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This notě is intended to be a short introduction to a generál theory of tolerance algebras.
It is an adaptation of an author's summer school lecture. The results belong to the author.
3TH 3aMeHaHHH npeAHa3HaHeHbi KaK Kparaoe BBe^eHHe B o6myio Teopsno TOJiepaHUHOHHtix
ajire6p. OHH BO3HHKJIH ra flomiafla aBTopa Ha jieTHeň uiKOJÍC Pe3yjnvraTbi npHHaajiexaT aBTopy.
Tyto poznámky jsou myšleny jako krátký úvod do obecné teorie tolerančních algeber.
Vznikly z autorovy přednášky na letní Škole. Obsahují autorovy původní výsledky.
1. Introduction
Tolerance spaces have apparently been introduced by E. C. ZEEMAN [61].
Soon they were used in the automata theory [2], [3]. Several papers have been
published on tolerances on algebraic systems in the recent years (see [1], [4] — [24],
[48] - [ 5 5 ] , [58], [62]-[67]). Some unpublished results of the author concern the
homotopy theory of tolerance spaces. Of great value are the fixed-point theorems for
tolerance spaces obtained by A. PULTR [56], [57].
The basic notions are as follows. By a tolerance t on a set A we mean any binary
relation on A which is reflexive and symmetric. A tolerance space is a set together
with a tolerance on it. A tolerance mapping (or a continuous mapping) from one
tolerance space to another tolerance space is any mapping between the underlying
sets which preserves the tolerance relation. It is obvious that tolerance spaces and
tolerance mappings make together a category, the category of tolerance spaces.
Tolerance relation is called a "pseudoequivalence" by A. I. MAL'CEV [44].
2. Tolerance groupoids
Having a tolerance groupoid G we first have a binary operation G x G -+ G
on a non-empty set G, then we have a tolerance t on G and, finally, we suppose
*) 186 00 Praha 8, Sokolovská 83, Czechoslovakia.
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that the groupoid operation is a tolerance mapping. The tolerance on G x G which
we denote again by t is defined as follows: for any a, b, c,dinG we set (a, b) t(c, d) if
and only if ate and btd.
Call any subset A of G a simplex if and only if A x A c t. This means that we
have atb for all a, b in A. Clearly, we have maximal simplices in G (Zorn lemma).
They form a non-empty set M c exp G. This set M is obviously a covering of G
which satisfies the following condition.
(1) If A, Be M then there is always some CeM with AB c C.
The tolerance f on G is uniquely determined by the covering M. There is an obvious
correspondence between all tolerance relations t on the groupoid G making G
a tolerance groupoid in the above sense and all coverings M of G satisfying (1). Moreover, this correspondence can be made easily to a bijection by adding a second
condition
(2) If A e M, xeG, x$A
with x e B and a e B.

then there is some ae A such that there is no Be M

Consider any covering M of G with (1). Then we can define for all A, BeM their
star-product by A * B = { C e M | .45 c C}. In this way M becomes a multigroupoid, a set with a multioperation on it: for all A, BeM, 0 4= A * B c M.
Now, we have a representation theorem: Every multigroupoid is Isomorphic to the
multigroupoid M of all maximal simplices of some tolerance groupoid.
To prove this look at any abstract multigroupoid N with a binary multioperation
0 4= ab c N, (a, beN). Make the power set expN to a groupoid by setting AB =
= [jab where a e A, b e B, A e exp N,Be exp N. Let G be any subgroupoid of exp N
with 0 £ G which contains all {a}, a e N. For any a e N set G(a) = {A e G | a e A}
and let M = {G(a) | a e N}. Then it is easy to see that M is a covering of G. Really,
every G(a) e M is non-empty as {a} e G(a) and the union \jM equals G. Next we
see that M satisfies (1). Really, having some G(a) and G(b) in M we take any ce ab
and then, for all A e G(a) and for -all B e G(b), we get ce ab a AB, AB e G(c) and,
finally, G(a) . G(b) a G(c).
On the other hand, if G(a) . G(b) c G(c) for some a,b,ceN
then {a} . {b} e
e G(c), ab e G(c) c e ab. We have proved that for any a,b, ceN, ce ab is equivalent
to G(a). G(b) c G(c). Now, defining a multioperation (the star-product) on M by
setting G(a) * G(b) = {G(c) | G(a) . G(b) c G(c)} we obtain that c e ab if and only
if G(c) e G(a) * G(b). The mapping a i-> G(a) is an injection as if G(a) = G(b) then
{0} e G(b), b e{a} and b = a. Thus, M is isomorphic to N. We shall prove yet
that M satisfies (2). Let G(a) eM,BeG,B$
G(a). Then a $ B. On the other hand
{a} e G(a). If there were some G(c) in M with {a} e G(c) and B e G(c) then it would
follow that ceB, ce{a}, c = a and a e B, a contradiction. M satisfies (2) and it is
the multigroupoid of all maximal simplices of G with respect to the corresponding
tolerance / on G.
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Remarks: Multigroupoids (hypergroupoids) have been investigated many years ago.
The earliest papers on this subject seem to be [60], [36], [37], [40] - [43], [59], [34].
A number of papers reflecting new ideas in multigroupoid theory have appeared
recently ([25]-[33], [45] - [ 4 7 ] ) .
All we have said about tolerance groupoids and multigroupoids can be generalized to tolerance algebras and multialgebras.
3. Tolerance Algebras and Their Classes

A tolerance algebra of type A is, by definition, an algebra of type A with the
following additional properties. The underlying set has a tolerance on it inducing
tolerances on all cartesian powers of the underlying set. With this convention all
algebraic operations of the algebra are supposed to be tolerance mappings. A tolerance homomorphism is any homomorphism which is a tolerance mapping at the same
time. All tolerance algebras of a fixed type and all tolerance homomorphisms form
a category. Tolerance subalgebras are subalgebras for which the embedding is a tolerance mapping. A tolerance relation tA of a tolerance algebra A can be viewed as
a subalgebra of the algebra A x A containing the diagonal and being symmetric
in an obvious way. A tolerance homomorphism / : A --> B takes always tA into tB.
Iff maps tA onto tB then/ will be called superjective. A superjective homomorphism
is always surjective. If A is a tolerance algebra and rj a congruence relation on A
then A\Y\ is supposed to be equipped with the smallest possible tolerance such that
the canonical map A -> A\Y\ is a tolerance mapping. With this convention A\r\
becomes a tolerance algebra and the canonical map is superjective.
If X is a tolerance space we may form the Peano (absolutely free) algebra W =
= W(X) over the set X with respect to some fixed type and then we can take the
smallest possible tolerance on W containing that of X for which W is a tolerance
algebra. With this convention JVwill be called the Peano tolerance algebra of type A
over X and it has the following characteristic property: Let j : X -* W denote the
embedding. For any tolerance algebra A of type A and for any tolerance mapping
/ : X-+A there is exactly one tolerance homomorphism g : W-+ A such that / =
=

9oj.

Products and coproducts do exist in the category of tolerance algebras of a given
type A. We get them easily when taking products and coproducts in the category of
algebras of that type and then taking the greatest possible tolerance on the product
and the smallest possible tolerance on the coproduct with respect to the condition
that the mappings defining products and coproducts respectively should be tolerance
mappings.
For any set X take the set X = {0, 1} x X with a tolerance t defined as follows:
we set (/, x) t (j9 y) if and only if x = y (ij e {0,1}, x, y e X). Then P = W(X)
is a projective tolerance algebra in the following sense: Given any tolerance homo13

morphisms f : P -> A, h : B -+ A where h is superjective there is always some tolerance homomorphism g : P -> B such that f = hog. It follows that the category of
all tolerance algebras of a given type has enough projective objects.
Take W(X) as before. Any superhomomorphism s : W(X) -> Q defines a class Vs
consisting of all tolerance algebras A of type A such that for every tolerance homomorphism f: W(X) -> A there is some tolerance homomorphism g : Q -> A with
f = g o s. The class Vs is then closed under taking tolerance subalgebras, superhomomorphic images and products. Conversely, if X is infinite, any class V closed
under the above operations is of the form Vs for some superhomomorphism s. This
is simply a version of the Birkhoff theorem (see also [35]). Classes with the above
properties will be called tolerance varieties.
The main tool for constructions in tolerance varieties is the modification:
Given a tolerance variety V of tolerance algebras of type A and given any tolerance
algebra A of type A we can always find some A' in Vand a tolerance homomorphism.
m : A -> A with the following property. It' B e V and f : A -> B a, tolerance homomorphism then there is exactly one tolerance homomorphism g : Af -> B such that
f = g o m. By this property Af is uniquely determined up to a tolerance isomorphism.
A' is called the modification of A in V. It follows that m must be superjective.
Free tolerance algebras F(X) in V are obtained from Peano algebras W(X)>
through modification. They have obvious characteristic properties. Free tolerance
algebras in a given tolerance variety V are projective in the sense restricted to V.
Coproducts in V can also be easily obtained through modification as well as many
other frequent universal algebraic constructions.
For free tolerance algebras we have, for example, the following theorem.
Assume V a tolerance variety containing some CeV with 1 < |C| < oo. Let free
tolerance algebras F(X) and F(Y) in V be tolerance isomorphic. Then \x\ = \Y\*
The author thanks Mr. I. Chajda for a number of bibliographical hints. They
were very useful for working out the list of references below.
References
[1] ALT J.: Clique analysis of tolerance relation, J. Mathem. Sociology 1978, 155.
[2] ARBIB M. A.: Automata theory and control theory: An approachment, Automatica 3 1966„
161.
[3] ARBIB M. A.: Tolerance automata, Kybernetik 3 1967, 223.
[4] CHAJDA I.: Systems of equations and tolerance relations, Czech. Math. J. 25 1975, 302.
[5] CHAJDA I.: A construction of tolerances on modular lattices, Casop. pest, matem. 101
1976, 195.
[6] CHAJDA I.: Lattices of compatible relations, Arch. Math. (Brno) 13 1977, 89.
[7] CHAJDA I.: On the tolerance extension property, Casop. pest, matem. 103 1978, 327.
[8] CHAJDA L: Notes on lattice congruences, Casop. pfcst. matem. 103 1978, 255.
[9] CHAJDA I.: Two constructions of compatible relations, Czech. Math. J. 28 1978, 439.
[10] CHAJDA I.: Characterizations of relational blocks, Algebra Univ. 9 1979, 1.
14

[11] CHAJDA I.: Partitions, coverings and blocks of compatible relations, Glasnik Matem. (Zagreb>
14 1979, 21.
[12] CHAJDA I.: Tolerance lattices of lattices, Arch. Math. (Brno) 14 1979.
[13] CHAJDA I.: Regularity and permutability of congruences, Algebra Univ. 9 1979 (to appear).
[14] CHAJDA I., D U D A J.: Blocks of binary relations, Annales Univ. Sci. Budapest, sectio math.
22 1979 (to appear).
[15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

CHAJDA I., D A L I K J., NIEDERLE J., VESELY V., ZELINKA B.: H O W t o draw tolerance lattices

of finite chains, Arch. Math. (Brno) 14 1979.
CHAJDA L, NIEDERLE J., ZELINKA B.: On existence conditions for compatible tolerances,.
Czech. Math. J. 26 1976, 304.
CHAJDA L , ZELINKA B.: Tolerance relations on lattices, Casop. pSst. matem. 99 1974, 394.
CHAJDA I., ZELINKA B.: Compatible relations on algebras, Casop. pSst. matem. 100 1975,
355.
CHAJDA I., ZELINKA B.: Weakly associative lattices and tolerance relations, Czech. Math. J.
26 1976, 259.
CHAJDA I., ZELINKA B.: Permutable tolerances, Casop. pfcst. matem. 102 1977, 217.
CHAJDA I., ZELINKA B.: Minimal compatible tolerances on lattices, Czech. Math. J. 27 1911x
452.
CHAJDA I., ZELINKA B.: Lattices of tolerances, Casop. pfcst. matem. 102 1977, 10.
CHAJDA L, ZELINKA B.: Metrics and tolerances, Arch. Math. (Brno) 14 1978, 193.
CHAJDA I., ZELINKA B.: Tolerance relations on direct products, Glasnik Matem. (Zagreb>
14 1979, 11.
CORSINI P.: Hypergroupes et groupes ordonnes, Rend. Sem. Mat. Univ. Padova, 48 1973,
189.
CORSINI P.: Sur les semi-hypergroupes, Atti Soc. Pel. Sc. Mat. Fis. Nat., 1979.
CORSINI P.: Sur les semi-hypergroupes completes et les groupoides, Atti Soc. Pel. Sc. M a t .
Fis. Nat., 1979.

[28] CORSINI P.: Semi-ipergruppi e ipergruppi, p. 62, preprint 1979.
[29] CORSINI P.: Sur les homomorphismes d'hypergroupes, Rend. Sem. Mat. Univ. Padova 52
1974, 117.
[30] CORSINI P.: Hypergroupes reguliers et hypermodules, Ann. Univ. Ferrara-Sez. VII-Sc. Mat.
20 1975, 121.
[31] CORSINI P.: Sur les homomorphismes polydromes, Ann. Univ. Ferrara-Sez. VII-Sc. Mat, 21
1975, 131.
[32] CORSINI P.: Hypergroupes d'associativite des quasigroupes mediaux, Atti del Convegno su
Sistemi Binari e.loro Applicazioni, 1978, Messina.
[33] CORSINI P., ROMEO G.: Hypergroupes completes et T-groupoides, Atti del Convegno su
Sistemi Binari e loro Applicazioni, 1978, Messina.
[34] DRBOHLAV K.: Gruppenartige Multigruppen, Cech. Mat. 1. 7 (82) 1957, 183.
[35] DRBOHLAV K.: A categorical generalization of a theorem of G. Birkhoff on primitive classes
of universal algebras, Comment. Math. Univ. Carolinae 6, 1 1965, 21.
[36] DRESCHER M., ORE O.: Theory of multigroups, Amer. J. of Math. 60 1938, 705.
[37] EATON J. E.: Theory of Cogroups, Duke Math. J. 6 1940, 101.
[40] KRASNER M.: La loi de Jordan-Holder dans les hypergroupes et les suites generatrices d e s
corps de nombres P-adiques, Duke Math. J. 6 1940, 120.
[41] KRASNER M.: La caracterisation des hypergroupes de classes et le probleme de Schreier
dans ces hypergroupes, CRAS Paris 212 1941, 948.
[42] KRASNER M.: La caracterisation des hypergroupes de classes et le probleme de Schreier
dans ces hypergroupes: errata, CRAS Paris 218 1944, 483.
[43] KRASNER M.: Rectification a ma note precedente et quelques nouvelles contributions a la

IS

theorie des hypergroupes, CRAS Paris 218 1944, 542.
[44] MAL'CEV A. I.: Algebraiceskie sistemy, Nauka, Moskva 1970.
[45] MARINO M. C : Predicati ternari e semi-ipergruppi, 1979 (preprint).
[46] Li MARZI E. M.: Una classe elementare di ipergruppi, Atti del Convegno su Sistemi Binari
e loro Applicazioni, 1978, Messina.
[47] Li MARZI E. M.: Una nuova caratterizzazione dei semi-ipergruppi e ipergruppi completi,
1979 (preprint).
[48] NIEDERLE J.: Relative bicomplements and tolerance extension property in distributive
lattices, Casop. p&t. matem. I03 1978, 250.
[49] NIEMINEN J.: Tolerance relations on complete lattices, Comment. Math. Univ. Carolinae
I8, 4 1977, 639.
[50] NIEMINEN J.: Tolerance relations on simple ternary, algebras, Arch. Math. (Brno) I3 1977,
105.
[51] NIEMINEN J.: On structural properties of normality relations on lattices, Arch. Math. (Brno)
I3 1977, 159.
[52] NIEMINEN J.: Tolerance relations on join-semilattices, Glasnik Matematiclri (Zagreb) I21977,
243.
[53] NIEMINEN J.: Fuzzy mappings and algebraic structures, Fuzzy Sets and Systems 1 1978, 231,
North-Holland Publ. Comp.
[54] POGONOWSKI J.: Tolerance spaces with applications to linguistics, University Press, Institute
of Linguistics, Univ. A. Mickiewicza, Poznah.
[55] PONDEXICEK B.: On tolerances on periodic semigroups, Czech. Math. J. 28 1978, 647.
[56] PULTR A.: An analogon of the fixed-point theorem and its application for graphs, Comment.
Math. Univ. Carolinae 4, 3 1963, 121.
[57] PULTR A.: A remark on common fixed sets of commuting mappings, Comment. Math. Univ.
Carolinae 4, 41963.
[58] TZENG CHUN-HUNG, TZENG OLIVER CHUN-SHUN: Tolerance spaces and almost periodic

functions, Bull, of the Inst. Math. Acad. Sinica (Taiwan) 6 1978, 159.
[59] UTUMI Y.: On hypergroups of group right cosets, Osaka Math. J. 1 1949, 73.
[60] WALL H. S.: Hypergroups, Amer. J. of Math. 1937.
[61] ZEEMAN E. C : The topology of the brain and visual perception, The topology of 3-Manifolds,
M. K. Fort (ed.), 240, Prentice-Hall, 1962.
[62] ZELINKA B.: Tolerance Graphs, Comment. Math. Univ. Carolinae 9, 1 1968, 121.
[63] ZELINKA B.: Tolerance in algebraic structures, Czech. Math. J. 20 1970, 240.
[64] ZELINKA B.: Tolerance relations on semilattices, Comment. Math. Univ. Carolinae I6, 2
1975, 333.
[65] ZELINKA B.: Tolerance in algebraic structures II, Czech. Math. J. 25 1975, 175.
[66] ZELINKA B.: Tolerances and congruences on tree algebras, Czech. Math. J. 25 1975, 634.
[67] ZELINKA B.: A remark on systems of maximal cliques of a graph, Czech. Math. J. 271977,
617.

iб

