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ABSTRACT. In this article we introduce the vector valued paranormed sequence

spaces 22(q,p), 220(q,p), (28)%(g,p), (220)5(9,p), (2¢)F(g,p) and (220)"(g,p)
defined over a seminormed space (X, q). We study their different properties like
completeness, solidness, symmetry, convergence freeness etc. We prove some
inclusion results.
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1. Introduction

In order to extend the notion of convergence of sequences, statistical con-
vergence was introduced by Fast [2] and Schoenberg [11] independently.
Later on it was further investigated by Fridy and Orhan [3], Salat [10],
Rath and Tripathy [9], Tripathy [13], Tripathy and Sen [15]
and many others. The idea depends on the notion of density of subsets of N.
Throughout the paper, xg denotes the characteristic function of E. A subset E
of N is said to have density §(F) if

1
§(E) = lim % xp(k)
n k=1
exists.
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Throughout the paper, w(q), {o(q), ¢(q), co(q), ¢(q), ¢o(q) denote the class s
of all, bounded, convergent, null, statistically convergent and tatistically null
X-valued sequence spaces respectively, where X is a seminormed space, semi-
normed by q.

A scquence (zy) € ¢(q) if for every € > 0, there exists L € X such that
§({k € N: gz — L) > £}) — 0. We write stat-limz; = L.

Two sequences (xy) and (yx) are said to be equal for allmost all b (in shoit
aak.) if 6({k e N: z; #y}) =0.

The studies on paranormed sequences were initiated by Nakano 7] and
Simmons [12] at the initial stage. Later on they were studied by Maddox
[5], Nanda [7], Tripathy and Sen [15] and many others.

Let p = (pr) be a sequence of positive real numbers and H  supp. < oc.

h

Then for (ax) and (bg) two sequences of complex terms, we have the followine
well known inequality

lag + b|P* < C(Jar|P* + |bk]P*) where  C = max(1,2771).

On gencralizing the sequence space ¢ and ¢y, Tripathy and Sen 15
introduced the following sequence spaces of complex terms:

C(p) - {(xk) cw: Stat—hmlxk — Llpk = 0 f(_)r some L e C}
and
co(p) = {(xk) € w: stat-lim |z, |P* — 0},

The spaces Lo (p), ¢(p), co(p), ¢(p) N leo(p) and co(p) N Lo (p) are paranorm d
by g(z) = sup |zx| ™ , where M = max(1, H).
k

2. Definitons and preliminaries

Some works on double sequences is done by Hardy [4] and Moricz [6.
Tripathy [14] and others. A double sequence (a,i) is said to be convergent
to L in Pringsheim’s sense if lim a,; = L, where n and k tend to oc inde-

n,k—o0
pendent of each other. The notion of regular convergence for double sequence
was introduced by Hardy [4]. A double sequence (a,) is said to be regularl
convergent if it converges in the Pringsheim’s sense and the follow ing limits exist.

lim anr — Lk for cach ke N
n—oo
and
lim ang = Jp, for cach n € N.
— 00
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The notion of asymptotic density for subsets of N x N was introduced by
Tripathy [14]. A subset E of N x N is said to have density p(E) if

p(E) = 1im — 3% xu(n, k)

P Pl L k<q
exists.

Tripathy [14] introduced the notion of statistically convergent double se-
quences. A double sequence (a,x) is said to be statistically convergent to L in
Pringsheim’s sense if for every € > 0, p({(n, k) : |anx — L| > €}) = 0.

A double sequence (ank) is said to be regularly statistically convergent if it

is statistically convergent in the Pringsheim’s sense and the following statistical
limits exist
stat- lim a,, = Lg foreach ke N

n—o0

and

stat- klim Ak = Jn for each n e N.
— 00

Throughout the article cw(q), 2€e0(q), 2¢(q), 2¢0(q), 2¢(q), 2¢8(q), 2¢B(q),
25 (a), 2¢(a), 280(q), (26)7(q), (220)™(a), (20)P%(a), (220)P%(a), (20)"(q),
(2c0)P(q) denote the spaces of all, bounded, convergent in Pringsheim’s sense,
null in Pringsheim’s sense, reqularly convergent, reqularly null, bounded and con-
vergent in Pringsheim’s sense, bounded and null in Pringsheim’s sense, statitsti-
cally convergent in Pringsheim’s sense, statitstically null in Pringsheim’s sense,
reqularly statitstically convergent, reqularly statitstically null, bounded regqularly
convergent, bounded reqularly null, bounded statitstically convergent in Prings-
heim’s sense, bounded null in Pringsheim’s sense X-valued double sequences
respectively, where X is a seminormed space, seminormed by gq.

Let (ank) and (b,k) be two double sequences, then we say that a,, = by for
almost all n and k (in short a.a.n & k) if p({(n,k) D Qnk F bnk}) =0.

Let p = (pnk) be a double sequence of positive real numbers. The notion of
paranormed double sequences was introduced by Colak and Turkmenoglu
(1] and further investigated by Turkmenoglu [16].

A double sequence space E is said to be solid if (angank) € E, whenever
{(ank) € F and for all sequences (ank) of scalars with |ank| < 1 for all n, k € N.

A double sequence space E is said to be symmetric if (aﬁ(n)ﬂ(kﬂ € E, when-
ever (ank) € E, where m(n), (k) are permutations of N.

A double sequence space E is said to be monotone if it contains the canonical
preimages of all its step spaces.
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A double sequence space E is said to be convergence free if (b,x) € E, when-
ever (ank) € F and by, = 0, whenever a,r = 6, where 0 is the zero element
of X.

The zero double sequence is denoted by 26 = (6) and the zero single sequence
by 6 = (0,6,0,6...).

We introduce the following paranormed double sequence spaces.

2(6)(qap) = {(ank> € 2W stat- hm(q(ank — L))Pnk =0 for some L = X}’
2(60)(qap) = {(ank> € oW : stat- lim(q(ank))p"k = 0},
(ank) € (22)%(g,p) if (ank) € (2¢)(g,p) and the following statistical limits hold:

stat- lim (g(ank — Lk))"™ =0 for each k€N, (1)
stat- klim (¢(ank — Jn))P* =0  foreach n € N. (2)
—00

We have (ank) € (220)%(q,p) if {ank) € 2¢0(g,p) and equation (1) and (2)
hold with Ly = J, = 0 for each n,k € N.

2loo(6,) = {{ank) : sup(a(ane))™™* < oo}

We define 2m(q,p) = 26(q,p) N 2€0o(q,p), 2m0(q,p) = 280(q,P) N 2£0e(q,P),
2m®(g,p) = (2€)"(q,) N2loo (g, p) and 2mf(q,p) = (26)%(q,p) N2boo (g, ). Let
p = (pnk) be a sequence of positive real numbers. Then the double sequence
(ank) is said to be strongly (p)-Cesaro summable to L, i.e. (ank) € 2w(p)(q) if

lim 1 Z Z(q(ank - L))p"’c =0.

L e
The following results will be used for establishing some results of this article.
LEMMA 1. If a sequence space is solid, then it is monotone.
We procure the following result of Tripathy [14]. He proved it for X = C.

LEMMA 2. (Tripathy [14, Theorem 1]) The following are equivalent:
(i) The double sequence {(ank) is statistically convergent to L.
(ii) The double sequence (anr — L) is statistically convergent to 0.

(iii) There exists a sequence (bpk) € 2¢ such that ank = bni for a.a.n & k.

(iv) There exists a subset M = {(n;, k;) € NxN: i,j € N} of NxN such
that p(M) =1 and (an,k;) € 2¢.

(v) There ezists two sequences (Tnk) and (Ynk) such that ankx = Tnk + Ynk for
all n, k € N, where (zpx) converges to L and (yn) € 2Co.
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3. Main results

In this section we prove the results of this article. The proof of the following
result is a routine verification.

THEOREM 1. Let (pyk) € 2foo, then the class of sequences 2¢(q,p), 2Co(q,p),

(2¢)%(g,p), (220)F(q,p), 2m(q,p), 2m0(q,p), 2mF(q,p) and (2mo)*(q,p) are
linear spaces.

We prove the following decomposition theorem.
THEOREM 2. The following are equivalent:

(i) The double sequence {(ank) € 2¢(q,p), i.e. there exists L € X such that
stat-lim(g(anx — L))P* = 0.

(ii) The double sequence (ani — L) € 2C0(q, ).
(ili) There exists a sequence (bnk) € 2¢(q,p) such that ank = bni for a.an & k.

(iv) There exists a subset M = {(ni,k;) € Nx N: 4,j € N} of Nx N such
that p(M) =1 and (an,x,;) € 2¢(q,t), where t = (pn,x;,)-

(v) There exists two sequences (Tnk) and (Ynk) such that ank = Tnk + Ynk for
all n,k € N, where stat-lim(q(ank — L))P™ =0 and (ynk) € 220(q, p).

Proof. Let zok = (q(ank — L))p"k for all n,k € N. Then stat-lim z,,;, = 0 and
the result follows from Lemma 2. O

THEOREM 3. Let 0 < infpp, < sSuPpnk < oo, then the spaces Z(q,p) for

Z = (2€)BR, (200)BE, (22)B, 200(q,P) and (260)2 are paranormed spaces (not
necessarily totally), paranormed by

9({ank)) = Snulg(q(ank))gg’&,

where H = max(l,sugpnk).
n,

Proof. Clearly g(20) = 0, g(—A) = g(A), where A = (an) and g(4 + B) <
g(A) + (B). Now we verify the continuity of scalar multiplication.
Let A — 20, then g(A) — 0. We have for a given scalar A,

g(04) = sup(aan) * < max(LIX) -g(4) 20 a5 A 4.

183



BINOD CHANDRA TRIPATHY — BIPUL SARMA

Next let A — 0. Without loss of generality, let |[A] < 1. Then for a given
A {ank), we have

g(AA) = sup(q(Aank)) i < |>\|% ~g(A) =0 as A — 0,
n,k

where h =infp,r > 0.
n,k

The case when A — 0 and A — 26 implies g(AA) — 0 follows similarly.
Hence the spaces are paranormed by g. a

THEOREM 4. Let p = (pui) € 2loo. Then the spaces Z(q.p) for Z — sc. 2cq,
(2¢0) %, (20)F, (2¢)BT, (3¢0)PT, (2¢)® and (2c0)? are sequence algebras.

Proof. Consider the space oc(q,p). Let (ank), (bnk) € 2¢(¢,p). Then there
exists K1, Ko C N x N with p(K3) = p(K2) — 1 such that

n,l,Zan (q<ank - L))p"k =0 and n,l)jl;.noo (q(ank _ 5))?;11: —0

(n,k)EKy (n,k)EKs

for some L,£€ X.
Let K — K7 N Ky, then p(K) = 1. Now it follows that
n,l,zinoo (q(ankbnk — Lg))pnk —0

(n,k) K
Thus (ankbn;‘) € Qc(q,p).
Similarly it can be shown that the other spaces are also sequence algebras.

THEOREM 5. The spaces 2¢o(q,p), (2¢0)2(¢,p), (2c0)T(q,p) and (2c0)B%(q,p
are solid. Hence are monotone.

Proof. Let (ank) € 220(g,p) or (2¢0)%(q,p) or (2¢0)™(q,p) or (2¢0)?"(q. p).

Let {ank) be a double sequence of scalars with |ag,x| < 1 for all n,k € N.
Then the solidness of the above spaces follows from the following inequality
(q(()znkank))p"'c < (q(ank))"™* for all n,k € N.

The rest follows from Lemma 1.

COROLLARY 6. The spaces 22(q.p), (2¢)”(q,p), (2¢)"(q,p) and (2¢)P%(q, p) arc
not monotone, as such are not solid.

Proof. The proof follows from the following example and Lemma 1. d

Ezample 1. Let X = {o, and p,r — 1 for all n,k € N. Let (anx € 20¢(q,p

be defined by an = e = (1,1,1,1,— — ) for all n,k € N. Let ap

(al,) and q((al,)) = suplal,| for all n,k € N. Consider the Jth step space
i>2
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((gc)BR(q,p))J defined by (bnk) € ((QE)BR(q,p))J implies byr = ank for n even

and all k € N and b, = 0, otherwise. Then (bni) ¢ (26)2F(q,p). Hence
(2¢)B%(q, p) is not monotone.

From this example, it follows that the other spaces are not monotone, too.

THEOREM 7. The spaces Z(q,p) for Z = 3&, 2co, (200)%, (26)f, (2¢)BE,
(2c0)BR, (22)B and (3¢0)B are not convergence free.

Proof. The proof follows from the following example. O

Ezample 2. Let X = {y, q((2*)) = sup|z’|, pnx = 1 for k odd and for all
i>2

n € N and p,x = 2 otherwise. Consider the sequence (an;) € 2¢(q, p) defined by
ajx =0 =ay; for all n,k € N. anp = (2,2,2,2,2,— — ——), otherwise.
Consider (b,x) defined as
b1y =60 =bn1 for all n, k € N,
by =€ for all k even and all n > 1,

= 2e otherwise.

Then (anx) € 28(g,p), but (buk) & 26(g,p). Hence 2¢(q, p) is not convergence
free. This example shows that the spaces Z(q,p) for Z = (2¢)%, (,6)BR, (4¢)P
are not convergence free, too.

Ezample 3. Let py, = 1 for all n,k € N, X = C and ¢(z) = |z|.
Consider the double sequence (ank) defined as

1

0 for n even and for all k € N,
Ank = .
b P otherwise.

Consider the sequence (b,) defined as

b {O for n even and for all k € N,
nk =

1 otherwise.

Then clearly (a,x) € Z(g,p), but (bni) ¢ Z(q,p) for Z = 28, (2¢0)E. (2c0
(200)"

Hence the spaces are not convergence free.

)BR

)

PROPOSITION 8. The spaces Z(q,p) for Z = 3&, 200, (2C0)R, (28)R, (,¢)BE,
(2¢0)BE, (3¢)8 and (260)B are not symmetric.

Proof. The proof follows from the following example. 0
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Ezample 4. Let p,, = 1 for n even and all ¥k € N and p,r = 2 otherwise. Let
X = C, and ¢(z) = |z|. Consider the sequence (ank) defined by an1 =1 = ax,
for all n =42 =k, i € N, and ay, = 0, otherwise.

Then (ank) € Z(q,p) for Z = 3, 280, (220)%, (28)%, (20)PF, (280)P%, (22)P
and (2G)B. Consider its rearranged sequence (buk) defined by

{1 for all n even and all k € N,
bnk = .
0 otherwise.

Then <bnk> ¢ Z(q,p) fOI‘ Z = 2(_1, 250, (géo)R, (QE)R, (QE)BR, (QEQ)BR, (2(_2)8 and
(2G0)B. Hence the spaces Z(g,p) for Z = 2¢, 2C0, (260)%, (2€)7, (28)BE, (280) PE,
(2¢)® and (26))? are not symmetric .

THEOREM 9. For two sequences p = (pni) and t = (tnx) we have (2¢0)" (g, p) 2
(220)B(q,t) if and only if liIEjnf(ﬁ_:) > 0 where K C NxN such that p(K) = 1.

(n,k)EK
Proof. Suppose that
liIEinf <I—)ﬂ) >0. (3)
G \tnk

Then there exists @ > 0 such that p,x > at,x for sufficiently large pair
(n,k) € K. Let {ank) € (260)B(q,t), then for € > 0 we have (q(an;c))q"'c < ¢ for
all (n,k) € L € N x N, where L = {(n,k) € NxN: (g(amk))™ < ¢}, such
that p(L) = 1.

Let J = KN L. Then p(J) = 1.

Now (q(ank))p’”c < ((q(ank))t"k)a. This implies (ant) € (260)5(q, t).

Next let (220)Z(g,p) 2 (220)B(q, ), but there is no K ¢ N x N with p(K) = 1
such that (3) holds. Then there exists {(ni,k;) : 4,j € N} C N x N with

p({(ni,k‘j) D 4,j € N}) # 0 such that ipp,k; < gn,x;. Define the sequence (ani)
by
1
Apk = (%) niks ifk:kj? n =Ny,
0 otherwise.
Then (ank) € (260)Z(q,t). But (an,x,)P"* > exp(lliig—i) Hence we arrive at a

contradiction. O

THEOREM 10. Let 0 < in£pmc < sup pux < 00. Then
mn,

n,k

2w(p)(q) N 2€oo(Q;p) = 26(‘1717) N 2€m(Qap) .
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Proof. Let A= (ank) € 2w(p)(¢) N2loo(q,p) and H = sup pni, r = max{1, H}.
k

n,
Then taking b, = (q(an;€ — L))p"k for all n,k € N, we have the result, which
follows from [14, Theorem 4] of Tripathy. O

The following result is a consequence of Theorem 10.

COROLLARY 11. For any two sequences of real numbers p = (ppk) and t = (t,x)
satisfying the condition in the hypothesis of Theorem 10, we have

2wy (q) M 2loo(q,P) = 2w()(q) N2l (g, ).
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