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The object of this paper is to show that the concept of reflection and coreflection can
be used to advantage when investigating orthomodular lattices. In addition, the commu-
tator sublattice of a generalized orthomodular lattice is considered, and some of its char-
acteristic properties are presented.

In what follows, by an allele one means a quotient b/a of a lattice £ such that
there exists a quotient d/c of .# which is projective with b/a and which satisfies b < ¢ or
a = d. In this case we write b/a § d/c. The set of all the alleles of Z is denoted by A (&).
It is known [1] that the relation § defined on a relatively complemented lattice .# by

a=bp)s{([mnl<[a p bay bl&n/mS§q/p)=m =n}
is a congruence relation of the lattice .. Similarly, the relation y defined by

a=bly)<>3IneNJapa...,an
apNb=a=a=..Zap=a Ab

and a;,1/a;i € A(¥) for every i =0,1,...,m— 1 is a congruence relation on such a
lattice.

The reflection of £, written Ref .2, is the lattice £/f; the coreflection of £, written
Coref %, is the lattice Z/y.

The commutator of two elements and the commutator sublattice 4’ of a generalized
orthomodular lattice ¥ were defined by Marsden in [3]. The reader is referred to [1] for
other definitions.

If # is a relatively complemented lattice and & is an ortholattice, & = (L, \/, A,
'y 0, 1), then every congruence g of the lattice & = (L, Vv, A ) is also a congruence of the
algebra (L, \/, A ). As usual, the operations on the quotient algebra are denoted by the
same symbols and so we write, e.g., £/o = (L/o, \/, A ,').

Theorem 1. Let & = (L, \/, \,',0,1) be a relatively complemented ortholattice.

Then & is on orthomodular lattice if and only if its reflection Ref & = (L/B, \V» N\, ',
[0], [1]) is orthomodular.

Proof. 1. % is orthomodular iff every two elements s, ¢ of & satisfy s \V 1 =
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=sV (s A (s A\ ?). Hence, the orthomodularity of .# implies the orthomodularity
of Z/B. .

2. Let #Z/B be orthomodular, let s,z€ L and suppose that s =t &s A ¢ =0.
Now s/0 » 1/t ¢'/0 and [¢',s] < [0,s]. By Remark of [1] this means that s/t
is projective with a quotient v/u where [u, v] < [0, ¢'] and, hence, s = ¢'/(y). On the
other hand, in the quotient algebra .#/# we have [s] = [¢]' & [s] A [¢] = [0] and, by
orthomodularity of .#/f, we see that s = ¢'(f). Therefore s = ¢'(8()y)andso s =1¢'.

Recall a lattice .Z is called semi-discrete [2] if for every two comparable elements a, b
there exists a finite maximal chain connecting a with &. .

Theorem 2. Let £ be a relatively complemented lattice satisfying one of the following
conditions:

({A) & is semi-discrete;
(ii) every interval in £ satisfies the descending chain condition;
(iii) every interval in L satisfies the ascending chain condition.

Then £ is isomorphic to the direct product of Ref ¥ and Coref £.

Proof. Since .Z is supposed to be relatively complemented, gy = yf; moreover,
B ) y is the diagonal A4y, of L2. Thus it is sufficient to show that

() Va< bIag,a1,...an,neN,
a=q@w=a<=..Za,==>6
such that
vi=0,1,...n—1 a; = aij1(y) or a; = a;i.1(f).
Now, if .# is semi-discrete, then there are ay, ay, ..., an such that
a=ay<<ay...<a, ==

where << denotes the covering relation. If a; = a;,1(f) does not hold, then a;,i/a; €
€A (&) and s0 ai;1 = a(y).

If & satisfies the condition (ii) and if @ < b, then either a = b(f) or there exists an
interval [p, g] < [a,b] suchthatp + ¢ and p = ¢(y). If p =a and b = g, we are

done. If this is not the case, let ¢+ denote a relative complement of ¢ in [p, b]. By [,
Lemma 2.3 (ii)] there exist elements ay, ai, ..., ax , such that

p=q¢gt<a1<..<ap=2b
and such that
Vi=0,1,...,k a1 = ai(y)

If a = ¢*(f), then the chain
asSqgt=a<ar<...<ap=>b

has the property (1). If a = ¢+(f) is not valid, then a < ¢t and we set (Vg = g,
Wp = g+. Now, the same argument may be applied to the interval [(Va, (D] and so
we get that either (1) is true or there exist elements a; such that

b=ar>..>a1>q =a =WVb=ay, >...>a > WDgt =aqa,
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and such thata; , = a;(y)forevery i =0, 1, ..., #'. By hypothesis this process will stop
in a finite number of steps. Consequently, (1) is true.

The final statement of the theorem follows by duality.

Lemma 3. If £ is a non-distributive simple relatively complemented lattice with 0,
then a = 0(y) for every a of &.

Proof. By [1, Proposition 2.7] there exist elements ¢ < d such that ¢ = d(8) does
not hold. Thus there are elements p + ¢ such that [p, g] < [¢,d] and g¢/p e A(L).
So we have p << gand p = ¢(y) and therefore y + A,. Since & is simple,y = L x L.

Proposition 4. Let (G, \V, \) be a simple lattice which is not distributive. Let
4% = (G, V, \»a—x,0) be a generalized orthomodular lattice.

Then 4 = 9'.

Proof. This follows easily by using Lemma 3 and [1, Proposition 3.1].

Theorem 5. Let # =(H, \/, N,a ]l x,0) and 4 =(G, V, AN,aT x,0) be
generalized orthomodular lattices. Suppose @ is an isomorphism (or a homomorphism)
of the lattice (H, \/, \) on the lattice (G, \/, \) (or into the lattice (G, v, \)).
Let # L, %7 denote the commutator sublattice of # and 4, respectively.

Then

pHL) =97
(or g(#L) < 4T).

Proof. If » = 0(y(H, \/, A)), then
O=h=h=...Zhy=hmeN

where foreveryi =0, 1,...,m — 1 we have h;,1/h; § Ki/H;. If @ is a homomorphism,
then from this we get

0 =¢(0) = ¢(ho) = p(h) = ... = ¢(hm) = p(h)

and @(h,1)/@(hi) § @(Ki)/p(Hi). Therefore @(h) = 0(»(G, V5 A))-

Corollary 1. Let 9 =(G, \/, \) bea lattice and let T and |_be two ““relative opera-
tions” defined on G in such a way that (G, \V, A,a T x,0) and (G, Vv, A,a ] x,0) are
generalized orthomodular latrices.

Then 47 = 4L where 4T, %L denote the corresponding commutator sublattices.

Corollary 2. Suppose f is an automorphism (or endomorphism) of a lartice
(G, V> N)-If 9 =(G, V> A»a T x,0) is a generalized orthomodular lattice, then

f(GT) =GT

(or f(GT) = GT).

The verification of the following technical lemma is straightforward and will there-
fore be omitted.

Lemma 6. Suppose alattice (G, \/ , \) is isomorphic with the direct product of lattices
H, . If (G, /5 \>a—x,0) is a generalized orthomodular lattice, then

(1) o and A~ determine also generalized orthomodular lattices;

ii

w (h, k) < (a, b)= (a, b) — (h, k) = (@a— h, b — k)
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for every (h, k), (a, b) of the direct product # x A ;

(iii)
€omo, 4/ g (9,8 = (comIO, a\Veil (91, 1) > comyyo, g,\/g,] (92> £2))
where ¢ = (¢1,82) , & =(g1,82) -

Proposition 7. Let & be a generalized orthomodular lattice and let 4 be isomorphic
with the direct product # X A of two lattices ', A .

Then

G 2 H' XA and (# X AH) =H" x A’

where #' X A"’ denotes the direct product of the generalized orthomodular lattices 3, A".
Proof. In view of Theorem 5 it suffices to prove that (# x X) = #' x A".
Clearly, (# x A) < #' x A'.Butif tis of #' x A", then t = (4', k') where

l<§

COmy0, 1y\/ %) (his ) =heH,

i

n

V com o, R\ k] (kj, k ) =k eK'.
j=1

We may here assume that m = n. By Lemma 6 (iii) we get

k) <( ' com, (ki k), \"; com, (kik})) =
i=1 ]

m

= V (como,nymr (his b)), comio,pyueny (kis ) =

i=1
m

= Y €Ooml o, 4;\/g;) Qig) e x A

where qi = (hi, ki) s gt = (h:, k:) €eH x K.

Theorem 8. Let 4 be a generalized orthomodular lattice satisfying one of the conditions
(i), (ii), (iii) of Theorem 2.

Then 9’ ~ Ref Y and G = G' x H where # ~ Coref 4.

Proof. First, 4 ~ 4/ x 4|y by Theorem 2. By Proposition 7 we have ¥’ ~
~ (49]8) x (¢]y). Using Lemma 6 (i) we see that ¢/y is a generalized orthomodular
lattice. Hence, by [1, Proposition 2.7], (¢/y)’ ~ 1 and therefore 4’ ~ (%/B8)’. Now, if
g € G, then from the proof of Theorem 2 we conclude that there is a finite chain

O=ag=a=s...Sap=¢g
with the property a; = a;.1(y U p) for every7 =0, 1,...,n — 1. But for the element

[£] of /P this yields [0] = [¢] (»(¢/B)). Hence (4/8) = %/B by [1, Proposition 3.1]
and so 4’ ~ 9/ = Ref 4. Now,

Y >9I8 x %y
and

(GIB < Gly) = (9IB) x (4]y) = Gip x 0).
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Let f be an isomorphism of 4/8 x %[y on 4. By Theorem 5
f(&IB < $ly))=9',

and we see that
f@IB x<0))=9".
On the other hand,
G =f(9IB x L0)) x f(K0) x F[y).
Therefore ¥ = 4’ x # where # = f{(0> x 4|y) ¥ (0) X 4|y =~ 9|y = Coref 4.
Theorem 9. Let £ be on orthomodular lattice of finite length. Then
$’=y1 Xyz X vee ka,kgo,
where the lattices ; of the direct product are simple orthomodular lattices which are not
distributive. (Here, of course, if k =0, ' =1). Under the same hypotheses, ¥ =
= %' x 2™ where 2™ (m = 1) denotes the direct product of m copies of the two-element
lattice 2 ,and 20 = 1.
Proof. By Dilworth Theorem we have

f:ylxygx...xykxglx...xgm

where 9; are simple distributive lattices of finite length. Hence 9; = 2 and, by Proposi-
tion 7,

L =F XLy X eo X L.
Using Proposition 4, we get

Z'zyl Xyz X o eee ka.
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