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Abstract. H. Silverman (1999) investigated the properties of functions defined in terms of
the quotient of the analytic representations of convex and starlike functions. Many research
workers have been working on analytic functions to be strongly starlike like Obradovié and
Owa (1989), Takahashi and Nunokawa (2003), Lin (1993) etc. In this paper we obtain a
sufficient condition for p-valent functions to be strongly starlike of order a.

Keywords: analytic function, strongly starlike function

MSC 2010: 30C45

INTRODUCTION

Let A denote the class of functions that are analytic in the open unit disc U =
{z € C: |z| < 1} and let A, , be the subclass of A consisting of the functions f, ;,
of the form

(0.1) fap(z) =2+ Z arz®  (n €N)

where p is a positive integer and f;, , is analytic and p-valent in U. Then a function
frp € Anp is said to be in class Sy, (p, ) if and only if

(0.2) Re (%) > (z€U)

for some ¢ (0 < d < p).
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A function f, , € Sp(p, ) is called p-valent starlike of order §. On the other hand,
a function f, , € A, , is said to be in the class K, (p,d) iff

(0.3) Re (1 | 2np2)

7 (z))>5 (z € U)

for some ¢ (0 < 6 < p). A function f, , € K,(p,9) is called a p-valent convex function
of order . On the other hand, a functionf,, ,(z) in A, , is said to be strongly starlike
of order « if it satisfies

2f (%) o
(0-4) ‘arg{ Fun(2) H <%

for some a (0 < ae < p) and for all z € U. We write f,, ,(2) € AppS™(a) if fr p(2) is
strongly starlike of order o in U. Silverman [1] investigated the properties of functions
defined in terms of the quotient of the analytic representation of convex and starlike
functions. Let Gy be the subclass of A, ;, consisting of functions f,, , € A, , which

satisfy
- Z;ié’,p((Z))
z
(0.5) zf’im(pz)_p <b (z€U)
n,p
pfn,p(z)

for some real b. For this class Gy, Silverman obtained the following result.

Theorem 0.1 [1]. If0 < b < 1, then

. 2

The result is sharp for all b.

In this paper we consider the strong starlikeness for p-valent functions f,, (%)
belonging to Gp.

1. STRONG STARLIKENESS

For discussing the strong starlikeness of a function f, ,(z) in Gy, we have to recall
the following result by Nunokawa [3].
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Lemma 1.2. Let p(z) be analytic in U with p(0) = 1 and let p(z) #0 (z € U).

Suppose that there exists a point zg € U such that

(17) jargp(2) < 2 (121 <zo)
and
(1.9 jargp(z0)| = =
where 3 > 0. Then we have

20p'(20)\
(1.9) ( ) ) = KB

where K > 3{a + 1/a} when arg{p(z0)} = 373, and K <

arg{p(z0)} = —1nB where p{z}/# = £ia and a > 0.

Theorem 1.3. If f, ,(z) belong to the class Gy(q)with

(1.10) b(a) = ( - - — ) 0<a<p)

P\ (p— )5 (p+ )5

then f, ,(2) € AppS*(@).

Proof. Let us define a function ¢, ,(z) by

Zfnp(2)
1.11 npl2) = ——<).
(1.11) onsl2) = (S72215)
Then it follows that
L i) |
1) L0 (e )
2fnp(2) P?[onp(2)]?
Dfn, p(z)
If there exists a point zg € U such that
o
(1.13) larg{enp(2)}| < o for |z] <z,
pive!
(1.14) larg {¢np(20)} = %

—2{a + 1/a} when
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then, applying Lemma 1.2 we obtain that

(1.15) 20 p( ‘ B ‘ Ka - oz|K|a_“/p N O[[a(p—a)/p +a—(p+a)/p]
' P?[enp( p? iba)a/p P - 2p3 .
Define a function F,(a) by
(1.16) Fy(a) = [aP=/P 4 q=PF)/P] (4> 0;0 < a < p),
1 rlp—a)d®—(p+a)
) —
(1.17) Fo(a) =~y | . J

F,(a) assumes its minimum value at a = \/(p + @)/(p — ). This implies that

2@ p(20) ‘ a ( p+a)
P2lenp(20)]21 7 203 P\V p—a

o p+ a\ P—a)/2p p— a\ (Pta)/2p
_2_p3K —a) +<p+a) }

(1.18)

WV

[0}
2\/ _a p a)/P(p+a)(p+a)/

which contradicts our condition f, ,(2) € Gya) of the theorem. Thus we complete
the proof of the theorem. O

Corollary 1.4. If we take p = 1 then the function f, ,(z) reduces to a univalent
function f, 1(z) = fn(z) and we get a sufficient condition of strong starlikeness of

univalent functions.

Considering the case of & = 1 in Corollary 1.4, we have

Corollary 1.5. If f,(z) € G, with b = 3, then f,(z) € AS*(1) or fu(2) is
strongly starlike in U

Taking o = % in Corollary 1.4 ,we have
Corollary 1.6. If f,,(z) € Gy with b = 1/v/3V/3 = 0.438691 ..., then f,(z) €
AS*(4).
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