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On the basis of a two-dimensional model of the omegatron, space charge effects inside and
outside the electron beam are treated theoretically. In the inside of the electron beam resonan-
ions are partly retained, but a shift of frequency eliminates this effect. The corresponding formula
is derived. Outside the beam the space charge causes prolongation of trajectories, which results
in higher losses of resonant ions. This effect can also be eliminated by a corresponding shift of
frequency. A simple formula is given based on an approximate procedure. As an example a practical
case is evaluated.

BiusiHusI IPOCTPaHCTBEHHOTO 3apsija B omeraTpoHe. Ha OCHOBe IJIOCKOM MOJEN OMeraTpoHa
OOBSCHSIETCST BIIMSIHUE IPOCTPAaHCTBEHHOTO 3apsifa 3JIeKTPOHHOTO ITyUKa Ha CABUI PE30HAHCHOM
4acToThl. IIpOCTpaHCTBEHHBIH 3apsi/l 3JIEKTPOHOB BbI3bIBAET BHYTPU IIyUKa B CJIy4yae pe30HaHCa
YACTHYHOE 3a{eP>KaHNE HOHOB, UTO ITOHIDKAET TOK KOJIEKTOPOM. B ciiyuae Korja yacToTa BHEILIHETO
II0JIsi BBICILIE IIMKJIOTPOHHOM YaCTOTHI 3TO SIBJIEHME YCTpaHuTcs. JUJIst CABUra YacTOThI BhIBEJEHA
cooTBeTcTBYIOIass opmysna (11). BHe myuyka IpuUBOAMT IPOCTPAaHCTBEHHBIN 3apsf YIJIMHEHHE
TPAeKTOPHii, U TeM NOBBIIIAET IOTEPHI PE30HAHCHBIX MOHOB. TaK)Ke 3TO SABJICHHE MOYKHO YC-
TPaHWUTh IOBBIIICHHEM BHEIIHEH 4acTOThI, AJIsT KOTOPOii Oblia BhiBeleHa hopmyia (18) Ha ocHOBe
onpenesedusi AechopmMauuy 30HbLI TPYNNUPOBKH U KOMIIEHCAllMd 9TOo¥ Aedopmanuu moj BiIHs-
HHMEM BHELIHEro moJjsi. B ciyyae oObIKHOBEHHBIX YCIIOBHI SIBJISIIOTCS JUIS MOHOB CPeJHEH MaccChl
PELUAIOLMY SIBJICHNSI BHYTPH 3JIEKTPOHHOT'O ITy4YKa, TAaK-KaK OHH BBI3BIBAIOT CABUT PE30HAHCHOM
YaCTOThI BBICUIETO MOPSIIKA YeM BO3MYIIEHUST TPAEKTOPHiA BHE MyUYKa.

Vliv prostorového ndboje v omegatronu. Na zdkladé rovinného modelu omegatronu byl
objasnén vliv prostorového ndboje elektronového svazku na posuv rezonané¢ni frekvence. Uvnitf
svazku zptuisobi prostorovy naboj elektront pfi rezonanci &4steéné zadrZovani iontd, coz vede ke
snizeni kolektorového proudu. Zvy3enim frekvence vnéjsiho pole nad cyklotronovou frekvenci
prislusného iontu se tento jev d4 odstranit. Pro posuv frekvence jest odvozena piisluina formule
(11). Vné svazku zpusobi prostorovy ndboj prodlouZeni trajektorii coz vede ke zvySeni ztrit rezo-
nanénich iont@. Tento jev lze téZ odstraniti zvySenim vn&j$i frekvence, pro néZ byla odvozena
formule (18) na zdkladé odhadu deformace shlukovaciho péasu a jeji kompensace vné&js$im polem.

Pii béZnych pracovnich podminkéich jsou pro stfedn& tézké ionty rozhodujici jevy uvnitf
elektronového svazku, nebot zptisobuji fadové vétdi posuv rezonanéni frekvence, neZz poruchy
trajektorii vné svazku.

*) 121 16 Praha 2, Ke Karlovu 5.
**) 180 40 Praha 8, Na Slovance 2.



[. Introduction

Papers on the theory of two-dimensional omegatron ([1] —[6]) give no attention
to the influence of space charge created by the ionizing electron beam. The aim of
this work is to show that the influence of this space charge cannot in general be
omitted as it causes a shift of the measured resonant frequency, i.e. the frequency
corresponding to the maximum collector current in a peak.
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Fig. 1. Schematic diagram of the omegatron.

In the laboratory system xy (see Fig. 1) perpendicular to the electron beam
(and the magnetic field) an electron beam of circular cross-section of radius R
and space charge density —p (p positive) gives rise to a radial electric field E; .
Inside the beam it is given by Er = — (02/e)r and outside by Er = —(oR?/2¢or),
where r is the radial coordinate and & is the permitivity. This field is added to
the external radiofrequency electric field and changes the trajectories of ions so
that maximum current is not drawn at the same frequency as in the case of no
space charge.

As the behaviour of ions inside and outside the electron beam differs con-
siderably the two cases will be treated separately. V

2. Space Charge Effects Inside the Beam

2.1. RESONANCE

Equations of motion of a general ion can be written in the complex form
(introducing z = x + 7y)
Z 4+ iwz + Kz = nE sin wot Q)




where w = (efM) B = 3B is the cyclotron frequency of ion (M... mass of ion,
B... magnetic field), K = 7p/2¢ and E, wo is the amplitude, resp. the frequency
of electric field. :

This equation is valid for 7 <t <tr, o is the moment when an ion
originates and ¢p the moment it leaves the electron beam at radius R. First,
resonant ions will be treated. Putting wo = w (1) becomes

Z 4+ iwz + Kz = nEsin wt 2)

Choosing the initial conditions 2z(zo) = 20 and 2(zo) = 0 and going over from
the laboratory system xy to a rotating system

Z = zebot 3)
we find solution of (2) in this system
o . -+ 6
~ 9 ity p-idt-t) . 10ty i(@+0)(t-ty)
Zay, vy = Zoo + 20 w 4+ 20 € ¢ + 20 w + 26 ¢ € @
where
w 4K
a=7(1/1+;2——1) )
and
_;_ mEeroh [ siot-ty) — 220 wrayi-ty L 2 =90 isuty
200 =1 3 TR | ° o F120° By A I
B 0 e (t—ty) — o+ -w(t—t,)]
+’21<[1 o125 ° 0125 ° : ©)

By inspection of (4) it is easy to see that there exists a maximum value of
Zzo,y, - Z3%,,y, for which the relation

ZXo0sYo

(Zry, - Z%0.y0) < R? @)
could be valid.

It is evident that any resonant ion for which (7) holds cannot escape from
the beam Thus the collector ion current could be reduced. The question is whether
such an effect is practically possible. Expression (4) is too complicated for such
consideration. It can be simplified for ions which are not too heavy under the
following assumptions. At pressure less than 10-3 Pa |ge| > | 04| (0e> 0i ... electron
space charge density, resp. ion s.c.d.). Hence we can put |g| == |g.|. We have
chosen following working conditions: magnetic field B ~ 0.4 T, accelerating
voltage for the electron beam U ~ 70V, electron current I, ~ 5x10-6 A,
radius of the electron beam R ~ 5Xx10-4m.

Under these conditions 6 can be evaluated for N and Oj ions from (5)
giving On,+ = 0.12 wy,+ and doz+ = 0.14 wo,+ . It can be assumed that in
this case 62<< w? and instead of (6) we can write



nE inEe2t vt

~ 2io(t—t) -
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The next step is to simplify (8) by considering the magnitudes of amplitudes at
the exponentials and omitting those which are at laste by one order of magnitude
smaller than the first righ-hand side member. Thus we obtain

inE . inE
26(w + 9) 26(w + 29)

inE w4+ 9
" 20(w + 0) o + 36

Putting (9) into (4) and separating the real and imaginary parts gives

Zoo ~ e~i0(t-te) |-

[e“ oty | ] etlw+0)(t-t,) (9)
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where
@1 = wto — 6(t — to) @3 = 2wty + (0 + 6) (¢ —t0)
@2 = wtp + (0 + d) (t —to)
nE )2
" 26(w + ).
under the same assumption 02 w? is given by
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A majorant to the expression X2, + (Yxo,yo

where



Fig. 2 is a graphical representation of this expression. N3 and O, (and all lighter
ions) can move from the centre of the beam only to the distance

nE . nE
o+ T Fes
When the radius of the electron bream R is larger than this distance the ions
cannot leave the region of the beam. This results in a decresae of the collector
current in relation of the corresponding cross-sections (see Fig. 2):-

S o\ nE nE
=1 -2 vo=R ——— 1=
S1 -+ Se R 2w6 26(w + 0)
To get an idea what happens in a practical case let us use the values of para-

meters given above and for the radiofrequency electric field let us choose E = 30Vm-~1.
For both Nj- and O when wo = wn,+ (or wo,+) the collector current is lower

Y

._nE
A% 268 (w+8)

'z p b ————
" 2wé

Fig. 2. Cross-section of the electron beam.

than 98 9/, of the originated one. Evidently the losses of ions retained in the electron
beam are higher because our estimate was evaluated by means of a majorant and
under the assumption of homogeneous space charge distribution over the cross
section of the electron beam.

2.2. REAL RESONANCE. SHIFT OF THE RESONANT FREQUENCY

From the above considerations it follows that for equality of the radiofrequency
and the cyclotron frequency, not all corresponding ions in general can leave the
region of the electron beam. The trajectory given by (4) does not contain any
term increasing with time. In the following it will be demonstrated that real
resonance occurs when the radiofrequancy of the outer field wo equals either
-+ 6 or 6.

Let us suppose that wo = @ + 0, so that an ion of cyclotron frequency
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seems to be nonresonant. The equation of motion in the laborartoy system gives
now
Z 4+ iwz 4+ Kz = nEsin (0w + 0)¢ (10)

For the sake of simplicity let the initial conditions be =z(z9) = 0 and 2(z) = 0.
The solution of (10) in the rotating system (3) becomes

- ME ity — g emib(t-ty) mE
2= T m o ¢ e t Zolo 1 9)

ei2o+o)t, | gl2o+o)(t-t) |

_mE 1 eniey, 1 —mo] H(0+0) (t-1,)
2(0) + 26) [(l} ¢ + w + 26 ¢ ¢ +

_ inE 1 ot, o1 i(2 +o)t,] ~£6(t-t,)
K 2(m+26)[w+26 i CE R ’

It follows that the first term increases linearly with time. That means a real resonance
at the radiofrequency w -+ d, which gives for the shift of frequency

e 2Mo

3. Space Charge Effects Qutside the Beam

The behaviour of ions after leaving the region of the electron beam will now
be examined.
The equation of motion comprising the space charge becomes

2

% + iw# = nE sin wot + pok (12)
2 _ NOR?
k 00

This equation holds only for ¢ > #;, where 7 is the moment of departure from
the boundary of the electron beam, i.e. z.2" > R2. Equation (12) represents
a system of two nonlinear equations which for each trajectory could be computed
numerically to obtain numerical or graphical results for the whole ensemble of
trajectories in every special case. However the form of every separate trajectory
is for our purpese not interesting. More interesting is the integral deformation of
the bunching zone (see [4]). To estimate this deformation the following procedure
has been developed: The principal part of trajectory which represents the bunching
zone for wp = w (resonance) in the system with no space charge (see [4]) is given by

nE
22

z~ —

[w(t — t)] e-twt (13)
We approximate equation (12) by replacing z* in the second right-hand term
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with (13) to get an approximate linearized equation
R2e-iot

2w? ot — to)

Z + iwé ~ nEsin ot +

valid for ¢ > 71, 1 is given by

2
R = ( 2’752) [w(tr — t0)]?

The solution of the linearized equation (14) can be written as z + 4z, where
Az represents the correction for space charge, where z is the solution of (14)
when the second term on the right-hand side is zero. After transformation to the
rotating system AZ = Az et®t the correction becomes

t t
k2 dz e—imt
-] f ot om f o
nE w(t — to) ¢ w(t — to) d (s

The time needed by a resonant ion to reach the collector can be evaluated from
 qERw?
the collector is placed the correction can be evaluated giving

w(tr, — to) Thus, at the distance R, where the inner edge of

 R2
AZ(R) = iR { In ERC_ — ¢ilRc/(nE[20%)] [c,‘ R. —Ci R —

&E nE nE
2w? 2w?
. . R . R
—1 (Sz 7B — 81 WE )]}
2w? 2w?
where
v %
Sty = f % 4y and Ciy = —f COSY 4y .
u u
0 v

For the detuning of the resonant frequency the deviation in the Y-direction
is decisive:

2
AY(R, =:—R—Q—{ln—1—ei—~[Ci Re i R ]cos Re

&E R nE nE nE
2w? 2w? 2w?
. Re . R . R
——[Sz 7B — 81 ﬂE]sm_QE_}
2w? 2w? 2w?

As in all practival cases [Re/(nE[202)] >>1 resp. [R/(nE[2w?)]>>1 use can be
made of the asymptotic formulas Ciu ~ (sin uf/u) and Siu ~ (7/2) — (cos u/u).

9



This results in

nE
R2p R 20® . R.—R
AYRe) ~— | g ——p—sin— &

2w2

As the second right-hand term can be again omitted in all practical cases
[(RI(nE[2w2)] > 1), the Y-deviation takes finally a very simple form

R2Q Rc

A Y(Rc) ~ ‘.E()—Elni— . (16)

This deviation which is caused by the space charge of the electron beam can be
compared with the deviation caused by a shift of the resonant frequancy in the
case of the zero space charge.

Y

Re

nE

Fig. 3. Deviation of the p.p. of trajectory in the rotating system. Q = Sohe
wAw

Suppose wo = w + dw, Aw > 0 ie. the frequancy of the signal is higher
than the cyclotron frequency of the ion. The principal part of the trajectory of
such a non-resonant ion is in the rotating system (see [4]) .

S ——_— 1 —

X ~ 2(02‘ i sin dw(z )

. N . .

Y ~ e A [1 —cos dw(t — )] -
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The corresponding deviation Yp_ at the distance of the collector one gets at the
point where the principal part of the trajectory intercepts the collector rotating
in this system of coordinates at a circular line of radius R, with centre at the
origin. In other words solving the system of equations (see Fig. 3)

2 2
(v ) - ()

20 . dw 20 . Aw
X2+ Y2=R?
whence
R? A
YRCZ*E'CU. w . (17)

When increasing the outer frequency the deviation has a negative value, while
the space charge correction makes it positive. It follows that the outer frequency
can be increased in such a way as to balance the two deviations. Setting

AY(Re) = | YR
we obtain
__° R R
A(U—~-£O—B. R% ln?— (18)

as the required shift of frequency. In this approximation it is independent of the
chrage-to-mass ratio and is the same for all ions. It has been evaluated for the
parameters given above and for R, = 8 mm leading to 4w ~ 4 kHz. For N
ions this gives ~ 0.4 %, wn,+ .

4. Conclusion

It has been demonstrated that the space charge of the electron beam retains
resonant ions inside the beam and this results in a decrease of the collector current.
To eliminate this effect it is necessary to increase the frequency of the external
electric field above the corresponding cyclotron frequency. The frequency shift
depends on the charge-to-mass ratio. Evaluation for a practical case i.e. for ions
of medium mass and under reasonable working conditions of the omegatron gives
about 10 9. ‘

Outside the electron beam its space charge causes deformation of the resonant
bunching zone — represented in the approximate procedure by the principal part
of the trajectory — which can be balanced by increasing again the frequency of the
external field. The needed frequency shift is independant of the charge-to-mass
ratio and in a practical case evaluated at the same conditions as above is of an order
lower than the first one. It can be concluded that at current working conditions
the processes inside the electron beam are decisive for the frequency behaviour
of the omegatron.

Simple formulas (11), (18) have been derived for evaluation of both frequency
shifts under quite general conditions.
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