improve the order of approximation, we consider the

p
operators (8).

2. Auxiliary results

In this section we shall give some properties of the above operators, which
we shall apply in the proofs of the main theorems.
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From (8) we easily derive the following formulas

A, (L gz)=1,
A ae) = o+ L

2. oy 1\? 1 (9)
An(t ,T‘,q,CC) - (-T‘}_ m) l:l+ (n%r%—l)’] )

i) < (o4 1) 14— 1
An(t T, G5 T) = (:L‘+ nq) l:l + (nix 4+ 1)7 + (niz + I)QT:I

for every fixed r € Ry, ¢ >0 and for all n € N and z € R;.
From formulas (8), (9) and A, (t¥;7,¢;z), 1 < k < 3, given above we obtain:

LEMMA 1. Fizr €Ry, ¢ > 0. Then for all z € R, and n € N we have

1
An(t—.’I};’f‘,q;:E): Ea

2, . _ 1 1
An((t—l') ,T,q,.’l,') _ﬁ !:I‘FW )

1 3 1
3. . —
An((t— l‘) 3T g, CU) = an [1 + (nql' n 1)7,_2 + (TLqLL‘+ 1)27‘—3] .

Next we shall prove:

LEMMA 2. Let s €N, ¢ >0 and r € R, be fized numbers. Then there exist
positive numbers A, ;, 1 < j <s, depending only on j and s such that

. B SV R
An(t ’T’ q,.'l') - (:L‘ + nq) Zl (nql‘ + 1)(j—1)7‘ (10)
j=

for all n € N and z € R, . Moreover, A, ; =\, =1.

Proof. We shall use the mathematical induction for s.
Formula (10), for s = 1,2, 3, is given above.
Let (10) holds for f(z) =27, 1 < j < s, with fixed s € N. We shall prove (10)
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for f(z) = z**!. From (8) it follows that
A, g ) =

(nfz+1)" Z (nqm + 1)Tk kS
(nd(niz + 1)r—1

)S+1

(nql‘ + 1) —(niz r s ’n/qx + 1)Tk s
= e (" +1)Z(——(k+1)

(ne(niz + 1)r=1) pord k!
_ (e ety i (nz + 1k i (S)ku
(wi(ntz + 1>r—1> ==V
(nqx + ( ) q q r—1\H
= +1 A (tH; i) .
(nq(nqz+l)r 1) mz wnte + T A5 g52)

By our assumption we get

A (BT g 7) =

(’flq.’L'+1) q T a )\N»‘
= 1s+1{ +Z<>(n$+1) ;(nqz—{-l;(j_l)r}

nd(ndz + 1)"~

(
s+1 A
o+ &)+ 23 () g |
(

Jj=1p=j
1 s+1{ 1 i 1 i *)a
=z + —q) + (3-1) popti=s
n (nqx + 1)’”5 et (nqm +1)G-1r p=s—j+1 H
s+1

, 1 s+l )‘s-f—l,j
(“E + 5‘7) z:l (niz + 1)G-Dr
]:

and A\, = A,y 4 =1, which proves (10) for f(z) = z°t1. Hence the proof
of (11) is completed. |

LEMMA 3. Fiz p € Ny, r € R,, ¢ > 0. Then there ezists a positive constant
M, = M,(p,r) depending only on the parameters p and r such that

|4, (1/w,(®);7,¢;) ||, < My, neN. (11)
Moreover, for every f € Cp we have
1A, (fir g )Ml < MylIfll,,  neN. (12)

Formula (8) and inequality (12) show that A, , n € N, is a positive linear
operator from the space C’p into C’p for every p € N, -
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Proof. Inequality (11) is obvious for p = 0 by (2), (3) and (9). Let p € N.
Then by (2) and (8)-(10) we have

w,(2)A, (1/w,(t);r,¢;z) = w,(z){1+ A4, ("7, ¢;z)}
V4

_ 1 (z +1/n%)P Z Apj
T 14zP + 1+ 2zp . (n9z + 1)(G=r

Y4 P /\ .
E p z* p,J <
b (u) 1+ zP Z (ndz +1)G-Dr = M,(p,r)

IA

for z € Ry, n €N, ¢ >0 and r € R,, where M,(p,r) is a positive constant
depending only on p and r. From this (11) follows.

Formula (8) and (3) imply
4, (f@sr, @), < 71,4, (L/w, @), a5)],,  n€N, reRy,

for every f € C,. Applying (11), we obtain (12). This completes the proof of
Lemma 3. a

LEMMA 4. Fiz p € Ny, ¢ > 0 and r € R,. Then there exists a positive
constant My = M.(p,r) such that

[4n(ira)l, < 5 fora mew, 09

wy -

Proof. The formulas given in Lemma 1 and (2), (3) imply (13) for p = 0.
By (2) and (9) we have

A, (- 2)?/w, ()i g 3) = A, ((t - 2)%7m,q;2) + A, ((t — 2)°; 7, s 2)
for pn €N, ¢>0and r €R,. If p=1, then by the equality we get

A (= 2)*/w ()i, 5 2) = A, ((t - 2)*im, g5 2) + 4, (Kt — 7)1, ¢; )
= A, (- 2)’irq2) + (1 +2)A4,, (¢t - 2)% 7, g5 2)

which by (2), (3) and Lemma 1 yields (13) for p = 1.
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Let p > 2. Applying (10), we get
w,(z)4, (t°(t — z)% 7, q;2)
:wp(a:){A (P2, g ) — 2zA, (P g ) + 22 A, (P, g ) )

p+2 2t v
:w,,w{( 1) z -

+1
1713 Apt1, p p,J
- 2x<zv t F) Z (niz + 1)(]’-1)T Tz (x + ) Z (niz + 1)(J 1)r
Jj=1 J=1
+

ZwP(z)(x-’_#)p{nl?q ( ) Z nq:v++12(]1 Ur

p+1 A
_ 1 __IM___ 2
2x(x+nq)22(n4x+1 (G-1r Z(n‘lx-*—]_(] 1)"}’
J
which implies
w, ()4, (tP(t - z)% 7, q; )

2 p+1
1 (1+z)P 1 s
S 1+zP {1 (ndz + 1) 2<Z’\p+21+22)‘p+1]+z)‘m

< M5(p,7‘)
for x € Ry, n €N, ¢ >0 and r € R,. This ends the proof of (13). a

3. Error estimates

In this part we shall give some estimates of the rate of convergence of the
operators A, .
We shall apply the method used in [1], [7], [9]-[17].

THEOREM 1. Let p € Ny, ¢ > 0 and r € R, be fired numbers. Then there
exists a positive constant My = Mg(p,r) such that for every f € Czl, we have

14n(Fir0) = FOll, < 2207, meN. (14)

Proof. Fix z € R;. Since we have
1) - fl@) = /f teR,,
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for f € C} and the fixed z, we have by (8) and (9) that

A, (7O, 052) = f(z) = (ff ) dur,gz),  nel.

But by (2) and (3) we have

‘/f’(u) du| < [I£'Il, (E%er%m)) lt—z|, teR,.
p p p

Consequently
w,(z)|A, (f;r, ¢;2) — f(2)]
< U7l { A, (1t = 2l 2) +w,(@)4, (Sthir g:2) }

for n € N. By the Holder inequality and by (9) and Lemmas 1, 3, 4, it follows
that

(15)

2
A, (It = 2lir g 2) < {A, (- 2)%rg2) A, (Lrg2)} 7 < \:—q—
1/2 1/2
U)p(l‘)A (It f)lv,r q;T ) S ’U)p(l‘){ ((t :(tt) RN )} {An(ﬁ;ra q; :L‘)}
M
= na
for n € N. From this and by (15) we immediately obtain (14). O

THEOREM 2. Let p € Ny, ¢ > 0 and r € R, be fized numbers. Then there
ezists M, = M,(p,r) such that for every f € Cp and n € N we have

1AL (F7,057) = FOll, < Moy (£5Cyi ) - (16)

Proof. We use Steklov function f, of f € C,

h
fr(x) %/fxﬁ-t)dt reR,, h>0. (17)
0
From (17) we get
h
1
1@ = 1@ = § [ A
0
fh(:r):% hf(-'r)a .’L'GRO, h>0,
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and

1~ fll, < (£5C,ih) as)
Ifall, < A7 w(f;Cp5h) (19)

for A > 0. From this we deduce that f, € C) if f € C, and h > 0. Observe
that

w,(z)|A, (f;r, ¢ x) — f(z)]
<w,(@){|A,(f = frim ¢ 2)| + 14, (frim ¢ 2) = (@) + | £, (2) — f(2)]}
:=L,(z) + Ly(z) + Ly(x)

for n € N, h >0 and z € R;. From (12) and (18) we get

||L1||p < M4|]fh - f”p < M4w1(f; Cp§h) )
I Lsll, < w; (f5Cp5h).

By Theorem 1 and (19) it follows that

M, M
IZall, < Z21731l, < 8w, (£5C,ih)

Consequently
A N M < ]. M 6 w -C .h
|| ’n(-} ’T7q) ') - J (-)”p —_ + 4+ T’ l(J 7 p7 )'

Setting h = nl—q we obtain the assertion of Theorem 2. |

From Theorem 1 and Theorem 2, applying (6)—(7), classical theorems of
mathematical analysis and elementary calculations, we can prove following two
corollaries:

COROLLARY 1. For every fited r € R,, ¢ >0 and f € C,, p € Ny, we have

lim [[4,(fir,q:) — FO)l, = 0.

COROLLARY 2. If f€C), pe N, and r €R,, ¢ >0, then

14, (f57,q) = FOl, = O(1/nT).
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4. The Voronovskaja type theorem

THEOREM 3. Let f € C,l, and let r € R,, ¢ > 0 be fired numbers. Then,
lim n?{A,(f;r,q;2) - f(z)} = f'(z) (20)
n—o0o
for every x > 0.
Proof. Let x > 0 be a fixed point. Then by the Taylor formula we have
ft) = f(z) + f'(2)(t — 2) +e(t; 2)(t — @)

for t € R, where e(t) = e(t;z) is a function belonging to C, and e(z) = 0.
Hence by (8) and (9) we get

A (fir gi2) = f(@)+ f'(2)A, (t—z;m, ¢ 2) + A, (e(t)(t—x); 7, q;2),  n €N,
(21)
and by the Holder inequality
1/2
|4, ()t - 2)im, g 2)| < {A, (Wi, g2) ) {4, (- 0% g2)} .
By Corollary 1 we deduce that
lim A, (¢%(t);r,¢;z) =€*(z) =0.

n—o0

From this and by Lemma 1 we get

nlglgo nA, (e(t)(t — z);r,q;2) = 0. (22)

Applying (22) and Lemma 1 to (21), we obtain the desired assertion (20). O

Remark. It is easy to verify that analogous approximation properties in the
space C, have the operators

(k+147)/(n9(n9z+1)"" 1)

oo

9z 4+ 1
0 fir, i) = oot 30 LTI a0y gy | 1w a
k=0 (k+7)/(n(nz+1)7 1)
and
APl (fir gy 2) =
o0
k q rk
i a—(niz+1)" (nq$+ 1)r 1" / —(n%t+1)" (n9t +1)

for feC,,peNy,z€R;, n€EN, ¢g>0andreR,.
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