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ABSTRACT. In the present note we have obtained some basic results pertaining
to the geometry of slant and semi-slant submanifolds of a Kenmotsu manifold.
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1. Introduction

S. Tanno [13] classified connected almost contact metric manifold whose

automorphism group has maximum dimension. He classified them into the fol-
lowing three classes.

(1) Homogenous normal contact Riemannian manifolds with constant ¢ holo-
morphic sectional curvature if the sectional curvature of the plane section
containing ¢, say K(X,&) > 0.

(2) Global Riemannian product of a line (or a circle) and a Kaehlerian manifold
with constant holomorphic sectional curvature, if K(X,&) = 0.

(3) A warped product space R x ¢ C™, if K(X,&) < 0.

It is known that the manifolds of class (1) are characterized by some tensor
equations, it has a Sasakian structure. The manifolds of class (2) are character-
ized by a tensorial relation admitting a cosymplectic structure. Kenmotsu
[9] obtained some tensorial equations to characterize manifolds of class (3). He
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obtained geometric properties of these manifolds and paved way for further in-
vestigations of these manifolds. From then onwards, these manifolds are termed
as Kenmotsu manifolds. In general a Kenmotsu manifold is not Sasakian.

Submanifolds of the manifolds of class (1) and (2) have been explored with
different geometric point of view and therefore as a step forward it is natural to
explore the submanifolds of the warped product spaces in general and Kenmotsu
manifolds in particular. As warped product spaces are geometrically interesting
spaces, in the present note we investigate semi-slant submanifolds of Kenmotsu
manifolds.

The study of semi-slant submanifolds was initiated by N. Papaghiuc [11].
These submanifolds are a generalized version of CR-submanifolds. J. L. Ca-
brerizo et al. [7] extended the study of semi-slant submanifolds of Kaehler
manifold to the setting of Sasakian manifolds. In view of Tanno’s classification,
the setting of semi-slant submanifold of Kenmotsu manifold is entirely different
from the setting of semi-slant submanifold of Sasakian manifold and therefore
worth studying. We have obtained some basic results of this setting with differ-
ential geometric point of view.

2. Preliminaries

Let M be an almost contact metric manifold with structure (¢,&,7, g) where
¢ is a tensor field of type (1,1), £ a vector field, n is a one form and g is the
Riemannian metric on M. Then they satisfy

P =-T+n8f nE)=1 géX,eY)=g(X,¥)-n(n(). (21

These conditions also imply that

€ =0, n(¢X)=0, n(X)=g(X,§) (22)
and
9(¢X,Y) +9(X,4Y) =0 (2.3)
for all vector fields X, Y on M. If in addition to the above relations,
(Vx@)Y = g(¢X,Y)E —n(Y)pX (2.4)

holds, then M is said to be a Kenmotsu manifold. Where V is the Levi-Civita
connection of g. We also have on Kenmotsu manifold M,

Vx€=X —n(X)E. (2.5)
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Throughout, we denote by M a Kenmotsu manifold, M a submanifold of M
with structure vector field £ tangent to M. h and A denote the second funda-
mental form and the shape operator of the immersion of M into M respectively.
If V is the induced connection on M, the Gauss and Weingarten formulae of M
into M are then given respectively by

VxY =VxY +h(X,Y) (2.6)
VxV =-AyX +VxV (2.7)

for all vector fields X, Y on M and normal vector fields V on M, V+ denotes
the connection on the normal bundle T+ M of M. h and A are related by

9(AvX,Y) = g(h(X,Y), V). (2.8)

Where the induced Riemannian metric on M is denoted by the same symbol g.
Now, foranyz e M, X € T, M and V € TQ;LM, we put

X =TX+ NX (2.9)

¢V =tV +nV (2.10)
where TX (resp. NX) is tangential (resp. normal) part of X and ¢tV (resp.nV)
is the tangential (resp. normal) part of ¢V .

The relation (2.9) gives rise to an endomorphism. T: T, M — T, M whose
square (7) will be denoted by Q. The tensor fields on M of type (1.,1) deter-
mined by these endomorphisms will be denoted by the same letters T and @
respectively. From (2.3) and (2.9),

g(TX,Y)+g(X,TY) =0 (2.11)

for each X,Y € TM. The covariant derivatives VT, VQ@Q, and VN, are defined
by

(VxT)Y =VxTY —TVxY (2.12)
(VxQ)Y =VxQY —QVxY (2.13)
(VxN)Y = VE¥NY — NVxY. (2.14)

Now, on a submanifold of a Kenmotsu manifold by equation (2.5) and (2.6),
we get

Vx€=X—-n(X)§ (2.15)
and
hMX,&) =0 (2.16)
for cach X € TM. Further, from equation (2.16)
Avf =0, T](AvX) =0 (2.17)
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for each V € T+ M and by using equations (2.4), (2.6), (2.7), (2.9), (2.10). (2.12
and (2.14), we obtain

(VxT)Y — Any X +th(X,Y) g(X,TY)¢ — n(Y)TX (2.18
(VxN)Y — —h(X,TY) + nh(X,Y) — n(Y)NX. (2.19

3. Slant submanifolds of a Kenmotsu manifold

For any x € M and X € T, M if the vectors X and £ are linecarly independent.
the angle (X) € [0, 3] between ¢.X and T, M is well defined. If (X) does not
depend on the choice of x € M and X € T, M, we say that M is slant in M. The
constant angle 6 is then called the slant angle of M in M. The anti-invariant
submanifolds of an almost contact metric manifold are slant submanifolds witl
slant angle 7 and invariant submanifolds are slant submanifolds with slant an
sle 0. If the slant angle 6 # 0, 7/2, then the slant submanifold is called a prop r
slant submanifold. If M is a slant submanifold of an almost contact manifolc
then the tangent bundle TA of M is decomposed as

TM =D (€)

where (€) denotes the distribution spanned by the structure vector field £ and D
is the complementary distribution of (§) in TM, known as the slant dist1ibution
For a proper slant submanifold M of an almost contact manifold M with a slant
angle 6, Lotta [2] proved that

QX — —cos? (X —n(X)E)

for any X € TM. Recently, Cabrerizo et al. [8] extended the above result
into a characterization for a slant submanifold in a contact metiic manifold. In
fact, they obtained the following crucial theorems.

THEOREM 3.1. ([8]) Let M be a submanifold of an almost contact metric mar i-
fold M such that & € TM. Then, M is slant if and only if there exists a constant
A € [0,1] such that

Q—-ANI-n®f). (3.1
Furthermore, in such case, if 0 is the slant angle of M, then it verifies that
A — cos? 6.

THEOREM 3.2. ([8]) Let M be a slant submanifold of an almost contact metric
manifold M. Then at each point x € M, Q|p has only one eigenvalue X, wher
A\ = cos? 0, 0 being the slant angle of M.
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We first make use of equation (3.1) to see the impact of parallelism of canonical
endomorphism @ on a slant submanifold of a Kenmotsu manifold.

THEOREM 3.3. Let M be a slant submanifold of a Kenmotsu manifold M. Then
Q is parallel if and only if M is anti-invariant.

Proof. Let M be a slant submanifold of a Kenmotsu manifold M. Then for
any X, Y in TM, by equation (3.1)
QVxY =cos® 0(-VxY +n(VxY)E) (3.2)
and
QY = cos? (=Y +n(Y)¢).

Differentiating the last equation covariantly with respect to X and making use
of formula (2.13) and (3.2) we obtain

(VxQ)Y = cos® 0[g(X,Y)§ = 2n(X)n(Y )& + n(Y)X]. (3.3)
Hence (V@) = 0 if and only if either § = w/2 or TM = (£) and the assertion
is proved. O

It is interesting to notice that the formula (3.3), in fact provides a character-
ization for the existence of a slant submanifold in Kenmotsu manifold. To be
more precise, we have

THEOREM 3.4. Let M be a submanifold of a Kenmotsu manifold M with struc-
ture vector field tangential to M. Then M is slant if and only if:

(i) The endomorphism Q|p has only one eigenvalue at each point of M.

(ii) There exists a function
A: M — [0,1]
such that
(VxQ)Y = Alg(X,Y)§ = 2n(X)n(Y)E + n(Y)X]
for each X,Y € TM. If 0 is the slant angle of M, then A\ = cos? 6.

Proof. If M is slant, then the statements (i) and (ii) follow directly from
Theorem 3.2 and equation (3.3) respectively.

Conversely, let D = (¢)+ and assume that statement (i) and (ii) hold. Further,
let A\; be the eigenvalue of @|p, then QY = \;Y for each Y € D. Now

VxQY = QVxY + \g(X,Y)¢
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ie.,
(XM)Y + M VXY =QVxY + Ag(X,Y)E
for any X in TM and Y in D. Since VxY and QV xY are perpendicular to Y,

A1 is constant in view of the above equation. Now, for any X € TM, we can
write

X =X +n(X)¢
where X € D. Thus X = X — n(X)¢. Since QX = QX by (i)
QX =X = M (X —n(X)¢).
Taking = —\q, the above equation is written as

QX = —p(X —n(X)§).
As \i(= —p) is constant, by Theorem 3.1, M is slant in M and p = cos?6. O

Note. Theorems 3.3 and 3.4 have also been proved by R. S. Gupta et al
[12].

4. Semi-slant submanifolds of a Kenmotsu manifold

Semi-slant submanifolds of almost Hermitian manifolds were introduced as
a generalized version of slant and CR-submanifolds by N. Papaghiuc [11].
Cabrerizo et al. [7] studied semi-slant submanifolds in the setting of almost
contact metric manifold and Sasakian manifolds.

The purpose, in the present section, is to study the semi-slant submanifolds
of a Kenmotsu manifold.

A semi-slant submanifold M of an almost contact metric manifold M is a
submanifold which admits two orthogonal complementary distributions D; and
Ds, such that D; is invariant under ¢ and Dy is slant with slant angle 6 # 0
i.e., D1 = Dy and ¢Z makes a constant angle § with TM for each Z € D,. In
particular, if § = 7, then a semi-slant submanifold reduces to a semi-invariant
submanifold. For a semi-slant submanifold M of an almost contact metric mani-
fold, we have

TM = Dy & Dy & (§).

The orthogonal complement of ND, in the normal bundle T+M, is an in-
variant subbundle of T+ M and is denoted by p. Thus, we have

TYM = NDy & .
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Let M be a semi-slant submanifold and X € TM. Then as TM = D; & D>
@ (£), we write

X = PX + P,X 4+ n(X)¢ (4.1)
where Py X € D; and P,X € D,. Now by equations (2.9) and (4.1)
¢pX =P X +TP,X + NP X. (4.2)
It is easy to see that
6P, X =TP, X, NP,X=0, TPX ¢ Ds. (4.3)
Thus
TX =¢P X +TP,X (4.4)
and
NX =NPX. (4.5)
Now, for Y € D; & D,, by equation (2.4), we have
VedY = ¢V,Y. (4.6)

In particular, for Y € D;, the above equation yields
VedY = ¢V, Y.

That means V¢ Y € D, for any Y in D;. This observation leads to the following
proposition.

PROPOSITION 4.1. On a semi-slant submanifold M of a Kenmotsu manifold M,
[X, g] €D, and [Z, 5] € Do (47)
for any X € Dy and Z € D,.

The result follows an making use of equations (2.5) and (4.6). Furthermore,
on taking account of Proposition 4.1 and equation (2.5), we obtain:

THEOREM 4.1. The distributions Dy @& Dy on a semi-slant submanifold of a
Kenmotsu manifold is integrable.

For the integrability of the invariant distribution D; on M, we prove:

THEOREM 4.2. Let M be a semi-slant submanifold of a Kenmotsu manifold M.
Then the invariant distribution D, is integrable if and only if

h(X,8Y) = h(¢X,Y)
forall X, Y in D.
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Proof Forany V€ T+ M,
9(VxaY = VyoX,V) = g(h(X,$Y) — h(¢X,Y), V).
By using equations (2.4) and (4.2), the above equation takes the form
gINP[X, Y], V) = g(h(X,¢Y) — h(¢X,Y), V),
from which the assertion follows immediately.
By applying Proposition 4.1, Theorem 4.1 yields:
COROLLARY 4.1. The distribution Dy & (£) on a semi-slant submanifold of a
Kenmotsu manifold is integrable if and only if
h(X,¢Y) = h(¢X,Y)
for all XY € D;.

THEOREM 4.3. Let M be a semi-slant submanifold of a Kenmotsu manifold M.
Then the distribution Dy is integrable if and only if

VzIW —VwTZ+ AnzW — Avw Z
lies in Do for each Z, W in Ds.
Proof. By using equations (2.4), (2.6), (2.7) and (2.9), we get
9g(TZ, W], X) =g(VzTW = VwTZ + AnzW — Anw Z, X)

for each X in D; and Z,W € D,. The assertion follows by virtue of the above

equality and formula (2.5). O

In view of Proposition 4.1, above theorem gives:

COROLLARY 4.2. The distribution Ds @ () on a semi-slant submanifold of a
Kenmotsu manifold is integrable if and only if

P(VzTW —=VwTZ+ AnzW — AnwZ) =0
for any Z,W € D,.
The Nijenhuis tensor field .S of the tensor 7" is given by
S(X,Y)=[TX,TY]|+ T*X,Y] - T[TX,Y] - T[X,TY]
for X, Y in TM. In particular, for X € D; and Z € D5, the above equation on

simplification takes the form

S(X,Z) = (VoxT)Z — (VrzT)X + T(V2T)X — T(VxT)Z,

490



SLANT AND SEMI-SLANT SUBMANIFOLDS OF A KENMOTSU MANIFOLD

which by applying equation (2.18) becomes
S(X,Z)=ANzTX +th(TX,Z2)—th(TZ, X)+th(X,Z) - T(AnzX +th(X, Z))
or,

S(X,Z) = AnzTX +th(TX, Z) —th(TZ,X) — TAnz X. (4.8)

THEOREM 4.4. If the invariant distribution D1 on a semi-slant submanifold M
of a Kenmotsu manifold M is integrable and its leaves are totally geodesic in M,
then

(i) h(D1,D1) € p,
(ii) S(Dy,Dq) € D,.
Proof. By hypothesis, for any X,Y in D; and Z in Dy
o(VxY,Z) =0
and therefore by Gauss formula
9(VxY,Z)=0.
The above equation on making use of equations (2.4), (2.6) and (2.9). yields,
g(h(X,9Y),NZ) =0
from which the first assertion follows. To prove the second, consider g(S(X, Z),Y)
for X,Y € D; and Z € D,, which by equation (4.8), gives
9(S(X,2),Y) = g(AnzTX + th(TX, Z) — th(TZ,X) — TAyzX,Y).
Which is equal to zero by part (i) and thus (ii) is established. O

For the slant distribution, we have.

THEOREM 4.5. If the slant distribution Dy on a semi-slant submanifold M of
a Kenmotsu manifold M is integrable and its leaves are totally geodesic in M,

then
(1) h(DlaDQ) € H,
(ii) S(Dy, D) € Dy.
Proof. By hypothesis,
9(VzW,¢X) =0
for each Z, W in D9 and X in D; and thus equations (2.4), (2.6) and (2.9) give
9(WX,Z),NW) = 0.
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That proves (i). Now by equation (4.8),
9(S(X,2),W) = g(AnzTX +th(TX,Z) —th(TZ,X) - TAnz X, W)
for X € D, and Z, W in D5. The right hand side of the above equation is zero
by part (i). This proves part (ii). O
On combining Theorems 4.4 and 4.5, we may state:

THEOREM 4.6. If a semi-slant submanifold M of a Kenmotsu manifold M is
locally a Riemannian product of the leaves of the distributions D1 and Dy then

AND2D1 =0.

Note. The above condition may be viewed as an extension of the necessary and
sufficient condition for a CR-submanifold to be a CR-product in a Kaehler mani-
fold to the setting of semi-slant submanifold of a Kenmotsu manifold

(ct. [5]).

5. Totally umbilical and totally contact umbilical
submanifolds of Kenmotsu manifold

To investigate totally umbilical semi-slant submanifolds of a Kenmotsu mani-
fold, we first, prove:

PROPOSITION 5.1. Let M be a semi-slant submanifold of a Kenmotsu manifold
M with h(X,TX) = 0 for each X € D1 ® (€). If D1 ® (£) is integrable then each
of its leaves is totally geodesic in M as well as in M.

Proof. For X € D; & (£), by equation (2.19),
(VxN)X = —h(X,TX) +nh(X, X)

which by virtue of the hypothesis, formula (2.14) and the fact that NX = 0 for
each X € D, yields

NVxX =nh(X,X). (5.1)
Now, making use of Corollary 4.1 and the assumption that h(X,TX) = 0 we
obtain that h(X,TY) = 0 or equivalently h(X,Y) = 0 for each X, Y € Dy ® (£).
This proves that the leaves of Dy @ (£) are totally geodesic in M. Making use
of this fact in equation (5.1), we obtain that VxY € D; & (€) i.e., the leaves of
D, & (€) are totally geodesic in M. This proves the proposition completely. O
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As an immediate consequence of the above Proposition, we obtain the follow-
ing geometrically significant result.

COROLLARY 5.1. Let M be a totally umbilical semi-slant submanifold of a Ken-
motsu manifold M. If the invariant distribution Dy @® (€) is integrable, then its
leaves are totally geodesic in M as well as in M.

The proof follows immediately because on a totally umbilical submanifold,
the second fundamental form satisfies A(X,Y) = g(X,Y)H for all X, Y in TM,
wherce H is the mean curvature vector.

DEFINITION 1. ([10]) A submanifold M of an almost contact metric manifold
is said to be totally contact umbilical submanifold if

h(XaY) = g(d’Xa (bY)K + W(Y)h(ng) + n(X)h(ng)

for all X, Y in TM. Where K is a normal vector field on M. If K = 0 then
Ml is said to be a totally contact geodesic submanifold. For a submanifold of a
Kenmotsu manifold, the condition for totally contact umbilicalness reduces to

WX, Y) = g(¢X, ¢Y)K.

THEOREM 5.1. Let M be a totally contact umbilical semi-slant submanifold of
a Kenmotsu manifold M, with dim(D;) # 0. Then the mean curvature vector
is a global section of N Ds.

Proof. Take X € D, a unit vector and IV € u. Then by definition, O

g(HaN) = g(}E(XvX)aJV)
= 0.
= H € NDs.

Now, we have the following theorem.

THEOREM 5.2. A totally contact umbilical semi-slant submanifold of a Ken-
motsu manifold is totally contact geodesic if the invariant distribution D; is
integrable.

Proof. The proof follows immediately by applying Theorem 4.2. O
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