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Derivation of Explicit Dispersion Relation
for Gyrotropic Waveguide

M. MATYAS, JR., V. CAPEK

Institute of Physics, Charles University, Prague*)

Received 12 September 1988

Mathematical details of derivation of the dispersion relation for a three-layers gyrotropic
‘waveguide are presented.

Jsou uvedeny matematické detaily odvozeni dispersnich vztahu pro ttivrstvovy gyrotropni
vlnovod.

MartemaTHYeCKMEe O€Talld BHBOAA COOTHOINEHHA MHUCNEPCHH NPEACTABIAIOTCH IJIA CIIydas
THPOTPONAYECKOTO TPEX-CIIORHOr0 BOJIHOBOJA.

Introduction

Let us assume a waveguide formed by a two-dimensional structure consisting
of three layers: the substrate (medium I), the film (medium II) and the superstratum
{medium III) — Fig. 1. In [1], Yamamoto et al. derived the dispersion relation
for guided modes in the isotropic case. In [2], we extended the treatment to the
gyrotropic case and discussed it physically; mathematical details of the complicated
derivation have, however, not been published in detail. This is the aim of the present
work.

Let us as usual assume the substrate and superstratum isotropic with the scalar
permitivity

(1a) &
(1b) & = oMy -

The film is gyrotropic. In the longitudinal configuration (with the magnetization
parallel to the direction of light propagation, i.e. the z-axis), its permitivity tensor
has the form

2
&Ny »

Kllxx K"X’ 0
(2) [8] = 60[K] = 30 Kl*lxy K"’y 0 .
0 0 Ky,

*) Ke Karlovu 5, 121 16 Praha 2, Czechoslovakia
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Fig. 1. Waveguide configuration.

Mode Equation

Solution of the guided wave problem is obtained from Maxwell’s curl equations
(3a) V x E = —p, 0H/ot,
(3b) V x H = ¢[K] 0E/ot .
Combination of (3a) and (3b) gives the wave equation for the electric field
4) V(VE) — V2E + po &[K] ’E[0t* = 0.

We consider a two-dimensional problem having no variation along the y-axis, i.e.
all 0/dy = 0. The electric and magnetic fields can be written as

©) (5] [369] exettar - o,

where o is the angular frequency and f is the propagation constant in the z-direction.
We take e(x) as

e,(x)| = | 4, | exp (i1x).
e,(x) A,

[ex)]  [4s
(6) [
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Then Eq. (4) can be written as (K;; = 6,;n}, L= I, III)

B — k2K, —k2K,, A A,
(7 —KKE B - kgx +120 4,|=0,
BA 0 —kiK,, + A% || 4,

where k2 = w?eyu,. Distributions of the electric and magnetic fields result from Eq.
(7) using (6), (5) and (3a):

a) distribution of the electric field in the x-direction in all three regions:

region I:
(82) I exp (prx)
l
(8b) e,(x) = Cf exp (prx) ,
(8¢) e,(x) = 5 CY exp (pix),
weon;
where
(8d) pi = B* — kgni
and C¥ and C¥ are constants.
region II:
(9a) e,(x) = Dy cos (h{’x + @) + D, cos (h{Px + ¢,),
(9v) e,(x) = KoKins D, cos (h{P’ x + @;) +
y sz"yy + h(m)z 1 11 1
KK},
+ a4 ~ D, cos (h{x + ¢,),
B* — kiKyyy + P .
ifh
(9¢) e(x) = sz‘ﬁl'le_ﬁ D, sin (A{Px + ¢,) +
ofriizz — fnn
lﬂh(e) . (
+ ——"—— D,sin (hiPx + ¢,),
kgKllzz - h‘li)z : "
where for TM modes
K" = (koK oKz + Kiyy) — B (K + Kipzz) +
(9d) + {[ﬁz(Kﬂxx - K“zz) - k(z)KHxx(Kﬂyy - K“zz) +

+ k(2)1<llxyl(;"lxy]2 + 4k(2)ﬂ2K[lxyK;xyKllzz}1/2)/(2Kllxx)
and for TE modes
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Y = = (koK e Kipzz + Kyyy) — B (Kiee + Kitez) —
(96) - {[ﬁ (Kllxx - Kllzz) - kgKllxx(Kllyy - Kllzz) +
+ koK Ky ? + 4k3ﬂ2KllxyK;xyKllzz}1/2)/(2Kllxx)

and D,, D,, ¢, and ¢, are constants.

(10a) region III: e (x) = C¥ exp [pu(W - x)],
weonfyy
(10b) e,(x) = C5 exp [pm(W — x)],
(10¢) e,(x) = — —Z1_ ¥ exp [pu(W — x)]
 iweon?y
where
(10d) pin = B — kgni,

W is the thin gyrotropic film thickness and C and C¥ are constants.
b) distribution of magnetic field in x-direction in all three regions:

(11a) regionI: h(x) = — _ll Cexp(pyx),
0
(11b) hy(x) = CY exp (prx) ,
(11¢c) h(x) = — p/ll Ciexp(px).
k2
12a) region II: h oKits D, cos (h{’x + +
(122) reg (x) = wﬂo [ﬁ KKy, + B 1 cos (k] ?1)

. kKN
ﬁz - k(z)Kllyy + hg)z

D, cos (h{Px + <p2)] s

sz 1lzz
(12b) (x) = [——L——;Dmmwwx+%»+
kgKllzz - hgl ”
szllzz
k3K.. — "

(120) hw——l{y

koK iy h17
ﬂz - kgKllyy + hﬁ)z

D, cos (B{Px + (pz)] ,

koK oMt

K o H D, cos (h{Px + ¢,) +
0> Ilyy 11

D, cos (h{Px + (02)] .
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B

(13a) region IIl:  h(x) = — ;’—; C; exp [pm(W — x)],
(13b) hy(x) = C¥ exp [pm(W — x)],
(13c) hy(x) = 2w CE exp [pu(W — x)] .

We express constants C; and Cj." ( j = 1,3) from the continuity requirement of
tangential components of the electric (e,, e,) and magnetic (h,, h,) fields at boundaries
of regions I, IT and III:

a) boundary between regions I and I (x = 0):

D, cos ¢,
(14a) e, components: C; = koK, < 2
e Bz - kgKllyy h(M)z
D, cos ¢,
T

(m) i
(14b) e, components: CY = — weofni ( M’ D, sin ¢,

Pi k<2>Kuzz - hl,l")z
+ hiP D, sin @, )
ks Kuzz — hip”
- ﬂk Kllzz( D, cos ¢,
WHo koK y1zz — hlm)z
D, cos ¢,
koKuss — h::”)
CE= - kg Kllxy( h{’ D, sin ¢,
Di B* — kiKy,, + B

KD, sin @, )
ﬁ - kgKlIyy + hgi)z

15a) h, components: CY =
¥y

(15b)  h, components:

b) boundary between regions II and III (x = W):
D, cos (h{> W + ¢,)
ﬂl - k(z)Kllyy h(m »?
D, cos (hPW + 4’2)
B* — kiKy,, + B

M weofnd, (h(""D1 sin (K{PPW + ¢,)
P k3K, — B

(16a) e, components: Cj; = koK}y,,

(16b) e, components: +
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| MO, sin (KOW + 92)\
kgKll’z - hfle)z
BkiK 1., ( Dy cos (RPW + ¢,)
(2220 szIlzz - h(m)z
D, cos (KW + o, )
kgKsz - h(lf)z
k3K, (hf',")D1 sin (h{"W + o)
P ﬁz - szllyy h(m)z
N YD, sin (kYW + o, )) .
B - kOKllyy + hle)z

(172)  h, components: C} =

(17b)  h, components: Cj =

From equations (14a), (14b), (15a) and (15b) we determine D; cos ¢; and D;sin ¢,
(i=1,2)as
(18a) D cos¢p, = °
(szllzz h(M)z) (ﬂZ - kgKllyy h(M)z)
(k(Z)KIlzz - h(m)Z) (ﬁz kgKllyy + h(e)z) - (kgKllzz (e)2) (ﬂz - kgKHyy + hl’n)z)
x (ﬁz k(z;zKllyy + h o Clli _ wuo(kglillzz - hﬁ)z) C¥> ,
kOKllxy BkOKsz

X

(186) D, cos ¢, =
_ (kKuz — hiP”) (B2 — koK, + hiF")
(kgKllzz - h(le)z) (ﬂz - szllyy + h("l)z) (kgKllzz - hgmp) (ﬂz - k(Z)KHyy + h(E)z)

X <ﬂ — k§Kuyy + h” ct - opo(kiKy.. — B’ M)
kgK;‘lxy ﬁkgKllzz

X

; =P
(18c) D,sing, = e X
x (kK us: = hi™) (B — ksKuyy + hi) x
(kéKllzz - (e)2) (ﬂz lellyy + h(M)z) (kgKllzz - (M)Z) (ﬂz 2Kllyy + h(e)z)
ﬂz - kZK"yy + h(E)Z CE — w#o(kéKllzz - l‘l?)) cM
1 14>
K2K* Bkani

)4
(
hip

(18d) D,sing, =

% (koK 1.z — hmz) (B? - kgKllyy + h{p 2) %
(k3K 112z — hﬁm)z) (B* - kgKllyy + h(e)z) ~ (k5K e — h{e)z) (B* - szllyy +
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ﬂz - sz"zz + h(m)z Cf _ wﬂo(kgKllzz - hﬁ”)zz CIIW .
sz}';,y Bkan}

Introducing equations (18a), (18b), (18c) and (18d) to (16a), (16b), (17a) and (17b)
gives

: (m)
058) {66 i) (97 = k3, + i) (cos b w4 P
11

e - . sin h{® W :
K = W) (7 = K3y + 57 (o - I Y]

"
- (keKuz: — B7) (k§K o — hP) koK ey [ €08 B> W — cos h{p) W +
ﬁa)so Kllzz
pi (sin h{P? W sin hiPW\T a .
i el = ¢,
ot ( hip h( ! 3
m)2 )2
(19b) AB (B> — koKyy + hii™) (B> — koKuy, + B{P") «
koK iz

[(A{P sin K> W — p; cos h{P> W) — (B sin h{p> W — p, cos h{Y) W)] CE —
— [(ﬁz — koKuyy + B”) (keKu.: — h§7") (hﬂ") sin h{p> W _ Prcos i W ) —

Bwe,y Ky, nl
_ (B* = kiKuyy + D) (k3Kuz, — B{P") (BP sin h{P W p;cos h{y) W Ml -
Bwe, Kitz: ni l
p
111 Cg!
weoK
2 (m)2 2 _ 12 (e)?
(19¢) APweoKy,, {(ﬂ KoKy + B 2)(ﬁ KoKy + Hi0)
kO IIxy
(m) 3 (e)
« [ (cos hm w4 PrSIRIC WY (oo gy PSRBT WA e
h(m) h;f)
_ [(B* = k3Kuyy + B") (kiKyi, — h§P’) (cos h{P” W+ pisin A{PWY
weoB Ky, h(l?)nl
(ﬂz - kéK",,. + hif)z) (ktzy Kz — h?ln)z) cos hff) W  p;sin h}f M| _ M
- + 2 Cl - C3 >
wsoﬁ Kllzz h;le)nl v

(194)
(m)
{003 = ) 07 = i, + ) (s i - P
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(e)
— WP (koK — B5”) (B2 — KoKy, + HG™) ( W W — p——,,f'——w)] y

E (kgKllzz - hg'l")z) (kgKllzz - hEE)z) szllxy

x C{ +
weop
o [ Palcos RPW — cos hQW)  h{® sin h{PW — h{ sin h{p M\ = p.cE
ni B K tf = Psts
I 1zz

where
A =1/[(keKyz: — b)) (B* — kiKyy, + B°) —

— (B = koKuyy + BP") (kKK — )] -
Combining (19a) with (19d) and (19b) with (19¢) leads to
(20a)

| m)2 e)2 m sin h(m)W
Cf {(k(z)Kllzz - hEl) )(ﬁz - ktz)Klm + hgl) )[Plu (cos hil)W + Pl—h(m;l—) +
11

+ (pycos B{PW — h{" sin h{P W)] -

&? m)2 . sin A{OW
- (kgK"" - ( ) )(ﬂz kgKllyy + hgl) )[pul (coS h( W+ L 3 ) +

(
hiP

%*
+ (pycos KPW — k(D sin hiP W)]} = M Ll iy °:""’ x

m)? . cos KW sin KO W
X (kgK"" - hgl) )(k(z)Kllzz - h%l)z) {I:plll< > + L > ) +

2
Kllzz hﬁ)nn

+ (m cos YW _ P sin h‘.i’W)] - [p (°°S WPW | pisin ”‘-T”W)

2 2
ny Ky;. Ktz hﬁ")"l

(p, cos hﬂ"’W h{P sin h{W W)]}

"l Kllzz

(20b) CE(B* — k3K, + hi?) (B> — kiKuyy + h) {[P_mlfuzz ( cos h{P’W +

N

s pm)
+ PSR AW il + (pycos KW — h{P sin h(PW) | — PuKi X
h?l") "lzu

: (e)
x (cos hOW + E's‘:(#) + (pycos KOW — K sin h(,?W)]} =
I
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()] K*x m)2 e K 2z
=cY —”"ﬁ—"’ {(ﬂ2 — kiKuyy + ) (kKiizz — hiY") [—”‘"2 L

LOVTY

. (<08 nmw N pysin h{PW 4 (Pros hPW kP sin h}',"’W) 3
K. h{"n? ni K.

— (B* — keKuyy + h§Y") (k3K — BP?) x

N PuiKinz; (COS hPw . sin h{QW
"1211 K2z h§n; z

4+ [Prcos KPW kP sin hiPW )
nl Kllzz . '

We divide (20a) by (20b) assuming that both sides of equation (20b) are non-zero
and obtain desired equation of guided modes in gyrotropic waveguide

2 2 K
(21)  (B* — koKuyy + B?) (B? — kZKyy, + ) {[(pl 4 Pm “”) cos W +

”m

+ (plpzllll((":;zz _ h(m)> sin h(m)W] [(Pl PmKuzz) cos h(e)W +
L i )

K 2z e e m)2 (e
+ (”—"’lz‘l‘l‘hT‘)‘ X >) sin h )W]} (k2K ez — W) (KK sy — ) x

(m)
< {[(g;_ + Pm ) cos KW + (plplllfnl)lzz _ hit )sin hi’,")W] _
ny Kz, ih K.

_ [( + Pm) cos KOW + (plp;llI(i)llzz _ hE?)Sm hOw ]} _
"1 ky., nyhit Kz,

{(52 — kiKy,, + h("')z) (k3K 1z — B7) [(p, p;“) cos h{PW +

"1 ny

(PleKuzz _ hi”
2.2
ninh” Ky,

) hOW ] (B — KKy, + hY) x

K (e)
x (kKins: — HP) [( +Pm) cos h‘e’W+<p'p"' ter _ ) x
l

(e)
”m ny "mhu K.z

X sin hff’W]} {(/82 — kiKyy, + B’) (K3Kyz, — B [(pl + Pu) cos h{PPW +

-

(B = D )i HEW | = (5 — KRy + M) (5K = HE)
n

53



X I:(Pn + pum) cos h{PW + (M - hﬁf’) sin A{® W]} )

hip

This is the desired complicated dispersion relation as reported in [2]. The reader
is referred to this work for its physical discussion as well as correspondence with
previously reported special case.
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