Mathematica Slovaca

Pawel Solarz

On some properties of orientation-preserving surjections on the circle

Mathematica Slovaca, Vol. 57 (2007), No. 6, [547]--560

Persistent URL: http://dml.cz/dmlcz/136977

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 2007

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/136977
http://project.dml.cz

e Mg’?wemoﬂco
ovaca

DOI: 10.2478/s12175-007-0045-0
Math. Slovaca 57 (2007), No. 6, 547-560

ON SOME PROPERTIES
OF ORIENTATION-PRESERVING SURJECTIONS
ON THE CIRCLE
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(Commaunicated by Michal Feckan)

ABSTRACT. Some properties of orientation-preserving surjections with non-
empty set of periodic points are studied. In particular, orientation-preserving
homeomorphisms of the whole circle S! are considered.
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Slovak Academy of Sciences

Let S! denote the unit circle in the complex plane and let u,w, z € S?, then
there exist unique t1,t2 € (0, 1) such that"we?™i*t = 2 we?™it2 = . Define

u<w=<z ifandonlyif 0<t; <t

(see [2]). Some properties of this relation can be found in [3] and [4]. For
— —

any distinct elements u,z € S* put (u,2) ;== {we S': u<w=<z}, (y,z2) =

— — — —

(u, z)U{u, 2} and (u, 2) := (u, 2) U{u}. Moreover, if u = z set (u, z) := S\ {u}.

These sets are called arcs.

Let B C S! be a set which has at least three elements. We say that a function
F: B — S preserves the orientation if for any u, w, 2 € B such that u < w < 2
we have F(u) < F(w) < F(z). It can be easily proved that any orientation-
preserving function is an injection and F~! and F o G preserve the orientation if
F and G are orientation-preserving maps (see [3]). For any function f: X — X,
a point z € X is called a periodic point of f if f¥(z) = x for some k € N :—
{1,2,...}. By Per f we denote the set of all periodic points of f. Finally, a set
of the form {z, f(z),..., f""(z)}, where z € X, f*(z) = z and fi(z) # fI ()
for i,j € NU{0}, 7 # j, is called a cycle of order n € N and the number of its
clements is called a period of x.

2000 Mathematics Subject Classification: Primary 37E10; Secondary 26A18, 39B12.
Keywords: circle homeomorphism, orientation-preserving map, periodic point, rotation
number.
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PAWEL SOLARZ

Throughout the paper the set {0,...,n — 1}, where n € N, is denoted by Z,.

Llibre in [9] studied how a continuous map of the circle having periodic

points acts on a cycle. He proved that if f is a continuous map of a circle and
_—

P = {p1,...,pn}, where n > 1, is a cycle such that P N (px,pr+1) = 0 for

k=1,...,n—1and PN (pn,p;) =0, then f(pr) = pre(x), where 7(k) —k +1

fork=1,...,n—1,7(n) =1and 1 <t < n is relatively prime to n.

Let F': B — B, where B C S! be an orientation-preserving surjection. In
this paper we prove the similar result for any non-empty and finite set which is
an invariant set of F'. We also generalize the known fact that every two periodic
points of an orientation-preserving homeomorphism have the same period (see
for example [6, p. 16]). Finally, we consider orientation-preserving surjections of
the whole circle.

We start with the following observation.

LEMMA 1. Let A, B be closed subsets of St such that card A > 3 and card B > 3.
If F: B — A preserves the orientation and maps B onto A, then F is a home-
omorphism.

Proof. Notice that it is sufficient to show that F is continuous. If there existed
z € B a cluster point of B such that F were discontinuous at z, we would get
the existence of a sequence (zy), oy of distinct elements of B\ {z} such that

lim z, = z and
n—00

nll_r}go F(zn) =:up # F(2). (1

Clearly, up € A. Put zy := F~!(up), then by (1) z # zo. Without loss of
generality we may assume that there exists a subsequence (zn,, ) n ©f (2n),en
such that

F(zn.) € (F(20),F(2)), meN.

Let 2* be one of the elements of (2n,, )men- Define
T o
pi=max{nm : Flen,) € (FGE).F(), m e N},

- P —

then F(z, ) € (F(z), F(z*)) for every n, > p. Whence 2n,, € (20,2%) for
—_—

nm > p. On the other hand, z € (2%, 20). But nan;o Zn,. — %, 50 we have

a contradiction. U

For any map f: X — X such that Per f # 0 and any x € Per f let ny(x)
denote the period of  and

ns:=min{ns(z): = € Per f}.
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THEOREM 1. Let B C S be such that card B > 3 and let F: B — B be an
orientation-preserving surjection such that Per F' # 0. If 29,21 € Per F, then
nr(20) = np(z1)-

Proof. It is well known (see [8]) that if a function f: X — X is a bijection,
then every cycle of order n € N is an equivalence class of the following relation
on X:

z~py <= Im,neNU{0}: f(z) = f"(y).
Therefore, it is sufficient to consider the case
{zo, F(z),.. .,F"F.(ZO)'l(zO)} N {zl,F(zl), .. .,F"F(Zl)‘l(zl)} —0. (2
To obtain a contradiction suppose that ng(z1) < np(2o). Define
a; € {Zo, F(Zo), Ceey F"F(zo)—l(ZO)} for 7€ an(zo)
in the following manner:
ao = 2o and Arg% <Argﬂ, i1 €{0,...,np(20) — 2}.
ao ao

For the convenience put also an,(z) = ao. By (2), 21 € (ai,air1) for some
@ € Zinp(z)- Since F' preserves the orientation we have

2 =Frr)(z) € (FnF(zl)(ai),F"F(Z‘)(aiﬂ))'

Thus

(@i, air1) N (FHF(ZI)(ai)>FnF(zl)(ai+1)) # 0. (3)

As np(z1) < np(z29) we have Fnr(21)(g;) # a;. Consequently,

(aiyai41) C (an(zl)(ai)» FnF(zl)(aiH))-

From the fact that a; € (F"F(*1)(a;), F"#(*1)(a;1,)) we have

Frr(o)=nr(=)(q,) € (FnF(ZO)(ai), FnF(zO)(aiH)) = (@i, @i+1),
but Frr(z0)-nr(21)(q;) = a; for an j € L 1-(20)> and we have a contradiction. O

COROLLARY 1. If F: B — B, where B C S! is such that card B > 3, is an
orientation-preserving surjection such that Per F # 0, then

Per F = {z€ B: F"F(2) = z}.
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Now let F: B — B, wheie B C S! is such that card B > 3, be an
orientation-preserving surjection with all points periodic and having a fixed
point. Then the above theorem yields F©  idp. This is a generalization of
the result obtained by W. Jarczyk for an orientation-pre erving homeomor
phism of the whole circle (sec [7, Theorem 1]).

The following remark is easy to check

Remark 1. Let A C X be a non-empty finite set and let f: X — X be a mcp
such that f(A) — A, then A C Per f.

Since every two different cycles of a bijection are disjoint sets and since, by
Corollary 1, in the case of circle maps they have the same number of elements.
we have:

COROLLARY 2. IfF: B — B, where B C S and card B > 3, 1s an orentatio -

preserving surjection such that F(A) = A for some non-empty and fimte A C B,
then ng divides card A.

Now for any set A satisfying the assumptions of Corollary 2 put

card A
ky (A) i— n(F . (4

Before we write the next lemma notice that ged(0,k) — k for every & € N. In
particular ged(0,1) — 1.

LEMMA 2. Suppose that B C S' s such that card B > 3, F: B — B is an
orientation-preserving surjection and A C B 1s a non-empty finite set such that
F(A) A. Let ag € A be an arbitrary element and of card A : N,y 1 let

a ,...,an,—1 € A satisfy the following condition:
Argﬁ<ArgE, i€{0,...,Nqg—2}. (5
ag ag
There exists a unique ¢ — q(F') € Zy, such that ged (¢,np) 1 and
F(ai) = g4k 4)g) (mod Na)s 1€ LN, 6)

Proof. It is clear that if np = 1, then a, for i € Zg,.(a) are fixed points of F,
0 F' (a,) — a; for every i € Zy,(a). In this case ¢ = ¢(F') — 0 is the only number
which has the desired properties.

Let np > 2. Fixi € Zn,. Therefore, there exist ap € Zyp, andanr € Z , 4
such that

1 kp(A)p+r. 7)
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We show that

{ai, F(as), ..., F""Hai)} = {ar, Grikp(a), - - - Crg(np-kp(a) ) (8)
Of course, if kp(A) = 1, then Ny = np, 7 = 0 and (8) holds. Let kp(A4) > 1
and by, € {ai,F(ai),...,F"F_l(ai)} for k € Zy, be such that

bo = bpp :=a; and Argb—k<ArgM, kef{o0,...,np—2}.
bo bo
Notice that
np—l
card ( U (bk, bk+1) N A> = (kp(A) — )np. 9)
k=0
Suppose that for some k € Z,,.

card ((bk,bk+1) N A) < ]CF(A) -1,

then for every | € Z,,. we have

nr

D E——
card (Fl ((bk,ka) N A)) < kp(A) —1.
From this and the fact that

np—l

U Fl <(bkabk+1) mA) = A\ {b07b1a' . '7an—1}
=0

we have a contradiction. Hence for every k € Z,, . we obtain

ng
card ((bk, brr1) N A) > kp(A) - 1.
From this and (9) it follows that
R —
card ((bk,ka) N A) —kp(A) =1, k€ Dy,. (10)

Now fix k € Zp,. Let j € Zy, be such that by = a;. From (10) and the
definition of a; we get

—_—
(bks brg1) N A = {a(+1) (mod Na)» - -+ O(j+kr(A)—1) (mod Na)} -
Hence

bk+1 = Q(j4kp(A)) (mod Na)-
This and the fact that by = a; give

by = Q(i+kkp(A)) (mod Na) forall ke€Z,,. (11)
Applying (7) to (11) we get

bk = A(r4 (p+k)kr(A)) (mod Na)s k€ Znyg. (12)
Let k := np — p, then 0 < k < np. Since kp(A)ng = N we get

by = bnp—p = A(r4+N4) (mod N4) = Cr-
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Thus by (12), when p > 0 we obtain
bk+l = Q(r4lkp(A)) (mod Na) = Artikp(A) for e {0, oo,np—1— k} = Zp.
On the other hand, inequalities r < kp(A) —1 and [ — k < —1 for [ € Z, imply
r+ (l +np — ]_C)k)F(A) < kF(A) -1+ (TLF — 1)]17}:‘(14) — Ny — 1.
Hence
bl = Q(rp (14np—k)kr(A)) (mod Na) = Qlrt(l4np—k)ke(A))’ leZ.
Finally,
{bos - bnp—1} ={ar, Qrikp(A) -+ Org(np—1)kr(A) )}
which proves (8).
By (8) and since ng > 2 we obtain
F (akp(A)p+r) = Qkp(A)l+r (13)
for some l € Zy,,., | # p.
Now consider two cases:
(i) I = p> 0. Clearly, | —p < np. Put q := 1 — p, thus by (13)
F(ai) = F(akp(a)ptr) = Qkp(A)pta)tr = Gitkp(A)g = Aitkr(A)g) (mod Na)s
since ¢ + kp(A)g < Ng4.
(i) I—p<0. Then 0 <! —p+np < nr and setting g := [ — p+ np we get

F(a;)) = F(akp(a)ptr) = Ckp(A)l—kp(A)p+hp(A)p+r
= Q(i+kp(A)(I—p)+N4) (mod Na) = Q(i+kp(A)q) (mod Na)>
since i + kp(A)(l — p) < Na.

If there existed another ¢; € Zy ., 1 # q, satisfying (6), we would have q;
q + dnp for some d € Z \ {0}, which is impossible.

Our next goal is to show that g defined above is one for all a;, ¢ € Zy,. For this
purpose assume that for some j € Zy,, j # i, there exists a ¢; € {1,...,np—1}
such that

F(a;) = a(skp(a)ar) (mod Na)- (14)
There is no loss of generality in assuming that ¢ < 7. On the other hand, since

F(a;) = a(i+kp(A)g) (mod Na)

and F' is an orientation-preserving map we get

F(ais1) = Q((i+kp(A)q) (mod Na)+1) (mod Na) = Q(i+1+kp(A)g) (mod Na)-
Repeating this argument j — ¢ times we get

F(aj) = a(j+kp(A)g) (mod Na)-
This and (14) lead to ¢ = q1.
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SOME PROPERTIES OF ORIENTATION-PRESERVING SURJECTIONS ON THE CIRCLE

It remains to prove that ged (¢,nr) = 1. Suppose, contrary to our claim,
that ged (¢,nr) = d > 1. Hence there exist p1,p2 € N such that ¢ = p;d and
np = pod. This and (6) yield

FP2(a0) = Qkp(A)gps (mod Na) = ANap; (mod Na) = 40,
a contradiction. U

Now we turn to the case B = S!. In view of Lemma 1 every orientation-
preserving function mapping S onto S! is a homeomorphism. Therefore, we
recall the basic definitions and notations for homeomorphisms of the circle.

Let F: S' — 8! be an orientation-preserving homeomorphism, then there
exists a homeomorphism f: R — R, unique up to translation by an integer,
such that F (e?™7) = e?™f(@) and f(z+1) = f(z)+1 for all z € R. The function
f is called a lift of F (see [5]). Moreover, the number a(F) € (0,1) defined as

a(F) := lim @) (mod 1), z €R,
n—oo n
always exists and does not depend on x and f. This number is called the rotation
number of F' and is rational if and only if F' has a periodic point (see for example
(1], [5])-

Notice that if A is a cycle of order ng of F', Lemma 2 gives the following:
COROLLARY 3. Let F: S — 81 be an orientation-preserving surjection such

that Per F # 0. If z € Per F and by € {2, F(z),...,F"*~(2)} for k € Zy,. are
such that

bo =z
b 15
and if np > 2 Argb—k<Argb—kbﬂ, ke{0,...,np —2}, (15)
0 0
then
F(bk) = b(k+q) (mod ng)s ke Z"Fa (16)

where ¢ = q(F).

The next lemma is a consequence of Corollary 3 and of the definition of the
rotation number.

LEMMA 3. If F: S — S! is an orientation-preserving surjection with
Per F # (. Then a(F) = -, where ¢ = q(F).

ng’

Proof. Fix z € Per F and define by € {2z, F(2),...,F"*~1(z)} for k € Z,, by
(15). Obviously, if np = 1, then ¢ = 0 and by = 2 is a fixed point of F. Hence
a(F) = 0. Suppose that nrp > 1, thus since ged(0,k) = k for k € N, we have
q > 1. Let zo € (0,1) be such that e?™® = by. There exist z1,...,ZTp,_1 €
(ro,zo + 1) such that

T < T < - < Tppo1 <To+l and e =by ke {l,...,np—1}. (17)
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Put
T = l‘k_nF+1, kEN, anF’ (18)

and
Tk = Tggnp — 1, keZ\ (NU{0}). (19
Let f: R — R be a strictly increasing lift of F.. By (16) and (17) we get

e27rif(zo) —F (e27rixo) — F(bo) - bq (mod np) = bq — e27rizq.

Hence f(zo) = z4 + ! for some integer I. Put f:= f — [, then
f(l‘()) = Z4.
Fix k € {1,...,np — 1} and observe that since f is a strictly increasing lift of F
and xy € (g, 1o + 1) we obtain
zq = f(xo) < flzx) < f(wo +1) = f(xg) + 1 =24 + 1. (20)

On the other hand, (17) and (16) lead to

eZ’Irif(:L‘k) — F(bk) — b(k+q) (mod np) = e?vriz(k+q) (mod np)

Hence we get
f(xk) == T(k+q) (mod np) T d

for some integer d. Notice that (k + ¢) (mod ng) = (k+ ¢ — mnp) for an
m € {0,1} as k+ ¢ < 2ng — 1. Therefore, by (19)

f(zk) = Tpyq +d—m.

Inserting the above equality to (20) we obtain
Ty < Tpypqgt+d—m <zg+1.
Since 0 < k < nr it follows that 0 < zx41q — 24 < 1, hence =1 <d-m <1,
but d —m € Z, so d — m = 0. Finally,
fer) = Tppg, k€ Zy,. (21)

Now let k € Z\ Zy,., then k = png + r for some p € Z and r € Zy . Using this
notation (18), (19) and (21) we get

flz) = f(xpnp+r) = f(zr +p) = f(xr) +P=Tpryq+ P = Tripnp+q = Tk+q-

Thus we have proved
f(@) = 2hyq, ke
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From this and (18) we have

P (x0) = Tgnp = 20 + ¢,
Consequently,
fJnF(xO)=xanp = To +.7Qa jGNa

which in view of the definition of the rotation number gives a(F) = L. O

From now on suppose that F: S — S! is an orientation-preserving sur-
jection such that () # Per F # S'. Since Per F = {z € S' : F"F(z) = z} it
is a closed subset of S' and it follows that S* \ Per F' is a sum of non-empty,
pairwise disjoint open arcs. Denote this family by Z&r. Therefore,

S'\PerF= (] I
I€EBFr

LEMMA 4. Let F: S — S be an orientation-preserving surjection such that

0 # Per F # S' and let I € Br. Then either

U <F”‘F(z), F<i+1>"F(z)) =1, zel (22)
1€EZ
U <F<i+1)"F(z),Fi"F(z)) =1, zel (23)
1€EZ

_— —_—
Moreover, (z, F**(z)) C I for every z € I or (F"F(z),2z) C I for every z € I.

Proof. Fix I € #r and z € I. Then F"F(z) € F*"F(I) = I and F"F(2) # z.
Suppose that

(z, F"F(2)) C I. (24)
Hence
<Fl’“'"(z), F(l+1>"F(z)) cl for leZ (25)

and in consequence

U <FZ"F(Z),F(I+1)"F(Z)) cl.
€z
—
To show the opposite inclusion suppose that I := (a,b), where a,b € Per F' and

notice that (24) yields

lim F"F(z)=b (26)
and
lim F~""F(z) = a. (27)
n—oo
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Now fix v € I. From (25), (26) and (27) it follows that there exists a k € Z such
that

ve <F’mF(z), F(k“)"""(z)).

Consequently,

ey <FZ"F(Z), F<’+1>"F(z))

lEZ

- . . reea—
and (22) is proved. Applying similar arguments to the case (F"7(z),2) C I we
get (23).
—_—
To prove the second assertion suppose that (z, F"F(z)) C I. Now let u € I.
Notice that if u = F"F!(z) for some | € Z the assertion follows from (25).
Otherwise, by (22) we get

J i (z), et (@) = I\ (P () s Le ).

lEZ

Thus it follows that there exists a j € Z such that

we (Fri(z), Frr+h) (), (28

Hence

Fr (u) € (Fr U+ (), Fret2) (),

This and (28) lead to

(u,F"F(j“)(z)) I (anj(z)’pw(jﬂ)(z)) cl

and
(FrrGHD (), Fre () € (FreO)(2), Frel+2)(z)) 1.
. —_—
Finally, since F"FU+(2) € I we get (u, F"F (u)) C I. O

LEMMA 5. Let F: S' — S' be an orientation-preserving surjection such that

() # Per F # S' and let I € Bp. If (2,F"F(z)) C I (respectively, (F"F(z), z)
—_— —_—

C ) forazel,then (21, F"F(z1)) C F(I) (respectively, (F"F(z1),z1) C F (1)

for all zy € F(I).
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Proof. For the proof suppose that for some z € I, F' fulfils the condition
P ———
(2, F"F(2)) C I.

Fix 23 € F(I). Since F is a surjection it follows that there exists a 2o € I
such that F(z9) = 21. As F preserves the orientation and since Lemma 4 yields
-

(20, F™F (20)) C I we get
G ) = P (o PP G)) < P (D),
which ends the proof. g
We finish with some properties of orientation-preserving surjections with

a finite and non-empty set of periodic points. Therefore, from now on we impose
on F' the following general condition:

(H;) F: S* — S' is an orientation-preserving surjection such that
0 < Np :=cardPer F < 0.
Notice that if a function F' satisfies (H;), then

Nr
nr

kp :=kp(Per F) =

is a number of cycles of F’ |per r and np is a number of elements in each such
a cycle. In this case, for the convenience, we enumerate the arcs of the family

PBr, ie. for a fixed z € Per F define a; € Per F' for ¢ € Zp,. in the following
way: .

ap =2
and if Np >1 let Arg%<Arg@, i€ {0,...,Np —-2}. (29)
aop agp
Set moreover an,. := ap and define
SN .
I == (a;,a;41) for i€ Zn,. (30)

Notice that if F' fulfils (H;), then

Np—1
S*\ Per F = U I;.

1=0

Now for a given homeomorphism F: S — S! satisfying (H1) we may define
two types of arcs of the family Zr.
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DEFINITION 1. Let F: S* — S? satisfy (H;). Put

ZY(F):= {z € Zny : m C I; for all z € Ii}
and

Z-(F) = {z € Zyp: (F"%(2),2) C I; forall z € Ii},
where I; for i € Zy,. is the family defined by (29) and (30).

From Lemma 4 it follows that Z*(F)U Z~(F) = Zn,..

Ezample. Let f: (0,1) — (0,1) be defined as follows

_ ~22 + 3z ze (0,1
— ) 19 )
f(z) {2x2—2z+1, re (i1

For every z € R put f(z) := f(z— E(x))+ E(x), where E(x) denotes the integer
part of z. Then f: R — R is a strictly increasing homeomorphism such that
f(z+1) = f(x) + 1 for z € R. Moreover, for every = € (0, %) we have

flz)>= and  f(z) € (0,3)
and for every x € (1,1) we have
flz) <z and flx) e (3,1).

Therefore, (z, f(z)) C (0,1) for z € (0,1) and (f(z),z) C (3,1) for z € (3,1).
Let F: S* — S be a homeomorphism defined by

F (e2wiz) = e27rif(a:), z €R.

Io = (ao,a1) and I; = (a1,a0). Fix z € Iy. There exists a unique z € (0, %)
such that z = e2™¢  Notice that

(2, F(2)) = {*™*: te (z, f(z))} C {™: t € (0,3)} = L.

Thus 0 € Z*(F). Similarly we get that 1 € Z~(F). Hence Z*(F) = {0} and
Z=(F)={1}.

From Lemma 2 and the fact that F(I) € & for any I € %F we obtain:

Then np =1, Np = 2 and Per F = {—1,1}. Put ap := 1 and a; := —1, then
_— _

THEOREM 2. Suppose that F fulfils (H;), then

F(Iz) = I(i-Hch) (mod NF)» @ € ZNg» (31)
where ¢ = q(F) and I; fori € Zn, are defined by (29) and (30).

558
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As a consequence of Theorem 2 and Lemma 5 we get:

COROLLARY 4. Let F satisfy (Hy) and let i € Zn,. Then i € ZT(F) iff
(i + kpq) (mod Np) € Z+(F).

Notice that Theorem 2 lets us classify the orientation-preserving homeomor-
phisms with non-empty and finite set of periodic points in the following way:

DEFINITION 2. Let n € N and q € Z, be such that ged(¢,n) = 1. By Pyn
denote the set of all maps F': S? — S! satisfying (H;) and such that ¢(F) = ¢
and np = n.

By Lemma 2 we get:

Remark 2. If F satisfies (H;), then there exists a unique pair (g, n) such that
n €N, q € Zp, gcd(g,n) =1 and F € Py .

We finish with some characterization of the family &2 .

THEOREM 3. Letn € N and q € Z, satisfy ged(q,n) = 1. Then F € Py, if
and only if F satisfies (Hy) and o(F) = L.

Proof. Let us observe that the necessary condition follows from Definition 2
and Lemma 3. To prove the sufficient condition assume that F' satisfies (Hy),
a(F)= 1 and F ¢ 2,,. By Remark 2 there exists a unique pair (¢’,n') such
that n’ € N, ¢’ € Zy/, ged(q',n') =1, (¢,n) # (¢',n’) and F € P, . Using

the first part of the theorem we obtain a(F) = Z;. Therefore, £ = % and

consequently, since ged(g,n) = ged(q’,n’) = 1 we get ¢ = ¢’ and n = n’, which

contradicts our assumption. O
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