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A NOTE ON BICONIC COPULAS

Fabrizio Durante and Juan Fernández-Sánchez

We describe a class of bivariate copulas having a fixed diagonal section. The obtained
class contains both the Fréchet upper and lower bounds and it allows to describe non-trivial
tail dependence coefficients along both the diagonals of the unit square.
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1. INTRODUCTION

Copulas are d–dimensional probability distribution functions that concentrate the
probability mass on Id (I := [0, 1]) and whose univariate margins are uniformly
distributed on I. Such functions have been largely used in multivariate statistical
models, due to the fact that they capture the scale-invariant dependence of random
vectors [9, 21].

In view of possible applications, methods for obtaining bivariate copulas have
received a great attention in the literature. In particular, several authors have
focused on “geometric methods”, i. e. on methods that introduce new copulas “uti-
lizing some information of a geometric nature, such as a description of the support
or the shape of the graphs of horizontal, vertical, or diagonal sections” (compare
with [21, chapter 3]). Recently, such an approach has been used, for instance, in
[2, 3, 16, 17, 23, 24, 25].

In particular, powerful geometric constructions have been obtained by using the
so-called “semilinear method”, first considered in [7]. Roughly speaking, a semilinear
copula is a copula whose restriction on some specific section of its domain is an affine
function. Classes of semilinear copulas have been considered in [1, 12, 15].

In this note, we study a class of bivariate copulas having a suitable diagonal
section δ such that the following property is satisfied: for all x0 ∈ ]0, 1[ C is linear
on the segments connecting the diagonal point (x0, x0) with the corner points (1, 0)
and (0, 1).

Such a class of copulas has some distinguished features:

• it is comprehensive, i. e. it contains both the Fréchet upper bound M(x, y) =
min (x, y) and the Fréchet lower bound W (x, y) = max (x + y − 1, 0);
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• it allows to describe non-trivial tail dependence coefficients along both the
diagonals of the unit square.

The idea of such a construction was first introduced by Jwaid and De Baets [11] under
the name biconic copulas (or double conic copulas); then it has been investigated
in [13] (see also [14]), where different other aggregation functions of the same type
have been considered.

The results presented here complement the previous cited investigations. More-
over, the description of the class of biconic copulas is obtained by using a recent
characterization of copulas by means of Dini derivatives [5].

2. THE CLASS OF BICONIC COPULAS

Let δ : I → I be a diagonal, i.e., for every t ∈ I δ(t) = C(t, t) for some copula C. As
known [21], any diagonal δ is characterized by the following analytical properties:
(a) δ(t) increasing, (b) W (t, t) ≤ δ(t) ≤ t for every t ∈ I, (c) δ is 2–Lipschitz.

Starting with a diagonal δ, we are interested in considering the functions Fδ : I2 →
I such that Fδ is linear on the segments connecting any point (x0, x0) ∈ I2 with the
corner points (1, 0) and (0, 1).

Such a Fδ is expressed in the following way:

Fδ(x, y) =


δ

(
y

y + 1− x

)
(y + 1− x) , x ≥ y,

δ

(
x

x + 1− y

)
(x + 1− y) , x < y,

(1)

with the convention δ
(

0
0

)
:= 0. In a short form,

Fδ(x, y) = δ
(

x∧y
x∧y+1−x∨y

)
(x ∧ y + 1− x ∨ y) .

In fact, for every (x0, y0) ∈ ]0, 1[2 and for every s ∈ [x0, 1], we have

Fδ

(
s,

x0

1− x0
(1− s)

)
= δ (x0) ·

1− s

1− x0
,

i. e., for s ∈ [x0, 1] the mapping s 7→ Fδ

(
s, x0

1−x0
(1− s)

)
is an affine function. Analo-

gously, it can be shown that, for every s ∈
[
0, x0

]
, s 7→ Fδ

(
s, x0−1

x0
s + 1

)
is an affine

function.
In the following, we denote by CBC the class of all copulas of type (1) (i. e.,

biconic copulas). We are interested in the characterization of the diagonals δ such
that Fδ ∈ CBC.

First, notice that the basic copulas W and M belong to CBC. On the contrary,
the independence copula Π(x, y) = xy does not belong to this class. Moreover, as
known [20], there exists a diagonal δ such that Fδ is not a copula.

The characterization of the elements of CBC is given by the following result,
which has been proved for the first time in [13]. A different proof will be presented
in Section 3.
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Theorem 2.1. Let δ be a diagonal. A function Fδ of type (1) belongs to CBC if,
and only if, δ is convex.

We denote by DBC be the class of all diagonals generating a copula in CBC. As
evident by eq. (1), every element of CBC is described by its diagonal section. In
particular, properties of DBC may be translated into properties of CBC. In fact, the
following results can be easily proved.

Proposition 2.2. The class CBC is a convex set. Moreover, if Fδ1 and Fδ2 belong
to CBC, then, for every λ ∈ I, λFδ1 + (1− λ)Fδ2 is the copula of type (1) generated
by λδ1 + (1− λ)δ2.

Moreover, CBC is a closed set with respect to pointwise convergence.

Proposition 2.3. The class CBC admits pointwise upper and lower bound given,
respectively, by M and W . Moreover, if δ1, δ2 ∈ DBC and δ1 ≤ δ2, then Fδ1 ≤ Fδ2 .

Copulas constructed from diagonal sections are often useful when one wants to
have a family of copulas with a variety of tail dependence coefficients. In particular,
to every copula C four tail dependence coefficients [27] can be associated in order
to describe the tail behavior of C in each of the four corners of I2. For a copula
Fδ ∈ CBC, the tail dependence coefficients assume the following values

λU,U = δ′(1−), λL,L = δ′(0+), λU,L = λL,U = 1− 2δ

(
1
2

)
.

Example 2.4. Let us consider the family {δα}α∈[1,2] of diagonals in DBC given by
δα(t) = tα. Then, the copula Fδ generated via (1) is given by

Fδ(x, y) = (x ∧ y)α (x ∧ y + 1− x ∨ y)1−α
.

The four tail dependence coefficients associated with Fδ are given by

λU,U = α, λL,L = 0, λU,L = λL,U = 1− 2
(

1
2

)α

.

When δ
(

1
2

)
< 1

2 , every Fδ ∈ CBC has non-zero tail dependence coefficients along
the opposite diagonal section of I2. Moreover, a suitable choice of the diagonal
δ allows to obtain copulas such that all the four tail dependence coefficients are
non-zero.

At the end of this section, we are interested in the distribution of the probability
mass of a copula Fδ ∈ CBC.

A copula Fδ may have a singular component along the main diagonal of the unit
square. In fact, the right derivatives ∂Fδ

∂x and ∂Fδ

∂y may have jump discontinuities
along the line y = x (compare with [10, Theorem 1.1]). Specifically, the following
result holds.

Proposition 2.5. No absolutely continuous copula belongs to CBC.
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P r o o f . Let Fδ ∈ CBC. By using [10, Theorem 1.1], the probability mass of Fδ

concentrated along the segment joining (0, 0) with (a, a) is given by∫ a

0

((1− 2t) δ′ (t) + 2δ(t)) dt,

where δ′ is intended to be the right side (or left side) derivative of δ. If Fδ is
absolutely continuous, then δ(a) = 0 for every a ∈ [0, 1/2]. But, the unique copula
Fδ ∈ CBC satisfying this property is W , which is singular. Therefore, the assertion
follows. �

The fact that copulas in CBC have a singular component is a property often
encountered in the study of copulas with given diagonal section. Such a singular
component often causes analytical difficulties; nevertheless, it can be useful for some
specific applications, like default models. Suppose, for instance, that X and Y are
jointly connected by a copula Fδ ∈ CBC, Fδ 6= W . Then X = Y with non-zero
probability. Translated into the language of default modeling this implies non-zero
probability of the occurrence of joint defaults of X and Y (for more details on this
point of view, see [18]).

3. PROOF OF THEOREM 2.1

In this section, we present the proof of Theorem 2.1. It requires a recent characteri-
zation of bivariate copulas [5], which uses the concept of Dini derivative. Therefore,
it is necessary to recall such results.

Definition 3.1. Let a, b ∈ R, a < b, and let f : [a, b] → R be a function. Let x be
a point in [a, b). The limit

D+f(x) = lim sup
h→0+

f(x + h)− f(x)
h

,

is called right side upper Dini derivative of f at x.

Lemma 3.2. (Durante and Jaworski [5, Theorem 2.3]) A function C : I2 → I is a
copula if, and only if, C satisfies the following conditions:

(C1) C(x, 0) = C(0, x) = 0 for every x ∈ I,

(C2) C(x, 1) = C(1, x) = x for every x ∈ I,

(C3) C is continuous;

(C4) there exists a countable set Z ⊂ I such that, for every x ∈ I \ Z,

(i) D+Cy(x) is finite for every y ∈ I,
(ii) D+Cz(x) ≥ D+Cy(x) whenever 0 ≤ y < z ≤ 1,

where Cy(x) = C(x, y) denotes the horizontal section of C at y.
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By applying the above result to CBC and by doing some standard calculations,
the following statement can be obtained.

Lemma 3.3. Let δ be a diagonal. A function Fδ of type (1) belongs to CBC if, and
only if, for all x ∈ I \ Z, where Z is a countable set, hx : I → R given by

hx(t) =

{
tD+δ(t)− δ(t), 0 ≤ t ≤ x,

(1− t) D+δ(t) + δ(t), x < t < 1,
(2)

is increasing on I.

P r o o f . Let Fδ = F be a function of type (1). It is trivial to check that F satisfies
(C1), (C2) and (C3). Moreover, for every x ∈ I \ {0, 1}, D+Fy(x) is finite for every
y ∈ I, and we have

D+Fy(x) =


y

y + 1− x
D+δ

(
y

y + 1− x

)
− δ

(
y

y + 1− x

)
, y ≤ x,(

1− x

x + 1− y

)
D+δ

(
x

x + 1− y

)
+ δ

(
x

x + 1− y

)
, y > x.

Now, the proof follows from the fact that condition (C4)(ii) is equivalent to the fact
that, for all x ∈ I \ Z, where Z is a countable set, hx is increasing on I. �

Remark 3.4. If, for all x ∈ I \ Z, hx given by (2) is increasing on I, then it follows
that

f(t) = (1− t) D+δ(t) + δ(t), (3)

g(t) = tD+δ(t)− δ(t), (4)

are increasing on I.

Lemma 3.5. Let δ be a convex diagonal. Then:

(a) f and g given by (3) and (4), respectively, are increasing on I;

(b) m(t) = (1 − 2t)δ′(t) + 2δ(t) ≥ 0 for all t ∈ I, with the possible exception of a
countable set of points.

P r o o f . If δ is convex, then t 7→ D+δ(t) is increasing (see [26, Theorem 14.10]). It
follows that, for all t1, t2 ∈ I, t1 < t2,

f(t2)− f(t1) ≥ (1− t2)D+δ(t2)− (1− t1)D+δ(t1) + (t2 − t1)D+δ(t1)

= (1− t2)
(
D+δ(t2)−D+δ(t1)

)
≥ 0,

which implies that f is increasing.
Analogously, for all t1, t2 ∈ I, t1 < t2,

g(t2)− g(t1) = t2D
+δ(t2)− δ(t2)− t1D

+δ(t1) + δ(t1)

≥ t2D
+δ(t2)− t1D

+δ(t1)− (t2 − t1) D+δ(t2) ≥ 0.
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Finally, we have to show that m(t) ≥ 0 for all t ∈ I such that δ′(t) is well-defined.
Let t ∈ I, t 6= 1

2 . Then the function t 7→ δ(t)
1−2t is increasing since it is the product of

two increasing functions. Therefore, D+
( δ

(
t
)

1−2t

)
≥ 0, which is equivalent to m(t) ≥ 0

on [0, 1/2). Analogously, we can prove that m(t) ≥ 0 on (1/2, 1]. �

Finally, we need the following result, which is related to [26, Theorem 14.10].

Lemma 3.6. Let a, b ∈ R, a < b, and let f : [a, b] → R. If f is absolutely continuous
and D+f is increasing, then f is convex.

Thanks to all the previous lemmata, we can now prove our characterization.

P r o o f . [Proof of Theorem 2.1] Let δ is convex. By Lemma 3.3 we have to verify
that hx is increasing. We distinguish three different cases. If 0 ≤ t1 < t2 ≤ x, then

hx(t1) = g(t1) ≤ g (t2) = hx (t2) .

If x < t1 < t2 ≤ 1, then

hx(t1) = f(t1) ≤ f (t2) = hx (t2) .

Finally, since m(t) ≥ 0 it follows that, for t1 ≤ x < t2,

hx(t1) = g(t1) ≤ f (t2) = hx (t2) .

By Lemma 3.3 we can conclude that Fδ is a copula.
On the other hand, if Fδ is a copula, Lemma 3.3 ensures that f and g are in-

creasing and, hence, the sum f + g = D+δ is increasing too. Since δ is absolutely
continuous, then it is convex (see Lemma 3.6). �

4. CONCLUDING REMARKS

We have studied the class of biconic copulas, which depend on their diagonal section
and are linear on some specific segments of the unit square.

The copulas Fδ of type (1) are characterized by the fact that their diagonal section
is convex. Actually, the convexity of δ characterizes several constructions of copu-
las with given diagonal section. For example, we can consider quasi–homogeneous
copulas [19], and the copulas of type

Dδ(x, y) = min
{

x, y, δ

(
x + y

2

)}
introduced in [4].

Furthermore, by using diagonal patchwork constructions [6, 8, 22], all these cop-
ulas can be glued together in order to obtain new copulas with a prescribed diagonal
section.

Inspired by the idea of biconic copulas [11], Sempi suggested the following problem
(see [20, Problem 2.4]).
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Given a fixed x0 ∈ ]0, 1[ characterize all δ : I → I such that there exists
a copula C with C(x, x) = δ(x) for all x ∈ I, and C is linear on the
segments connecting the diagonal point (x0, x0) with the corner points
(1, 0) and (0, 1). Also, try to construct pointwise maximal and minimal
elements of this class.

It should be mentioned that, while the copulas we have considered obviously
satisfy the Sempi’s requirements, the solution to the previous problem gives a larger
class of copula, as the following example shows.

Example 4.1. Let x0 ∈ ]0, 1[. Let C be the ordinal sum of (Π,Π) with respect to
the partition ([0, x0], [x0, 1]). Then C is a possible solution to Sempi’s problem; but
C does not belong to CBC.

Finally, notice that pointwise maximal and minimal elements of the copulas from
previous problem coincide with M and W , respectively, which are copulas in CBC.
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