
Acta Universitatis Carolinae. Mathematica et Physica

Tomáš Kepka; P. Němec
Quasigroups whose regular mappings are automorphisms

Acta Universitatis Carolinae. Mathematica et Physica, Vol. 20 (1979), No. 1, 61--71

Persistent URL: http://dml.cz/dmlcz/142432

Terms of use:
© Univerzita Karlova v Praze, 1979

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/142432
http://project.dml.cz


1979 ACTA UNIVERSITATIS CAROLINAE - MATHEMATICA ET PHYSICA VOL. 20, NO. 1, Pag. 61-71 

Quasigroups Whose Regular Mappings Are Automorphisms 

T. KEPKA and P. NfiMEC 
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Received 6 June 1978 

The paper deals with regular mappings of quasigroups. Fiгst, seveгal conditions are presented, 
under which all groups of regular mappings coincide. Fuгtheг, quasigroups isotopic to a gгoup (so 
called transitive quasigroups) are investigated and quasigroups which aгe left (right) lineaг over 
a gгoup are characterized via regular mappings. For example, it is shown that a quasigroup is lineaг 
oveг an Abelian group iff it is transitive and all gгoups of regular mappings coincide. The main 
emphasis is on transitive quasigroups such that some of theiг regulaг mappings are automoгphisms. 
Several classes of such quasigroups are decsribed via groups and their automorphisms. It is also 
shown that if all regular mappings of Q are automorphisms then Q is medial. The class of such 
quasigroups having at least one idempotent coincicdes with the class of idempotent medial quasig-
roups. 

B cгaтьe изyчeны peгyляpныe пoдcтaнoвки квaзигpyпп. Пpивeдeны нeкoтopыe ycлoвия, 
пpи выпoлнeнии кoтopыx вce гpyппы peгyляpныx пoдcгaнoвoк coвпaдaют. Иccлeдyютcя 
тoжe тpaнзигивныe квaзигpyгmы, т. e. квaзигpyппы изoтoпныe гpyппaм. Пoкaзaнo нaпpи-
мep, чтo квaзигpyппa линeйнa нaд aбeлeвoй гpyппoй тoгдa и тoлькo тoгдa, ecли oнa тpaнзи-
тивнa и вce гpyппы peгyляpныx пoдcгaнoвoк coвпaдaют. Глaвнoй чacтью paбoты являeтcя 
изyчeниe тpaнзитивныx квaзигpyпп, для кoтopыx нeкoтopыe peгyляpныe пoдcгaнoвки 
являютcя aвтoмopфизмaми. Heкoтopыe клaccы тaкиx квaзигpyпп oгшcaны пpи пoмoщи 
гpyпп и иx aвтoмopфизмoв. Дoкaзывaeтcя тoжe, чтo ecли вce peгyляpныe дocтaнoвки являют-
cя aвтoмopфизмaми, тo квaзигpyппa yжe мeдиaльнa. Клacc тaкиx квaзигpyпп coдepжaщиx 
пo кpaйнeй мepe oдин идeмпoтe г coвпaдaeт c клaccoм вcex мeдиaльныx идeмпoтe гныx 
квaзигpyгm. 

Článek se zabývá studiem regulárních zobrazení kvazigrup a podmínek, za nichž všechny gru-
py гeguláгních zobrazení dané kvazigrupy splývají. Kvazigrupy, kteгé jsou zleva (zprava) lineární 
nad grupou, jsou popsány pomocí reguláгních zobгazení. Vyšetřují se гovněž kvazigrupy, jejichž re-
guláгní zobrazení jsou automorfismy. Je dokázáno například, že každá tranzitivní kvazigгupa taková, 
že všechna regulární zobrazení jsou automorfismy, je už nutně mediální. Třída t chto kvazigrup 
obsahujících aspoń jeden idempotent je totožná s třídou všech idempotentních mediálních kvazi-
gгup. 

*) 186 00 Praha 8, Sokolovská 83, Czechoslovakia 
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I. Introduction 

If M is a set then P(M) (resp. S(M)) denotes the semigroup (resp. group) of 
all mappings (resp. bijective mappings) of M into M. 

Let Q be a quasigroup and a e Q. We put La(b) = ab and Ra(b) = ba for 
every b e Q. Then La, Ra e S(M) and the group generated by all permutations 
La (resp. Ra), aeQ, will be denoted by Gi(Q) (resp. Gr(Q)). The group genera
ted by Gi(Q) (J Gr(Q) will be denoted by G(Q) and the automorphism group of Q 
by Aut Q. In case the operation on Q is written additively, we shall use symbols 
L+, i?+, Gi(Q(+)) etc. Further we put 

L(Q) = {(f,g)\f,geP(Q), f(ab)=g(a)b for all a,beQ}, 
R(Q) = {(f,g)\f,geP(Q)> f(ab) = ag(b) for all a, b e Q} , 
M(Q) = {(f,g)\f,geP(Q), f(a)b = ag(b) forall a,beQ}, 
^i(Q) = {fe P(Q) | there is g e P(Q) such that (/, g) e L(Q)} , 
Lr(Q) = {ge P(Q) | there is / e P(Q) such that (/, g) e L(Q)} . 

Similarly we define Ri(Q), Rr(Q), Mi(Q), Mr(Q). We shall say that Q satisfies 
condition (C) if Li(Q) = Lr(Q) = Ri(Q) = Rr(Q) = Mi(Q) = Mr(Q). 

1.1 Lemma. Let Q be a quasigroup, aeQ and / , g e P(Q). Then 
(i) if (/, g) e L(Q) then / = Lg{a)Li\ g = FtffRa; 
(ii) if (f,g)eR(Q) then / = Rg^R?, g = L?fLa; 
(iii) if (f,g)eM(Q) then f = Rg(a)R;\ g = L^Lfia); 
(iv) L(Q),R(Q) are subgroups of S(Q) and M(Q) is a subgroup of S(Q) X S(Q)°, 

where S(Q)° is the opposite group of S(Q); 
(v) if (/, g) e L(Q) (J R(Q) (J M(Q) then each of / , g uniquely determines the 

other; 
(vi) Li(Q) ^ Lr(Q), Ri(Q) s Rr(Q), Mi(Q) ^ Mr(Q); 
(vii) if either / e Li(Q), g e Ri(Q) or / e Lr(Q), g e Mi(Q) or / e Rr(Q), g e Mr(Q) 

then fg = gf. 

Proof, (i) - (iv) follow immediately from the definitions, (v) is a consequence of 
(i)-(iii) and (vi) follows from (iv), (v). (vii) If / e L i ( Q ) , geRi(Q) then there are 
h,k e S(Q) such that (/, h) e L(Q), (g, k) e R(Q). Hence for all x, y e Q, fg(xy) = 
= f(xk(y)) = h(x)k(y) = g(h(x)y) = gf(xy). The rest is similar. 

1.2 Lemma. Let Q be a quasigroup and f,g,he P(Q). Then 
(i) if (/, g) e L(Q) then (/, h) e R(Q) iff (g, h) eM(Q); 
(ii) if (f,g)eR(Q) then (f,h)eL(Q) iff (h,g)eM(Q); 
(iii) if (f,g)eM(Q) then (h,f)eL(Q) iff (h,g)eR(Q). 

Proof. Obvious. 

1.3 Corollary. Let Q be a quasigroup. Then 
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(i) Li(Q) c Ri(Q) iff Lr(Q) c Aii(Q); 
(ii) R!(Q) cz Li(Q) iff Rr(Q) e Mr(Q); 
(iii) Mi(Q) e Lr(Q) iff Mr(Q) s i*r(Q). 

1.4 Corollary. A quasigroup Q satisfies (C) iff Li(Q) = Ri(Q) = Lr(Q) 
and Mi(Q) = Mr(Q) <= Lr(Q). 

1.5 Lemma. Let Q be a quasigroup. Then 
(i) if Q is commutative then Li(Q) = Ri(Q) and Lr(Q) = Rr(Q) c Afi(Q) = 

= Mr(Q); 
(ii) if Q is a left loop then Ri(Q) = Rr(Q); 
(iii) if Q is a right loop then Li(Q) = Lr(Q); 
(iv) if Q is a loop then Afi(Q) = Mr(Q); 
(v) if Q is an IP-quasigroup then Li(Q) = Lr(Q) = Mr(Q) and Ri(Q) = 

= Afi(Q) == Rr(Q); 
(vi) if Q is unipotent then Afi(Q) = Mr(Q). 

Proof. The assertions (i)-(iv) are obvious and (v) follows from [4], Lemma 2.13 
(vi) If Q is unipotent and (/, g) e M(Q) then for every xeQy xx = f(x)f(x) = 
= xgf(x), and hence / = g'1. 

1.6 Corollary. A commutative quasigroup Q satisfies (C) iff Li(Q) = Lr(Q) 
and Mi(Q) c: Lr(Q). 

1.7 Corollary. A loop Q satisfies (C) iff Li(Q) = Rx(Q) and Mi(Q) c 
<= Li(Q). 

1.8 Corollary. A commutative loop Q satisfies (C) iff Mi(Q) e Li(Q). 

1.9 Corollary. An IP-quasigroup Q satisfies (C), provided at least one of the 
following conditions holds: 
(i) Mr(Q) = Afi(Q). (ii) Li(Q) = Rx(Q). 
(iii) Q is commutative. (iv) Q is unipotent. 

1.10 Proposition. Every WA-quasigroup satisfies condition (C). 

Proof. See [3]. 

(0 
(Ü) 
(Ш) 
(ІV) 

(V) 

(vi) 

1.11 Lemma. Let Q be a quasigroup and /, g, e P(Q). Then 
f (f,g)eL(Q) and / e A u t Q then (gf~\f)eM(Q); 
f (f,g)eL(Q) and geAutQ then (f-1g,g)eR(Q); 
f (f,g)eR(Q) and / e A u t Q then (f,gf~v)eM(Q); 
f (f,g)eR(Q) and * e A u t Q then (f-lg,g)eL(Q); 
f (/, g) e Af(Q) and / e Aut Q then (/, gfi e tf(Q); 
f (f,g)eM(Q) and * e A u t Q then (g,fg)eL(Q). 

Proof, (i) For all a, be Q, af(b) = ff~\a)f(b) =f(f~\a) b) = gf-\a) b. 
(ii) For all a,beQ, f(ag(b)) = ^(a)^(6) = g(ab) and hence /-^(a*) = ag(b). 
The rest is similar. 
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1.12 Corollary. Let Q be a quasigroup. Then Li(Q) f) Aut Q = Afr(o) f) 
0 Aut Q, Lr(Q) 0 Aut o = Rr(Q) f] Aut o and R\(Q) ft Aut o = Afi(oJ f| 
0 Aut Q. 

We shall say that a quasigroup Q satisfies condition (LIA) if L\(Q) e Aut Q, 
and similarly (LrA), etc. Further, we shall say that Q satisfies (A) if it satisfies all six 
conditions (L1A), (LrA), (R1A), (RrA), (MIA), (MrA). 

1.13 Lemma. If Q satisfies (A) then Li(Q) = Mr(Q), Lr(Q) = Rr(Q) and 
Ri(Q) = MX(Q). 

Proof. The assertion is an immediate consequence of 1.12. 

1.14 Corollary. Let Q be a quasigroup satisfying (A). Then Q satisfies (C), 
provided at least one of the following conditions holds: 
(i) Li(Q) = Ri(Q) and Afi(Q) <= Lr(Q). 
(ii) Q is commutative and Mi(Q) cz Lr(Q). 
(iii) Q is unipotent and Afi(Q) s Lr(Q). # 

(iv) Q is a loop. 
(v) Q is an IP-quasigroup. 

A quasigroup Q is called left (right) distributive if a(bc) = (ab) (ac) ((bc)a = 
= (ba) (ca)) for all a,b,ce Q. 

1.15 Lemma. Let Q be a quasigroup. Then 
(i) if Q is left distributive then Q satisfies (LIA) and (MrA); 
(ii) if Q is right distributive then Q satisfies (RlA) and (MIA); 
(iii) if Q is distributive then Q satisfies (A). 

Proof. Obviously, if Q is left (right) distributive then Gi(Q) cz Aut Q 
( Gr(Q) c Aut Q ). Now it suffices to use 1.1. 
' In the following five lemmas we suppose that Q(+) is a group with unit ele

ment 0 and ueS(Q). Further, we denote Gi = Gi(Q)+)) and Gr = Gr(Q(+)). 

1.16 Lemma. Let / , g, h, F> G be mappings of Q into Q such that, for all 
xeQ, F(x) =f(x) - / ( 0 ) and G(x) = - f ( 0 ) + / ( * ) . Then 
(i) if f(x + y) = g(x) + h(y) for all x,yeQ then P, G are endomorphisms of 

Q(+); 
(ii) if f(x + y) = g(y) + h(x) for all x,y e Q then F, G are antiendomorphisms 

of Q(+). 

Proof, (i) Obviously, for every x,y eQ, f(x) = g(x) + h(0) and f(y) = 
= g(0) + h(y), hence / ( * + y) = g(x) + h(0) - h(0) - g(0) + g(0) + h(y) = 
= /(*) — (g(®) + KW) +f(y) =f(x) —f(0) +f(y) and the assertion immediately 
follows, 
(ii) Similarly, f(x+y) =f(y) -f(0) +f(x). 
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1.17 Lemma. The following are equivalent: 
(i) u^Giu = Gi. 
(ii) u^Giu £ Gi. 
(iii) Gi £ u-xG\u. 
(iv) There are /> 6 Aut <2(+) and g e Q such that w1 = R+p. 
(v) There are qeAutQ(+) and heQ such that u = R£q. 

Proof. The implications (i) => (ii) and (i) => (iii) are obvious, (ii) => (iv) There 
is a mapping p: Q -> Q such that, for every a e Q, u-xL+u = L£(a). Hence, for 
all a, b e Q> u~\a + b) = p(a) + u~\b) and p(a) = u~\a) — tr^O). Obviously, 
p is a permutation and i r 1 = R£-HO)P- However p e Aut Q(+) by 1.16. (iv => (v) 
Since p e Aut Q(+), we have u = p^R^w^o) = R^p-^wP'1. 
(v) => (i) For each a,beQ, u^L+uQ) = q^R^L+RiqQi) = r\a + q(b) + 
+ h-h) = q~\a) + b= LpvQb) and L+ = u^L^u. 
(iii) => (i) We have already proved that (ii) implies (i) and it suffices to take ur1 in
stead of u. 

1.18 Lemma. The following are equivalent: 
(i) u~lGru = Gr. 
(ii) U^GrU £ Gr. 
(iii) Gr £ u~lGru. 
(iv) There are p e Aut Q(+) and g e Q such that i r 1 = Lfp. 
(v) There are qeAut Q(+) and heQ such that u = Lfq. 

Proof. Similar to that of 1.17. 

1.19 Lemma. The following are equivalent: 
(i) u^Giu = Gr. 
(ii) u^Giu £ Gr. 
(iii) Gr S u^Giu. 
(iv) There are g e Q and an antiautomorphism p of Q(+) such that i r 1 = Lfp. 
(v) There are A e Q and an antiautomorphism q of Q(+) such that u = R$q. 

Proof. The implications (i) => (ii), (i) => (iii), (iv) => (v) and (v => (i) are very easy. 
(ii) => (iv) For every a e Q9 u^L+u = R£(a). Hence, for all a, b e Q, w\a + b) = 
= u-\b) + p(a) and u~\a) = t r^O) + p(a). The rest follows by 1.16. 
(iii) => (v) For all a, be Q, R+ = u^L+^u, hence uR+trhtb) = Lf(m)u(b), 
so that u(b + a) = p(a) + u(b) and u(a) = p(a) + u(0). Now we can use 1.16. 

1.20 Lemma. The following are equivalent: 
(i) Gi = Gr. 
(ii) Gi £ Gr. 

(iii) Gr £ Gi. 

(*v) Q(+) -s commutative. 

Proof. Obvious. 
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2. Transitive Quasigroups 

The following proposition is well-known (see e.g. [1], Theorem 7). 

2.1 Proposition. The following conditions for a quasigroup Q are equi
valent: 
(i) At least one of the groups Li(Q), Lr(Q), Ri(Q), Rr(Q), Mi(Q), Mr(Q) operates 

transitively on Q. 
(ii) Each of the groups L±(Q), Lr(Q), Ri(Q), Rr(Q), Mi(Q), Mr(Q) operates 

transitively on Q. 
(iii) Q is isotopic to a group. 

Every quasigroup satisfying the equivalent conditions of the proceding proposi
tion is called transitive. A quasigroup Q is said to be left linear (right linear) if 
there are a group Q(+), feAut Q(+) and g e S(Q) such that ab =f(a) + g(b) 
(ab -= g(a) + f(b) ) for all a, b e Q. Finally, Q is called linear if it is both left and 
right linear. 

2.2 Lemma. The following conditions for a quasigroup Q are equivalent: 
(i) Q is linear. 
(ii) There are a group Q(+), eeQ and f,geAut Q(+) such that ab =f(a) + 

+ gQ>) + e for all a, b e Q. 
(iii) There are a group Q(+), eeQ and f,geAut Q(+) such that ab =f(a) + 

+ e + g(b) for all a,beQ. 
(iv) There are a group Q(+), eeQ and / , g e Aut Q(+) such that ab -= e + 
+ f(a)+g(b) for all a,beQ. 

Proof. Obvious. 

2.3 Lemma. Let Q be a quasigroup, Q(+) be a group, u, v e S(Q) and 
a,b,ceQ be such that xy = a + u(x) + b + v(y) + c for all x,yeQ. Then 
(i) if u e Aut Q(+) then Q is left linear; 
(ii) if v e Aut Q(+) then Q is right linear. 

Proof. Obvious. 

2.4 Lemma. Let Q be a quasigroup and f,g e S(Q). Let further Q(+) 
be a group and w, u e S(Q) be such that ab = u(a) + v(b) for all a, be Q. Then 
(-) (f>g)eL(Q) iff there is £ e Q such that f = L+ and # -= u^L^u; 
(ii) (f>g)eR(Q) iff there is * e Q such that / = R+ and # = zr-1/***;; 
(iii) (/, g) e M(Q) iff there is e e Q such that / = u^R^u and g = v^L+v. 

Proof, (i) Let (f,g)eL(Q). Then f(ab) = f(u(a) + v(b)) = ug(a) + v(b) 
for all a,b eQ. Hence fu(a) = ug(a) and f(a + b) = f(a) + b for all a, b e Q. 
Now it suffices to put e = /(0). Conversely, for all e, a,b eQ, L+(ab) = e + u(a) + 
+ v(b) = uu~\e + u(a)) + v(b) = u~^Ltu(a) b. 
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(ii) Similarly as for (i). 
(iii) Let (f,g) e M(Q). Then uf(a) + v(b) = u(a) + vg(b) for all a,beQ, hence 
uf(a) = u(a) + e, where e = vgv-\0), and consequently vg(b) = ufu-\0) + 
+ v(b) = e + v(b). Conversely, for all e,a,be Q, u-xR^u(a) b = u(a) + e + 
+ v(b) = u(a) + w~\e + v(b)) = av^L+vQ)). 

2.5 Corollary. Let Q be a quasigroup, Q ( + ) be a group and u, v e S(Q) 
be such that ab = u(a) + v(b) for all a,beQ. Then Li(Q) = Gi(Q(+)), 

Lr(Q) = w"1Gi(Q(+)) u, Ri(Q) = Gr(Q(+)), Rf{Q) = v~^Gr(Q(+)) v, Mi(Q) = 
= u-*Gr(Q(+)) u and Mr(Q) = *>"1Gi(Q(+)) v. 

2.6 Proposition. The following conditions are equivalent for a transitive 
quasigroup Q: 
(i) Q is left linear. 
(ii) Li(Q) £ Lr(Q). (iii) Lr(Q) £ Li(Q). 
(iv) RX(Q) £ Afi(Q). (v) Afi(Q) e R^Q). 

Proof. By 1.17,1.18,2.3 and 2.5. 

2.7 Proposition. The following conditions are equivalent for a transitive 
quasigroup Q: 
(i) Q is right linear. 
(ii) Rr(Q) £ Ri(Q). (iii) Ri(Q) £ R+Q). 
(iv) Li(Q) £ Afr(Q). (v) Afr(Q) £ Li(Q). 

Proof. By 1.17,1.18,2.3 and 2.5. 

2.8 Corollary. The following conditions are equivalent for a quasigroup Q: 
(i) Q is linear. 
(ii) Q is transitive and Li(Q) £ Lr(Q) (] Mr(Q). 
(iii) Q is transitive and Lr(Q) (J A-XQ) £ Li(Q). 
(iv) Q is transitive and #i(Q) £ Rr(Q) ft Mi(Q). 
(v) Q is transitive and Rr(Q) (J Mi(Q) £ .Ri(Q). 

2.9 Proposition. The following conditions are equivalent for a transitive 
quasigroup Q: 
(i) There are a group Q(+) , v e S(Q) and an antiautomorphism u of Q ( + ) 

such that ab = t/(a) + v(b) for all a, 6 e Q. 
(ii) Lr(Q) £ i^i(Q). (iii) R1(Q) £ Lr(Q). 
(iv) LX(Q) £ A*i(Q). (v) Afi(Q) £ Li(Q). 

Proof. It follows immediately by 1.19, 2.5 and the analogue of 2.3 for anti-
automorphisms. 

2.10 Proposition. The following conditions are equivalent for a transitive 
quasigroup Q: 
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(i) There are a group Q(+)> ueS(Q) and an antiautomorphism v of Q(+) 
such that ab = u(a) + v(b) for all a, b e Q. 

(ii) Li(fi) £ *r(Q). (iii) Rr(Q) c Li(Q). 
(iv) Afr(Q) £ Ki(Q). (v) I^i(Q) £ Afr(Q). 

Proof. Similar to that of 2.9. 
A quasigroup Q is called c-transitive if it is isotopic to an Abelian group. 

Linear c-transitive quasigroup is called T-quasigroup. By Toyoda's theorem, every 
medial quasigroup, i.e. quasigroup satisfying the identity (ab) (cd) = (ac) (bd)9 

is a T-quasigroup. 

2.11 Proposition. The following conditions are equivalent for a quasi
group Q: 
(i) Q is c-transitive. 
(ii) Q is transitive and Li(Q) £ RX(Q). 
(iii) Q is transitive and Ri(Q) £ Li(<2). 
(iv) Q is transitive and Lr(Q) £ Mi(Q). 
(v) Q is transitive and Afi(Q) £ Lr(<2). 
(vi) Q is transitive and Rr(Q) £ -Mr(Q). 
(vii) Q is transitive and Mr(Q) £ Rr(Q). 

Proof. Apply 1.20 and 2.5. 

2.12 Proposition. The following conditions are equivalent for a quasigroup Q: 
(i) Q is a T-quasigroup. 
(ii) Q is transitive and satisfies (C). 
(iii) Q is a left linear c-transitive quasigroup and M\(Q) £ Mr(Q). 
(iv) Q is a left linear c-transitive quasigroup and Mr(Q) £ M\(Q). 
(v) Q is a right linear c-transitive quasigroup and Mi(Q) £ Mr(Q). 
(vi) Q is a right linear c-transitive quasigroup and Mr(Q) £ Mi(Q). 

Proof, (i) => (ii) It follows from 1.4,2.6,2.7 and 2.11. (ii) => (iii) This is obvious 
with respect to 2.6 and 2.11. (iii) => (i) By 2.6 and 2.11, Mi(Q) = Li(Q). Now it 
sufficies to use 2.7. 
The rest is similar. 

3. Regular Mappings and Automorphisms 

3.1 Proposition. The following conditions are equivalent of a quasigroup Q: 
(i) Q is transitive and satisfies (L1A). 
(ii) There are a group QK+)9 />eAut<2(+) and geQ such that ab = a + 

+ 8 — /K*) + PQ>) for all fl,ieQ and the mapping a |-> a + g — X<0 is 
a permutation, 

(iii) Q is transitive and satisfies (MrA). 
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Proof, (i) => (ii) Since Q is transitive, there are a group QH+) and u, v e S(Q) 
such that ab = u(a) + v(b) for all a, b e Q. According to (L1A) and 2.5, 
a + u(b) + v(c) = u(a + b) + v(a + c) for all a,b,ce Q. Taking b = 0, we 
have v(a + c) = —• u(a) + a + u(0) + v(c) and hence p = L±V(o) v e Aut Q(+) 
by 1.16. Finally, takking b = 0 and c = — a, we have u(a) + v(0) = a + u(0) + 
+ v(- a) = a +• u(0) + v(0) — p(a). (ii) => (iii) Since Q is right linear, Mr(Q) = 
Li(Q) by 2.7. Further, a + be = a + b +g + p(- b) + p(c) = a + b +g + 
+ P(— b — a) + p(a + c) = a( + b) (a + c) for all a, b, c e Q and (L1A) follows. 
immediately by 2.5. 
(iii) => (i) By 1.12, Mr(Q) s U(Q) and hence Mr(Q) = U(Q) by 2.7. 

3.2 Proposition. The following conditions are equivalent for a quasigroup Q: 
(i) Q is transitive and satisfies (R1A). 
(ii) There are a group Q(+)> a e A u t Q ( + ) and heQ such that ab = 

= q(a) — q(b) + h + b for all a,beQ and the mapping a |--> — q(a) + h +a 
is a permutation. 

(iii) Q is transitive and satisfies (MIA). 

Proof. Dual to that of 3.L 

3.3 Proposition. The following conditions are equivalent for a quasigroup Q: 
(i) Q is transitive and satisfies (A). 
(ii) Q is transitive and satisfies (L1A) and (R1A). 
(iii) Q is transitive and Satisfies (MrA) and (R1A). 
(iv) Q is transitive and satisfies (LIA) and (RrA). 
(v) Q is transitive and satisfies (MrA) and (RrA). 
(vi) Q is transitive and satisfies (LrA) and (R1A). 
(vii) Q is transitive and satisfies (LrA) and (MIA). 
(viii) Q is transitive and satisfies (L1A) and (MIA). 
(ix) Q is transitive and satisfies (MIA) and (MrA). 
(x) Q is right linear and satisfies (RrA). 
(xi) Q is right linear and satisfies (MIA). 
(xii) Q is right linear and satisfies (R1A). 
(xiii) Q is left linear and satisfies (LrA). 
(xiv) Q is left linear and satisfies (MrA). 
(xv) Q is left linear and satisfies (LIA). 
(xvi)TJiere are an Abelian group Q(+),p eAut Q(+) and geQ such that 

ab = g + (1 - p) (a) + p(b) for all a, b e Q. 
In this case, Q is medial and satisfies (C). 

Proof, (xii => (xvi) There are a group Q(+), peAutQ(+) and ueS(Q) 
such that ab = u(a) + p(b) for all a,beQ. Now (R1A) yields u(a) + p(b) + c = 
= u(a + c) + p(b) + p(c) for all a,b,ce Q. Taking a = b = 0, we get u(c) = 
= u(0) +c — p(c) and hence the mapping c |-> c — p(c) is a permutation. Further, we 
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have — u(0) + u(a) + p(b) + c = — u(0) + u(a + c) + p(b) + p(c), consequently 
a - p(a) + p(c) + c = a + c -p(a + c) + p(b) + p(c), so that - p(a) + p(b) + 
+ c — p(c) = c — p(c) — p(a) + p(b), and therefore c - p(c) e C(Q(+)) for each 
ceQ, Thus Q(+) = C(Q(+)) and Q(+) is commutative. 
(xv) => (xvi) Similarly as in the preceding implication we can show that there are 
a group Q(+), qeAm Q(+) and v e S(Q) such that ab = q(a) — q(b) + b + 
+ v(0), the mapping a |-> — q(a) + a is a permutation and — q(a) + a belongs 
to the center of Q(+) for every aeQ. Now it suffices to put p = 1 — q. 
(xvi) => (i) Since p(\ — p) = (1 — p) p, Q is medial by Toyoda's theorem, and 
hence Q satisfies (C) by 2.12. Finally, Q satisfies (LI A) by 3.1. 
The remaining implications are obvious with respect to 2.6, 2.7, 3.1 and 3.2. 

3.4 Proposition. The following conditions are equivalent for a quasigroup Q: 
(i) Q is left distributive and transitive. 
(ii) Q is transitive, Q satisfies (MrA) and Id Q ^ 0. 
(iii) Q is transitive, Q satisfies (L1A) and Id Q -^ 0. 
(iv) There are a group Q(+) and p e Aut Q(+) such that ab = a — p(a) + p(b) 

for all a, b e Q. 

Proof, (iii) => (iv) Let eeId Q. Define a + b = Br^L^Q)) for all a, be 
e Q. Since Q is transitive, Q(+) is a group by Albert s theorem. Further, 
a + e = e + a = a for each aeQ, since e is idempotent. Now it suffices to use 
3.1 together with its proof, observing that g = ee = e. 
The remaining implications are obvious with respect to 1.15 and 3.L 

3.5 Proposition. The following conditions are equivalent for a quasigroup Q: 
(i) Q is right distributive and transitive. 
(ii) Q is transitive, Q satisfies (MIA) and Id Q -^ 0. 
(iii) Q is transitive, Q satisfies (R1A) and Id Q -^ 0. 
(iv) There are a group Q(+) and q e Aut Q(+) such that ab = q(a) — q(b) + b 

for all a, b e Q. 

Proof. The same as above, using 3.2 instead of 3.1. 

3.6 Proposition. The following are equivalent for a quasigroup Q: 
(i) Q is medail and idempotent. 
(ii) Q is transitive, Id Q -^ 0 and Q satisfies (A), 
(iii) Q is transitive, Id Q -^ 0 and Q satisfies (LIA) and (Rl A), 
(iv) There are an Abelian group Q(+) and peAutQ(+) such that ab = 

= (1 - p) (a) + p(b) for all a, b e Q. 

Proof. Obviously, every medial idempotent quasigroup is distributive. Thus 
the only nontrivial implication is (iii) => (iv). However, (iii) implies that Q is isotopic 
to an Abelian group by 3.3 and it suffices to apply 3.4 and Albert's theorem. 
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