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Consider universal algebras A of a given type A. We recall that A is a set of some 
operation symbols, each having assigned a non-negative integer (arity) and to any F e A 
of arity n there corresponds in A an n-ary operation, denoted by FA. An element a e A 
is said to be idempotent if the one-element subset {a} is a subalgebra in A, or equivalently 
if FA(a, a,..., a) = a for any F e A (if F is nullary. this means FA = a). Let K be a 
variety (i.e. an equationally definable class) of algebras of type A. We shall say that K 
is an extensive variety if any algebra of K can be imbedded into an algebra of K having at 
least one idempotent. 

Proposition 1. Let K be a variety of A-algebras. The following are equivalent: 
(i) K is an extensive variety. 
(ii) For any A,BeK there is an algebra CeK> containing a subalgebra isomorphic to A 
and a subalgebra isomorphic to B. 
(iii) For any subset M ^ K there is an algebra CeK such that every A e M is isomorphic 
to a subalgebra of C. 
(iv) The free K-product of any pair of .K-algebras is formed by monomorphisms. 
(v) The free _fC-product of any family of K-algebras is formed by monomorphisms. 

Proof. The equivalence of (ii), (iii), (iv) and (v) is easy and belongs to the mathema
tical folklore. 
(i) implies (ii). For A,BeK there are C,DeK with idempotents such that A is a 
subalgebra in C and B is a subalgebra in D. The cartesian product C x D is an element of 
.Kand contains subalgebras isomorphic to A and B. 
(ii) implies (i). Let A e K. There exists an algebra BeK such that A and the one-element 
algebra are subalgebras in B. 

Let x9 y, z,... be a set of variables. Expressions containing variables and operational 
symbols from A are called A-terms. If t is a A-term then var (t) will be the set of all vari
ables occurring in t. Further, by W(A) we shall denote the A-algebra of all the A-terms. 
Let Uyve W(A) and AeK. We shall say that the algebra A satisfies the equation u = v 
if/(w) =f(v) for all homomorphisms/of IF(A) into A. Finally, if £ is a set of equations, 
then Mod(£) denotes the variety of all A-algebras satisfying all equations from E. 

Proposition 2. Let A be a type containing no nullary symbols and E be a set of 
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equations such that var(u) = var (v) for every equation u = v belonging to E. Then 
Mod(E) is an extensive variety. 

Proof. Let A e Mod (E). Choose an element e not belonging to A and define a 
A-algebra B in the following way: 
(i) B=A(J{e}. 
(ii) If F e A is of arity n and ai, #2,..., an e A then FH(ai, • • ., an) = FA(ai,...- an). 
(hi) If F e A is of arity «, ai, ...>aneB and {ai,..., an} $ 4̂ then FH(ai,..., aw) = *. 
Since £ is idempotent and A is a subalgebra in B, it is enough to prove B e Mod (E). For, 
let w = v be an equation from E and/be a hommorphism of U7(A) into H. If/(*) e A for 
any x e var (w), then/(w) =f(v) follows from the validity of u = v in A. In the opposite 
case we have/(w) =f(v) = e. 

Proposition 3. Let A be a type containing no nullary operations and K be a variety 
of A-algebras. Let there exist two A-terms w, v such that var (u) and var (v) are disjoint 
sets and the equation u = v is satisfied in K. The following conditions are equivalent: 
(i) K is an extensive variety. 
(ii) The equation u = F(u> w,..., u) is satisfied in K for all F e A. 

Proof, (i) implies (ii). Let A e K be an arbitrary algebra. Then A is a subalgebra in 
an algebra BeK which possesses an idempotent e. If / : W7(A) -> A is a homomorphism 
then we define a homomorphism £ of W(A) into H in this way: g(x) = e for all variables 
x e var (v) and £(x) =f(x) for all variables x £ var (©). We have /(w) = #(w) = #(*/) = e, 
so that /(w) =/(F(w, w,..., «)) = £. 
(ii) implies (i) trivially. 

If A contains some nullary operations, then a variety K of A-algebras is extensive iff 
every algebra from K contains at least one idempotent, i.e. iff F(c, c,. . . , c) = d is valid 
in Kfor any F e A and any two constants c, deA. 

In the following we restrict ourselves to the case of groupoids and quasigroups. 
Proposition 4. Any variety of semigroups is extensive. 
Proof. Let K be a variety of semigroups. If var (u) = var (v) for every equation 

u = v valid in K then the assertion follows from Proposition 2. In the opposite case it is 
evident that there exist two different natural numbers w, m such that xn = xm holds in 
every semigroup from K. Hence any cyclic semigroup form K is finite, and consequently it 
contains an idempotent. 

Proposition 5 .Let r, w, v be three groupoid terms such that var (t) = var (u) = 
= {x} and var (v) = {y}. Then Mod (t = uv) and Mod (t = vu) are extensive. 

Proof. Let A e Mod (t = uv). If a e A, then we denote by fa the homomorphism 
of Winto A such that fa(z) = a for every variable z. Let a,beA and fa(u) =fb(u). 
We show that fa(t) = fb(t). Indeed, if g: W —> A is such a homomorphism that 
g(x) = a and g(y) = b, then we can write fa(t) = g(t) = g(uv) = g(u)g(v) =fa(u)fb(v) = 
= fa(u)fb(v) =fb(u)fb(v) =fb(uv) =fb(t). 

Choose an element e not belonging to A and define a groupoid B in such a way: 
(i) B = A{J{e}. 
(ii) A is a subgroupoid in B. 
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(iii) ea = e for any a e B. 
(iv) If aeA and a =fb(u) for some be A then ae =fb(t). 
(v) If aeA and a^fb(u) for all be A then ae = e. 
It is easy to show that B e Mod (t = uv). For Mod (t = vu) the proof is similar. 

Proposition 6. Let t and u be two groupoid terms such that var (t) = {*}, var (u) = 
= {x>y}> and let u contain no subterm having the format; for some term v. Then Mod 
(t = u) is extensive. 

Proof. Let A e Mod (t = u). Take an element ceA, an element e not belonging 
to A and set B = A (J {̂ }. We extend the groupoid structure of A to B setting ae = acy 

eb = e for all aeA and b e B. In order to prove the proposition it is sufficient to show 
B e Mod (t = u). For, let/be a homomorphism of W into B. The following cases can arise: 
© /(*) e.4 and f(y) eA. Then/(r) = / ( « ) follows from the validity of t = um A. 
(ii) f(x) =f(y) = e. In this case, f(t) = e =f(u). 
(iii) f(x) = e and f(y) eA. If v is a term whose first variable is x then f(v) = e as it is 
easy to prove by the induction on the length of v. However, by the hypothesis, x is the 
first variable in w, and therefore f(t) = e =f(u). 
(iv) f(x) e A and f(y) = e. Lctg be a homomorphism of W into A such thztg(x) =f(x) 
and g(y) = c. Let us prove the following assertion using the induction: 

If a; is a term such that w = y, var (w) g {x3y} and no subterm of w has the form 
yvythcnf(w) = g(w). 

The assertion is trivial if a? is a variable. Assume w = rs. We have r ^ - y and from 
the induction hypothesis it follows f(r) = g(r). If s -?-- y then f(s) = g(s)> and hence 
/ («0= g(w). If 5 = y then we can write f(w) =f(r)f(s) = g(r)e = g(r)c = g(r)g(y) = 

= g(™\ 
The assertion is proved and may be applied to our case. We get f(t) = g(t) = 

= g(u)=f(u). 
Proposition 7. Let t and u be two groupoid terms such that var(r) = {#}, var (u) = 

= {x,y} and let u contain no subterm having the form vy. Then Mod (t = u) is 
extensive. 

Proof. The proof is similar to that of the proceding proposition. 
Proposition 8. Let t be a groupoid term such that var (t) ^ {*, y}. Then Mod (x = 

= x .yt) and Mod (x = ty . x) are extensive. 
Proof. Let A e Mod (x = x . yt). Choose an element e not belonging to A and de

fine a groupoid B as follows: 
(i) B = A IJ {e} and A is a subgroupoid in B. 
(ii) ea = e for all a e 5 and ae = a for all a e A 
The rest is obvious. 

Proposition 9. The groupoid variety K = Mod (x = yx . y) has the following 
properties: 
(i) K = Mod(*=.y.;c>0. 
(ii) Every groupoid from K is a quasigroup. 
(iii) K is extensive. 
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Proof. The equation x = yx .y implies (after substitution xy for y) 
x = xy . x . xy = y . xy. Similarly, x = y . xy implies x = yx .y. 
(ii) is an easy consequence of (i). 
Let A e Mod (x = yx . y). Choose an element e not belonging to A and denote by Z the 
absolutely free groupoid generated by the set A \j {e}. To avoid confusion, we denote 
themultiplicationinZbyo. F o r щ v e Z weshallwrite usv ìf v = uow or v = wou 
for some weZ. The smallest reflexive and transitive relation on Z containing s will be 
denoted by ř. Further, let B be the set of all the elements zeZ such that 

non uo(vou)tz 
non (uov)outz 

non eoetz 
non aobtz 

for all aъbeA and all щveZ. The set Б, as one may check easily, possesses the fol-
lowing properties: 

1. A Џ {e} ç= B. 
2. If uoveB then щveB. 
We shall define a binary operation * on B in the following way: 
(i) a*b = ab for all a, b e A and e*e = e. 
(ii) u*v = uov if щveB and uoveB. 
(iii) L e t щ v e B andlet u*v be not defined. Then there isuniquely determined zeZ 
such that v = zou oг u = voz (here we use the fact that Z is an absolutely free 
groupoid). The property (2) of B yields zeB and we set u*v = z. 
Now it remains to show B e Mod (x =yx .y). For, let щveB. 
If u = v = e then (u*v)*u = e = v. 
If w, г> є A then (u*v)*u = uv . u = v. 
If u = vo z for some # then (u*v)*u = z*u = z*(vo z) = v. 
If v = zo u for some z then (u*v)*u = z*u = zou = v. 
In all other cases (u*v)*u = (uov)*u = v. 

Proposition 10. If the length of a groupoid term t is at most there, then the groupoid 
variety Mod (x = ť) is extensive. 

Proof. If var (t) contains at most two variables then either Mod (x = t) is trivial 
or one of Propositions 2,5-9 applies. If x $ var (t) then Mod (x = t) is trivial. The 
remaining case is var (t) = {x3y,z}. The variety Mod (x = x . yz) is equal to 
Mod (x = xy), Mod (x = yz . x) is equal to Mod (x = yx) and the varieties 
Mod (x = yx . z), Mod (x = y . xz) are trivial. Further, let A e Mod (x = xy . z). 
Put B = A\J {e} where e is an element not belonging to A. Take an element ceA and 
define ea = e for all aeB,ae = ac for all aeA. Then B e Moc* (x = xy . z) is a 
groupoid with idempotent and A is a subgroupoid of B. Similarly we can show that 
Mod (x = y . zx) is extensive. 

Proposition 11. The groupoid variety Mod (JC = xy .yx) is extensive. 
Proof. Let A e Mod (x = xy . yx). Choose an element e sucb that e $ A and set 
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B = A (J {e}. We shall define the groupoid structure on B as follows: A will be a 
subgroupoid in B and ae = a,ea = e for all a e B. Obviously B e Mod (x = xy . yx). 

Proposition 12. The groupoid variety Mod (x = yx . xy) is extensive. 
Proof. Let A e Mod (x =yx . xy) and let A have no idempotent elements. The 

mapping f of A into itself defined by f(a) = aa possesses the following properties: 

f(f(a)) = a for a11 a e A> 
f is a permutation of A> 
f(a) =£ a for all aeA. 

From this it follows that there are two disjoint sets C = A and D = A such that A = 
= C (J D and / is a one-to-one mapping of C onto D and of D onto C. Choose an element 
e not belonging to A and define a groupoid B in this way: 
(i) B = A (J {e} and _4 is a subgroupoid in B. 
(ii) ee = e and a£ = £, ea = aa for all a e C. 
(iii) ae = aa and #z = e for all a e D . 
It remains to show B e Mod (x = yx . xy). But ae.ea = e.aa = e,ea.ae = aa.e = 
= aa .aa = aybe . eb = bb . e = e>eb .be = e ,bb = bb . bb = b for all aeC and b e D. 

Proposition 13. The groupoid variety K = Mod (x = yy . xy) has the following 
properties: 
(i) K = Mod (x=yx. yy). 
(ii) Any groupoid from K is a quasigroup. 
(iii) K is extensive. 

Proof. The equation x = yy . xy implies: 

(1) x = y(x . yy) (the substitution yy for y) 
(2) xx = (yx . yx) y (since xx = (yx . yx) (xx . yx) = (yx . yx) y) 

(3) x = ((y . xx) (y . xx))y (as follows from (2) using the substitution xx for x) 
(4) yx.yx=yy . xx (as, by (2), yx.yx =yy . ((yx . yx) y) =yy . xx). 

Now we can write, using 1 and 4, 
yx .yy =yx . ((xx .yx) (xx.yx)) = yx . ((xx . xx) (yx.yx)) = yx . (x . (yx.yx)) = x . 
Similarly we can show that x = yx . yy implies x = yy . xy. Let AeK. The equations 
(1) and (3) show that A is a division groupoid. Let a, b, c eA and ab = ac. Then b = 
= ab.aa = ac.aa = c. Similarly, if ba = ca then b = aa . ba = aa . ca = c. Thus 
we have proved that A is a cancellation groupoid, and consequently A is a quasigroup 
Let AeK and e be an element not belonging to A. We denote by Z the absolutely free 
groupoid freely generated by the set A [j {e} and by o the multiplication in Z. Define 
s and t in the same way as in the proof of Proposition 9. Further we shall define z' for all 
z e Z in this way: e' = e> a' = aa for all aeA and (u o v)' = u' ov' for all u,veZ. 
Obviously z" = z and u = v' iff u' = v. Let B be the set of all zeZ such that 

non u o utz 
non a o btz 

non u' o (v o u) tz 
non (u o v) o u' tz . 
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Obviously, A _= B,zeB iff z' e B and ifuoveB then uyveB . 
We shall define a binary operation * on the set B in the following way: 
a) a*b = ab for all a, b e A and e*e = e . 
b) z*z = z' for all zeB . 
c) If z,weB and z = u'yw = vou for some w, z; then #*«; = © . 
d) If zyweB and z = uov3w = u' for some w, z> then s*a> = v . 
e) If ZyweB and #*«; is not yet defined then, as it is easy to see, zoweB and we 

put z*w = zow . 
Now it remains to prove B e Mod (x = yy . xy). For, let uyveB . 
If w = v then (w*w)*(w*w) = w'*w' = u" = u . 
If u =£ v and w, v e A then (u*u) * (v*u) = uu*vu = uu .vu = v . 
If u ^ vy u = zow and v = w' for some z, w then (w*w) * (v*u) = u'*z = 
= (z' ow')o z = w' = v . 
If w 7-= #, w = z' and z; = # o w for some #, w then (w*w) * (z>*w) = u'*w = z*w = 
= zow = v . 
In all other cases, (u*u) * (v*u) =u'*(v ou) =v. 

Proposition 14. Let w and v be two groupoid terms, each of them having length two, 
such that var (w) c {x,y} and var (v) c {xyy} . Then the groupoid variety Mod (x = 
= uv) is extensive. 

Proof. We have sixteen possibilities. For each of them one of Propositions 2, 5,6, 7, 
11, 12, 13 gives the result with the exception of Mod (x = xy .yy) and Mod (x = 
= yy . yx). If A e Mod (x = xy . yy) then it is sufficient to take an element e and define 
B by the following way: 
B = A IJ {e}y A is a subgroupoid in H, ee = eyae = a and ea = e for all a e 5 . 
Similarly we can show that Mod (x = yy . yx) is extensive. 

Remark. If t is an arbitrary groupoid term of length four then the problem whether 
the groupoid variety Mod (x = t) is extensive remains open. For example we do not know 
the answer for the variety K = Mo&(x =y(x.xy)). The groupoid A = {0, 1, 2, 3, 4, 5, 6} 
with multiplication ab = 2b — a + 1 (mod 7) belongs to K and has no idempotent. 

Example 1. Let J = Mod (x = xx . (yy .y)), 
L = Mod (yy .y = xx . ((yy .y)(yy .y))), K=Jf]L. Then: 
(i) J, L are extensive and K is non-trivial. 
(ii) If a groupoid A from K has an idempotent then it is the one-element groupoid. 
(iii) Any non-trivial groupoid variety contained in K is not extensive. In particular, K 
is not extensive. 
The fact that L and J are extensive follows from Proposition 5. Further, the groupoid 
A = {1, 2} with multiplication 1.1 = 2, 1.2 = 1, 2.1 = 1 and 2.2 = 1 belongs to K, 
as one may check easily. Let BeK and eeB be an idempotent. Then, for all xeBy 

we can write x = xx . (ee . e) = xx . e = xx . ((ee . e) (ee . e)) = ee . e = e . 
The assertion (iii) follows easily from (ii). 

Example 2. Let J = Mod (xx .yy = yy . xx), L = Mod (xx = (yy .y) x) and 
K = Jf)L. Then: 
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(i) J and L are extensive. 
(ii) Let A e K and x, y e A be such that xx = yy . y. Then either xx . xx is idempo-
tent or A has no idempotents. 
(iii) Any groupoid from K has at most one idempotent. 
(iv) Let AeK be a groupoid without idempotent elements. Then A can be imbedded 
into a groupoid from K having an idempotent iff xx^yy .y for all x>y e A. 
(v) K is not extensive. 
(vi) If FeK is free then Fcan be imbedded into a groupoid from Khaving an idem-
potent. 
J and L are extensive by Propositions 2,5. Further, let AeK,x>yeA and xx = yy . y. 
Assume that A possesses an idempotent element e. We have e = ee = (yy . y) e = 
= xx . e = xx . ee = ee . xx = e . xx = (ee . e) . xx = xx . xx . 
(iii) follows immediately from (ii). Let AeK and let xx^yy.y for all x>yeA. 
Take an element e not belonging to A and define a groupoid B in such a way: B = 
= A (J {*}, A is a subgroupoid in B, ex = xx for all x e B, xx . e = xx . xx for all 
x e A and ze = e provided z e A and z ^ xx for all xeA. It is an easy exercise to 
show BeK. In order to show that K is not extensive, let us consider the following 
groupoid: 
A = {1, 2 ,3} , 1.1 = 2,1.2 = 1,1.3 = 1, 2.1 = 1,2.2 = 1, 2.3 = 3, 3.1 = 2,3.2 = 3 
and 3.3 = 1. 
For all x e A we have xx . x = 1 and xx = 1, 2. From this we can easily deduce that 
AeK. However (2.2) .2 = 1 = 3.3, and hence A cannot be imbedded into a groupoid 
from K having an idempotent. Finally, suppose that there exists a free groupoid FeK 
such that xx=yy.y for some elements x,yeF. Then, for all AeK, there are 
a,beA with aa = bb . b. However, the last assertion is not true since the groupoid B 
defined by 

B = {1, 2, 3} , 1.1 = 2, 1.2 = 3, 1.3 = 3, 2.1 = 3, 2.2 = 1, 2.3 = 3, 3.1 = 2, 3.2 = 1, 
3.3 = 1 

belongs to K and has the property xx -^ yy . y for all JC, ;y. 
An identity u = v,u and z> being two groupoid terms, is said to be balanced if 

var u = var v and if every variable has at most one occurence in u and v. It is easy to see 
that the groupoid variety Mod (u = v) is extensive. On the other hand, the problem is 
not so trivial if we consider Mod (u = v) as a quasigroup variety. 

Proposition 15. The variety of all commutative quasigroups is extensive. 
Proof. Let G be a commutative cancellation halfgroupoid (i.e., G is a set with a 

partial binary operation, ab = ba provided ab or ba is defined and ab -?-- ac if ab,ac 
are denned and b =£ c). Choose (pair-wise different and not belonging to G) symbols 
x(a, b),y(a, b) and put H = G\J {x(a> b\ y(a, b)\a,be G}. On the set H we shall 
define a partial binary operation * as follows: 
(i) G is a subhalfgroupoid in H. 
(ii) If a,beG and ab is not defined then a*b = b*a = x(a,b). 
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(iii) If a,beG and the equality ac = b holds for no ceG then a*y(a,b) = y(a,b) 
* a = b. 

As it is easy to see, H is a commutative cancellation halfgroupoid and the rest of the proof 

is obvious. 

Proposition 16. Let u = v be a balanced groupoid identity of length three. Then 

the quasigroup variety Mod (u = v) is extensive. 

Proof. It is obvious that Mod (u = v) is equal to at least one of the following 

varieties. 

Ki = Mod (x . yz = x .yz), K2 = Mod (x .yz = x . zy), K3 = Mod (x . yz = y . xz), 
K4 = Mod (x . y z = z . xy), K5 = Mod (x .yz = y . zx), K6 = Mod (jcy . z = yx . z), 
K7 = Mod (xy . z = xz .y), Kg = Mod (xy . z = zx .y), Kg = Mod (xy . z = yz . JC), 

Kio = Mod (x .yz = xy . z), Kn=Mod (x ,yz=yx . z), Ki2 = Mod (JC . yz = yz . x), 
Ki3 = Mod (JC . y z = zy . JC), K14 = Mod (x .yz = zx .y), Kis = Mod (JC .yz = xz .y), 
Ki6 = Mod (JC . yz = z . yx), K17 = Mod (xy . z = zy . x). 

K2, K6 and Ki2. Since every quasigroup is a cancellation and division groupoid, K2 = 

= K6 = K12 is the variety of all commutative quasigroups and we may apply Proposi

tion 15. 

K\. The variety of all quasigroups is extensive, as it is easy to see. 

K3 and K7. Let A e K3 and a, be A. There is e e A such that eb = b. 
Then e . ab = a . eb = ab, and consequently e is a left unit in A. In particular, ee = e. 

Similarly we can prove that any quasigroup from K7 has a right unit. 

K4 and K5. Let A e K$ and a, be A. There is e e A such that be = b. We can write 

e . ab = a . be = ah. Hence e is a left unit in A, and therefore A contains at least one 

idempotent element. Further, K4 ^ K53 as one may check easily, and so K4 is extensive. 

K$ and K9 . Since Kg 1= K9, it is enough to prove that any quasigroup from K% has 

a right unit. For, let AeK& and a, be A. There exists e e A with ea = a. Then 

ab = ea . b = ab . e. Kio. As it is well known, Kin is the variety of all groups, hence being 

extensive. 

Kn. If A e Kn and a,beA then ab = a .eb = ea .b where e e A is such that 
eb = b. However A is a cancellation groupoid, and therefore e is a left unit in A. 

K13. Let ^ 4 e K i 3 and a, be A. There are c, deA such that ac = da = a. Then 

aa = a . ac = ca . a, and hence c = d. Now we have ba = b . ac = ca . b = ab. 
K14 and K15. Similarly as for Kn. 

Let us note here that K4 = K5 = K8 = K9 = Kn = K14 = Ki5 is the variety of all 

abelian groups. 

Ki6. Let Q e Ki6. By Theorem 17 and Theorem 18 [4] there are an abelian group Q(+)3 

its automorphism/and xeQ such that ab =f2(a) +f(b) + x for all a, beQ. Denote 

by M the set consisting of all ordered pairs («, q) where n is an integer and q e Q. Let 

F(+) be the free abelian group freely generated by the set M and g be the automorphism 

of F(+) which is determined by g((n, q)) = (n + 1, q). For all a, beF(+) we put 

a*b = g2(a) + g(b) + (0,JC). Proceeding similarly as in the paragraph 9 of [2] we may 

prove that F(*) is a free quasigroup in the variety Ki6. The set N = {(0, q)\qeQ9 
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1 ¥=• x) (J {°} is a set of free generators of P(*). Hence the mapping h: N -> Q, h((0, 
a)) = j and h(0) = x, can be extended to a homomorphism h of F(*) onto 
Q. In view of Lemma 27 [2], the mapping k:F(+)->Q(+) defined by 
k(a) = h(a) — A(O) is a group homomorphism of F(+) onto Q(+) and kg =fk, 
kg-1 = f~lk. Let R be the subring generated by g and £_ 1 in the ring End F(+) of all 
endomorphisms of the abelian group F(+). We can define an /^-module structure on 
Q(+) in the following way: 
If qeQ and reR then roq = k(r(a)) where a e F ( + ) is such that k(a) = q. 
It is obvious that £ o q =f(q) and #_ 1 o q =f-\q) for all J e Q. Let P(+, o) be an 
infective hull of the /^-module Q(+,o). For all a, b eP we define the product ab as 
follows : 

ab=g2oa+gob + x. 

It is an easy exercise to show that P is a quasigroup (under this operation) and that 
Pe.Ki6. Further, R is a ring without zero divisors and (P+ ,o) is injective. Hence 
P(+, o) is a divisible module. In particular, since g2 + g — 1 ^ 0 in _R, there exists 
peP such that p=g2op+gop + x=pp. Finally, Q is a subquasigroup in the 
quasigroup P and we are through. 
K17. Similarly as for the preceding case. 
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