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QUASI-UNIFORM COMPLETIONS
OF PARTIALLY ORDERED SPACES

DAviD BUHAGIAR TANJA TELENTA

(Commaunicated by Anatolij Dvureéenskij)

ABSTRACT. In this paper we define partially ordered quasi-uniform spaces
(X, 4, <) (PO-quasi-uniform spaces) as those spaces with a biconvex quasi-uni-
formity $ on the poset (X, <) and give a construction of a (transitive) biconvex
compatible quasi-uniformity on a partially ordered topological space when its
topology satisfies certain natural conditions. We also show that under certain
conditions on the topology 7y* of a PO-quasi-uniform space (X % <), the bi-
completion ( X il) of (X,4) is also a PO-quasi-uniform space (X 1, <) with a
partial order < on X that extends < in a natural way.
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1. Introduction

Throughout the paper by a quasi-uniformity on a set X we understand a
quasi-uniformity defined by entourages of X ([8]). Recall that if X is a sct
and A, B are relations on X, then the inverse relation of A is the set A™!
{(z,y): (y,x) € A}, and the composition of A and B is the set Ao B = {(z,y)
there exists z € X such that (z,2) € A and (z,y) € B}. The diagonal of the
Cartesian product X x X is denoted by A. Every relation on X that contains
A is called an entourage. If z is a point in X and U is an entourage on X, we
denote by U(z) the set {y € X : (z,y) € U}.
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DEFINITION 1.1. A quasi-uniformity on a set X is a non-empty collection 4 of
entourages on X which satisfies the following conditions:
(QU1) If V e U and U is an entourage on X such that V C U,

then U € 4.
(QU2) If U,V e U, then U NV € il

(QU3) For every U € U there exists a V' € i such that VoV C U.
The pair (X, 4) is called a quasi-uniform space.

Although other ways of defining quasi-uniformities are known ([10]), the above
is the most widely used.

DEFINITION 1.2. A subfamily B C il is called a base for the quasi-uniformity 4
if for each U € U there exists a V' € B such that V C U. A subfamily & C U is
said to be a subbase for the quasi-uniformity 4 if the family of finite intersections
of members of G is a base for 4l.

If U is a quasi-uniformity on a set X, then the conjugate of 4, that is the
collection 4=t = {U~1 : U € U} is also a quasi-uniformity on X. A quasi-
uniformity Y on X that is equal to its conjugate is called a uniformity. In this
case the pair (X, 4l) is called a uniform space. For further reading on the topic
of uniformities see [2], [11], [14].

If X is a set and 4 a quasi-uniformity on X, then {UNU"! : U € U} is
a base for a uniformity on X denoted by {* and U* is the coarsest uniformity
containing 4.

A (sub)base 9B for a quasi-uniformity is said to be transitive if each B € B
is a transitive relation. A quasi-uniformity with a transitive (sub)base is called
a transitive quasi-uniformity.

For a quasi-uniformity 4, by 75, we understand the topology on X generated
by this quasi-uniformity. Precisely, 7y is the collection {A C X : for each z € A

there is U € U such that U(z) C A}. If 7y = 7, for some topology 7, then 4l is
said to be compatible with 7 and (X, 7) is said to admit Y.

For further reading and recent advancements on quasi-uniform spaces one can
consult [12], [13].

Let X be a partially ordered set (poset) with order relation <. To exclude
trivial cases assume that all posets are nonempty. For any subset Y of a poset
X, we define Y~ = {z € X : thereisay € Y such that y < z} and Y~ =
{z € X : there is a y € Y such that z < y}. The set of all lower (upper) bounds
of Y is denoted by Y~ (Y'1).

There are many different intrinsic topologies that one can consider on a poset
(see for example (3], [4], [5]). Two particular topologies that have been investi-
gated are the following:
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DEFINITION 1.3. Let (X, <) be a poset. The open interval topology on X,
denoted by 0,;(X) is the topology obtained from the subbase So;(X) = {]z, —|,
—,z[: T € X}. The interval topology on X, denoted by 6;(X) is the topology
obtained from the subbase $;(X) = {X \ |—,z], X\ [z,—[: z € X}.

Clearly, all open intervals are open in the open interval topology (“oi-open”),
and the open interval topology is the coarsest topology possessing this property.
Also, all closed intervals are closed in the interval topology (“i-closed”), and
the interval topology is the coarsest such topology. The open interval topology
and the interval topology are in general incomparable. Indeed, let L(R?) be the
lattice of all linear subspaces of R?, and let p be any one dimensional subspace
of R%. The set L(R?)\ [p, —[N L(R?)\ ], {0}] is open in (L(R?),8;), but it is
not open in (L(R?),6,;). This is because for every one dimensional subspace q
of R%, ¢ # p, every oi-open set in L(R?) containing ¢ will also contain p. On the
other hand, for every one dimensional subspace p of R?, {{0}} = ]«,p[. Hence
{{0}} is open in (L(R),6,;), but it is not open in (L(R),6;).

The following proposition will be needed later.

ProPoOSITION 1.1. Let (X,0) be a topological space such that 0, C 0, then the
following holds: If G € 6, then G—,G™ € 0.

Proof. Let G € 6, then G~ = J{]«,2[: 2 € G} UG and G~ = |J{Jz,—[:
;EEG}UG. Thus G—,G~ € 6. O

Below we would need the following topology on a poset (X, <) which we
denote as 0,(X).

DEFINITION 1.4. The real topology on X, denoted by 6,(X) is the topology ob-
tained from the subbase S;(X) = {|z, —=[,]—, z[, X\[z, =, X\]<,z] : z € X}.

Thus the real topology is the coarsest topology with the property that all
open intervals are open (“r-open”) and all closed intervals are closed (“r-closed”).
Since the open interval topology and the interval topology are in general incom-
parable, 6, is in general finer than both 6,; and 6;. It is not difficult to see that
for linearly ordered sets the three topologies 6.;, 6; and 6, coincide.

2. Partially ordered quasi-uniform spaces

DEFINITION 2.1. An entourage U on a poset (X, <) is said to be biconvez if for
every z € X, U(z) and U~1(z) are convex subsets of X. A quasi-uniformity on
(X, <) is called biconvex if it has a base consisting of biconvex entourages.
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PROPOSITION 2.1. Ifil is a biconver quasi-uniformity on a poset X, then {U* is
a convex uniformity on X.

Proof. Assume that i is a biconvex quasi-uniformity on a poset X. Then there
exists a base B for i such that for each U € B, U(z) and U~!(x) are convex
for all z € X, and consequently U(x) N U~!(z) is convex for all z € X. Since
{UNU': U € B} is a symmetric base for the uniformity U* on X, U* is a
convex uniformity on X. O

Observe that the converse does not hold. For let U be the quasi-uniformity
on a poset X generated by the base {A}, and let a, b be distinct points in X
such that ]a, b[ # 0. Then any base for the quasi-uniformity 4 = {V U{(a,b)} :
V € ¥} must include B = {A U {(a,b)}}, which is itself a base for &[. Let
Up € B, then (Uy NU;"')(z) = A(x) is convex for all z € X, but neither
Uo(a) = {a,b} nor Uy ' (b) = (AU{(b,a)})(b) = {b,a} is convex. Thus although
* is a convex uniformity on X, il is not a biconvex quasi-uniformity on X.

DEFINITION 2.2. A triple (X, 4, <) is called a partially ordered quasi-uniform
space (PO-quasi-uniform space) if 4l is a biconvex quasi-uniformity on the poset
(X, <).

The following proposition gives a construction of a (transitive) biconvex com-
patible quasi-uniformity on a partially ordered topological space when its topo-
logy satisfies certain natural conditions. Below by a partially ordered topological
space (X, 0, <) we understand a partially ordered set (X, <) with a topology 6
on X.

PROPOSITION 2.2. Let (X,0,<) be a partially ordered topological space which
satisfies the following conditions:

(a) 0 has a convez base By,

(b) for every G € Bg: G—,G™ € 0.
Then & = {S(G): G € By}, where
S(G)=[GxGIU[(GT\G)xGTIU[(GT\G) xGTIU[(X\(GTUG™)) x X] ,
for a subset G of X, is a subbase for a quasi-uniformity & on X which is:

(1) transitive,
(2) biconver,

(3) compatible with 0, i.e., Ty = 6.
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One can note that by Proposition 1.1, (b) is satisfied if 6,; C 6. Also,
STHG) =[G x XJU[(GT\G) x (X \GT)U[(GT\G) x (X \G7)]
UX\(GTUGT)) x (X\(GTUGT))

A s'e) A

G ' s(6) G|

-

FIGURE 1. S(G) and S~'(G) in a linearly ordered space

Proof. For every G € § we have that A C S(G) and it can be easily seen that
S(G) o S(G) = S(G). Therefore G is a subbase for a transitive quasi-uniformity,
which we denote by i1.

Let B € B, where 9B is a base for {l consisting of finite intersections of
clements of &. There exists {S(Gi) : G; € By, 1 < i < n}, for some

n € N, such that B = ﬂ S(G;). Let z € X, then B(x) = [‘615(6‘1-)] (z) —

=1

ﬂ S(G;)(z) and since each S(G;)(x) is convex, B(z) is convex. Similarly,
i 1

B l(z) = [1-61 §71(G)] () = ir;ﬁl S—1(G;)(z) and since cach S—1(Gy)(z) is

convex, B~1(z) is convex.

Let A € 6 and let © € A. There exists convex G € By such that z € G C A.
Since S(G)(z) = G, S(G)(x) € A. Hence A € 1y, and consequently 6 C 7.
Conversely, let A € 7y and let z € A. There exists U € { such that U(z) C A

and there exist n € N and G; € By, 1 < ¢ < n, such that () S(G;) C U.
=1

Since S(Gi)(z) € 6 for i = 1,...,n, we have ﬂ S(Gi)(z) € 0 and U(z) is a
neighborhood of z in 6. Consequently, A € and Ty C 6. g
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PROPOSITION 2.3. Let (X, 0, <) be a partially ordered topological space, and let
{; : i € I} be a nonempty collection of biconver quasi-uniformities compatible
with 0. Then Y = sup{il; : i € I} is a biconvex quasi-uniformity compatible
with 0. If for each i € T, {; is transitive, then Y is also transitive.

Proof. Let (X,6,<) be a partially ordered topological space, and let {{; :
¢ € 7} be an arbitrary collection of biconvex quasi-uniformities compatible with
6. Then a subbase for the quasi-uniformity {4 = sup{l; : i € Z}is|J{W; : i € Z}.
Let U € 4. Then there exists B € { such that B C U and B = |'n] U;, where
j=1
n € Nand U; € 4, for 7; € Z. Since each 4;; is biconvex, we rna)z assume that
for 1 < j <n, Uj(z) and Uj_l(:c) are convex for all z € X. It follows that B(x)
and B~!(z) are convex for all z € X. Hence the quasi-uniformity i is biconvex.
The proof that 4 is compatible with 6 is standard.
If each 4l; is transitive, then each U; has a transitive base, say 9;. For each
U € U there exist {U; : U; € Y;;, 1 <j <n, i; €L} for some n € N such that

n
U; C U. Then there exist {B; : B; € B;,, 1 <j <n, i; €I} such that
=1

j
n n n

(| B; C ( U; CU and () Bj is a transitive relation. Hence [J{®B;: i € T} is
=1 =1 =1

a transitive subbase of U and so  is transitive. O

COROLLARY 2.4. If (X, 0, <) is a partially ordered topological space such that 6
has a base By consisting of convex sets and for every G € By both G*,G~ €0,
then there ezists a finest biconvez (transitive) quasi-uniformity compatible with 6.

3. (Bi)Completions of a PO-quasi-uniform space

Recall that a quasi-uniform space (X,4) is said to be bicomplete if every
#*-Cauchy filter on X has a 7y»-cluster point. This is equivalent to saying that
every U*-Cauchy filter on X has a 7yx-limit point. Thus a quasi-uniform space
(X, 41) is bicomplete if, and only if, the uniform space (X, 1*) is complete. Uni-
form completions of linearly ordered topological spaces and generalized ordered
spaces have been studied in [1], [8], [9]. One can also add that ideals have also
been used to construct completions in [6], [7].

Below, given a point z of a quasi-uniform space (X, ), by N, we denote the
Ty-neighborhood filter of z, by N, ! we denote the 7y -1-neighborhood filter of z,
and by N} we denote the 7y«-neighborhood filter of x.
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Let (X,4) be a quasi-uniform space. A U*-Cauchy filter on X is said to be
manimal if it contains no U*-Cauchy filter other than itself. It is known that for
cach point z in a quasi-uniform space (X,4), N} is a minimal 4*-Cauchy filter
on X.

A bicompletion of a quasi-uniform space (X, 1) is a bicomplete quasi-uniform
space (Y,0) that has a 7y+-dense subspace quasi-unimorphic to (X, 4l). Every
Ty quasi-uniform space (X, i) has a Tp bicompletion ()Z' ,ﬁ) The construction is
as follows. Let X be the set of all minimal U*-Cauchy filters on X and map each
point z € X to N* € X. For every U € {, one defines U = {(F,0) eXxX:
there exists F' € F and G € G such that FF x G C U}. Then {U Ue}isa

base for a bicomplete quasi-uniformity flon X.

THEOREM 3.1. Let (X, 4, <) be a PO-quasi-uniform space such that 6, C Ty~
and let (X,$1) be the bicompletion of (X,U). Then there exists a partial order <
on X which extends < such that (X Ll =) is a PO-quasi-uniform space.

Remark 3.1. If the quasi-uniformity 4 is a uniformity and < is a linear order,
then the above extension < is the unique linear order on (X, ) that extends <
and makes il convex.

Proof. Asexplained above, X is the set of all minimal U*-Cauchy filters on X.
For F,G € X we say that F =< G if, and only if, 7 = G or for any two sets
F e F, G € G, there exist convex sets F; € F and G1 € G such that F} C F,
G1 CG,and FNG] #0# F;' NG.

Evidently < is reflexive. To check that < is antisymmetric let F < G and
G =< F for some F,G € X. Assume that F # G, otherwise we are done.
Choose any F' € F and G € G, then there exist convex Fy, Fy, F3 € F and
convex G1,Go2,G3 € G such that F5 C F, C Fy C F, Gs C Gy Cc Gy C G,
FNGT #0#F NG, GiNFy #0#GJ NFy,and F, NGy # 0 # Fy NGo.
Leta € GiNFy , b€ GINFy, c € ;NG5 and d € Ff NG,. Then G3 is bounded
below by ¢ € F» C Fy and F3 is bounded above by d € Go C G;. Since Gy is
bounded above by b € F} and G3 C G2, G3 is bounded above by b. Also since
F5 is bounded below by a € G and F3 C Fs, F3 is bounded below by a. Since
both Fy and G; are convex, G3 C [¢,b] C Fy C F and F3 C [a,d] C G1 C G.
It follows that F' € G and G € F, and by the arbitrariness of F' and G, F = G.
To check that < is transitive, let 7 < G and G < H for some F,G,H € X.
Assume that F, G, H are distinct, otherwise we are done. Choose any F' € F,
G € G and H € H, then there exist convex Fi, Fy € F, G1,G2,G3,G4 € G and
Hl,HQEHsuchthatFQCFlCF,G4CG3CG’2C01CG,HQCH1 C H,
FNGy #0#F NG, GinH] #0+#Gf NH, iNG; #0# F,' NGy and
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GsNHy #0#GiNHy,. Leta€e G NH,be F1NGy, c€ Fy NGy and
d € GgN H; . Then F; is bounded above by ¢ and Hj is bounded below by d.
Since ¢ < a,b < d and F; C F, we have that a € F2+ﬂH and be Hy NF. It
follows that for any F' € F and H € H, there exist convex Fy € F and convex
H, € M such that FNHy # 0 # Fy N H,ie, F < H. Consequently < is a
partial order on X.

To show that <X extends < we need to show that for every x,y € X, z < y if,
and only if, Ny X N

Let z,y € X such that z <y, z # y, and let F € N}, G € NJ. By
Proposition 2.1, 7y~ has a convex base, and so there exist convex sets F’ € N}
and G" € N such that F' C F and G’ C G. Since 0o; C 0, C Ty+, |—,y[ € N
and Jz,—[ € Ny. Choose F; = F' N, y[ € N and G1 = G' Nz, —=[ € N
Evidently, F; and G; are convex sets, F1 C F' and G; C G. Since z € FNGY
and y € FF NG, FNGT # 0 # Fi" N G. Consequently N} < N;. Note that if
z =y, then Ny = Nj.

Let ,y € X such that N < N. Since 7y~ is Ty, x = y whenever N} = N;
thus assume that A # N. Suppose that £ y. Since 6; C 6, C 7y-,
G =X\[z,—~[ €Ny and F = X\ ], y] € N;. By definition there exist convex
sets F1 € N¥and G € N; such that F; C F, G; C G,and FNGy # 0 # F;'NG.
Let a € GN F}, then z £ a and z < a, which is a contradiction. Consequently
z < y.

Next we show that ()? ,ﬁ,j) is a PO-quasi-uniform space. As explained
above, {U : U € 4} is a base for 8, where U = {(F,G) € X x X : there exist
FeF, Ge Gsuchthat F x G C U} for every U € 4. Since Y is a biconvex
quasi-uniformity on (X, <), one can take {U : U is a biconvex member of 4} as
a base for il.

Let U be a biconvex member of ${. To show that U(F) is convex for every
F € )Z, let G,’H € [7(.7:) and £ € X such that G < & < H. Then there exist
F,Fhb e F,GeGand H € Hsuch that F} x G C U and Fy, x H C U; evidently
for F5=FiNF,eF, FsxGCcUand F3xH CU. Let E € £;since G < & <X H,
there exist convex E1,Fy € £, G, € G, H; € Hsuch that E; C Fy, C E, G C G,
HiCHand Ef NG#0#GINE, ExNH #0# EfNH. Let a € GNEy
and b € E2+ N H; evidently a € GN E,. To show that F3 x Ey C U, let
(p,q) € F3 x E5. Then a < g < b. Since a,b € U(p) and U(p) is convex,
g € U(p). Thus F3 x E2 C U and consequently € € U (F). Furthermore, U~1(x)
is convex for every z € X, and so one can apply the same argument as the
one above to show that U~ L(F) is convex for every F € X. It follows that
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is a biconvex quasi-uniformity on ()~(, <), i.e., ()A(:,):'l, <) is a PO-quasi-uniform
space. [

Recall that a quasi-uniform space (X,4) is said to be complete if every
-Cauchy filter on X has a 7y-cluster point. A completion of a quasi-uniform
space (X, 1) is a complete T; quasi-uniform space (Y,) that has a dense sub-
space quasi-unimorphic to (X, ).

Unlike bicompletions, not every quasi-uniform space has a completion. The
following result is known ([8]).

THEOREM 3.2. Let (X,i) be a Ty quasi-uniform space. The following state-
ments are equivalent:

(a) (X,Y) has a Ty completion.
(b) For each U-Cauchy filter F, adh, ,F C adh.,F.
(c) For each U-Cauchy filter F, if adh, ,F # 0, then adh, F # 0.

The completion, once it exists, is constructed as follows. Let F = {F :
F is a U-Cauchy filter on X that has no cluster point} and let X = X UF. Let
® be the collection of all choice functions that pick a member of each filter in F,
that is ® = {¢: ¢: F — 2% and ¢(F) € F}. For every U € 4 and every ¢ € ®
we define a set S(U,¢) =UUAU{(F,z) e Fx X : z € U(¢(F))}. It is shown
that {S(U,¢) : U € U and ¢ € ®} is a base for a complete T7 quasi-uniformity 1l
on X and that (X ,40) contains (X , 1) as a dense open subset. With the following
natural extension of the partial order similar to the one defined in Theorem 3.1
one would have hoped for a similar result to that obtained in the same theorem,
unfortunately one does not. To be more precise:

Let (X, 4, <) be a PO-quasi-uniform space such that 6, C 7y. If the comple-
tion (X, ) of (X,4) exists (see Proposition 3.2), then one can define a partial
order < on X which extends < in the following way.

Let X = X UF as above. For ${-Cauchy filters F and G on X we say that
F < G if, and only if, F = G or for any two sets F' € F, G € G, there exist convex
scts Fy € F and Gy € G such that F; C F, G; C G, and FNGy # 0 # F{' NG.
For z,y € X, we say that x < y if, and only if, z < y. For x € X and G € T,
we say that z < G (G <X z) if, and only if, N < G (G < N,), where N, is the
(unique) Ty-neighborhood filter of z.

The proof that < is a partial order on X is analogous to the statement in
the proof of Proposition 3.1 and evidently, the partial order < on X exfends the
partial order < on X.
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Unfortunately, due to the way the completion is constructed, even if the
completion ()Z',ﬁ) of (X,4) exists, ()?,ﬁ, =) does not have to be a PO-quasi-
uniform space. This is because 11 does not have to be biconvex as the following
example shows. One must also add that this counterexample does not depend
on the extension of the partial order and therefore no extension of the partial
order to the completion in this case makes ()Z' ,Jj(, =) a PO-quasi-uniform space.

Ezample 3.3. Let Y = R\ {0} and Y; =] — ¢, ¢ for every ¢ € QT. Let X be
the disjoint union YU J Y, with the following partial order: The order in Y’
+

and Y, is the standard qliefear order induced from R. Also,
zfyandy £z forallz €Yy, ye€Y,, where 1,92 € QF, q1 # qo;
zfyandygzforallzeY, yeY, wherege Qt, —g <y <g¢inR;
z<yforallzeY, yeY, where g € Q", ¢ <yinR;
y<zforallzeY,, yeY, whereqe Qt,y < —¢inR.

It can be easily seen that (X, <) is a poset.

Let By, be the collection of all convex sets A € 6, such that either ANY # 0
or ANY, = @ for all ¢ > = and some = € R. Then By, is a convex base for
0, and 6y C 0,, so that G—,G™ € 0, for every G € By,. By Proposition 2.2,
6 = {S(G) : G € By} is a subbase for a quasi-uniformity {{ on X which is
transitive, biconvex and compatible with 6., i.e., 7y = 6;.

Let F be the filter in X generated by the filter base Br = {] -q¢,q]\ U Yi:

ieQ+
g€ Qtn Y}. It can be easily seen that F is {-Cauchy and that it has no

6, cluster points. Indeed, Y, is open for every ¢ € Q" and Y, N B = 0 for all
B € Br so that no point in |J Yj is a cluster point of . For every z € Y\ R~
q€Q*

there exists ¢ € QT NY such that ¢ < z, so that z € ]¢,—[. But |«—,q[ € F
and therefore, x is not a cluster point of F. Similarly no z € Y \ R* is a cluster
point of F. To show that it is Y-Cauchy one need only consider S(G)(x) with
G € By, and suitable z € X. If X \ (GT UG™) # 0, then S(G)(z) = X for
every z € X \ (GT UG7) so that S(G)(z) € F. Let X\ (GTUG™) =0. If
GNY, =0 for all ¢ > z and some z € R, then GNY is either not bounded below
or not bounded above in R. Hence there exists some z € G~ \Gorz € G~ \ G
so that S(G)(z) = G~ or S(G)(z) = G™. In either case S(G)(z) € F. Finally,
say GNY #0. f GNY =Y, then G = X and S(G)(z) = X for every z € X.
Otherwise, there must be some z € Rt NY NG and y € RTNY)\ G, or
z€R"NYNGandy € (RTNY)\G. In the first case S(G)(y) = G~ € F and
in the second case S(G)(y) = G~ € F.
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FIGURE 2

Now let G = J{Y¥; : ¢ € QF, ¢ < 3}, where in fact 3 can be any con-
stant greater than 0, see Figure 2. Then G is a 6, open convex set in X and
GNY, =0 for all ¢ > 3 so that G € By,. Take any F € Br. For z € F we
have either x € G~ \ G or x € G~ \ G, and therefore, either S(G)(z) = G
or S(G)(z) = G~ and either S™}(G)(z) = X \ G~ or S7HG)(z) = X \G™.
Consequently, S(G)(F) = U S(G)(z) =G~ UG~ =GUY and S~}G)(F) =

zeF
U S7HG)(z) = X\GUX\G~ =YUU{Y;: ¢€ Q*, ¢> 3} which are both
TzeF
not convex. Thus we have shown that S(G)(F) and S™1(G)(F) are not convex

for any F' € Br. One can also note that if U = S=}(Gy)N---NSYG,) C
S~1(G), then F C U(F) ¢ S™YG)(F) and therefore U(F) cannot be convex
since it does not include Y, for any ¢ < 3. '

Finally, one can prove that 6, C 7¢-1 and therefore, by Theorem 3.2, the com-
pletion exists. One only needs to show that all sets of the form X\ [z, —[, |z, —|,
X\ J«,z] and ]+, z[ are in 7y -1 which although tedious is straightforward.
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